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PREFACE 


This book’s origins lie in the solid ground of Analog Computing 
theory and practice. Until recently, the design and use of circuit 
configurations based on the conscious employment of nonlinear 
analog computing elements and formulations has been the recon- 
dite province of a few diehard experts in specialized areas 
of application. 


Now this area of endeavor, so lately in the shade of digital techno- 
logy, is becoming increasingly illuminated as the sparks thrown 
off by the commercial availability of modular devices with im- 
proved performance and decreased cost, complexity, and size, 
ignite the tinder of latent applications. It is our present objective, 
stemming from motives that range from a sense of technological 
mission to some that might be considered far more crass (yet 
eminently human), to provide an agency by which these small 
flames might be fanned into a bright and cheerful blaze, by the 
light of which all users of electronic circuits might gain useful 
knowledge, and benefit by a rediscovery of analog technology. 


There are books available on analog computing and operational- 
amplifier applications, and there exists a smattering of publications 
on nonlinear circuitry and its applications; yet it is all but impossi- 
ble to find a single source that combines information on principles, 
circuitry, performance, specifications, testing, and application of 
the class of devices specifically designed to be purchased for use in 
nonlinear applications. It is to this task that we have addressed our- 
selves in preparing this volume. Beyond the simple provision of 
information, however, we have felt it necessary to seek to com- 
municate some of our excitement over the possibilities of analog 
nonlinearity and its often-cooperative role in systems involving 
both digital and analog data. 


To make it all fit, we have had, in some cases, to sacrifice: rigor for 
vigor, specific details for general principles (and hints of possibili- 
ties), and evenhanded treatment for a particular orientation — that 
of a major manufacturer of the devices in question. In each case, 
though, the sacrifice is offset by a pragmatic gain, for the reader as 
well as for ourselves. For example, the citing of specific instances 
of commercially-available entities (manufactured by Analog De- 


vices) tends to impart a sense of reality and practicality that a 
more-austere orientation might lack. 


Furthermore, to avoid imposing today’s technology (in this rapidly- 
changing field) on tomorrow’s reader, we have repeatedly urged, 
and here reiterate, that the interested reader arm himself with 
Product Guides, data sheets, application notes, and other propa- 
ganda from all responsible and innovative manufacturers of non- 
linear circuits, and seek to be on their mailing lists. 


It is our hope that this volume will meet whatever need the reader 
brings to it: education for the tyro, ideas for the experienced prac- 
titioner, gap-filling for the engineer or scientist whose competence 
lies in other fields, practical advice for the theorist, and a source of 
ready reference for all. 


HOW TO USE THIS BOOK 


The prospective users of this book, whether students or exper- 
ienced design engineers, naturally have a wide variety of back- 
grounds, interests, and needs. Although it is not expected that any 
reader will be totally satisfied, all who seek enlightenment, ideas, 
or guidance on matters having to do with nonlinear analog circuits 
should find something of value. 


Whatever his interest, the reader will find the self-explanatory 
structure of the book laid bare in the Table of Contents, which 
every reader should explore thoroughly before proceeding further. 


One can read through this book sequentially, but it is not neces- 
sary to do so; browsing is encouraged. Each unit is essentially self- 
contained, with occasional references to importantly-related units. 
Though this involves some redundancy, it also enables a topic to 
be approached from several points of view. The encyclopedic Index 
should be useful when exploring any topic in depth. 


The Bibliography is a brief and eclectic assortment of sources of 
information on various topics covered within the book. Each 
item is chosen, either because of its specific practical value or 
timely interest, or because it in tum has a reference section that 
will “fan out” and give the reader large coverage from a small base.: 
Design engineers should use this Handbook in conjunction with 


data sheets on specific products of interest, and with the most 
recent edition of the comprehensive Analog Devices Product Guide. 
In addition to its up-to-date contents and much data (with prices) 
on specific products, it also contains a wealth of technical informa- 
tion on related subjects and products, not all of which is duplicated 
in these pages. 


Readers are urged to communicate to us their comments and sug- 
gestions for future editions of this Handbook, as to content, errata, 
omissions believed significant, and new applications ideas. 
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NONLINEAR CIRCUITS 
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Designing With Analog Function Modules and IC’s 


Basic Operations 


This chapter offers a brief historical and philosophical perspective 
of the nonlinearity scene and summarizes the principal features of 
useful nonlinear phenomena. 


LINEARITY VS. NONLINEARITY 


An ideal linear device is one for which cause and effect are pro- 
portional* for all values of inputs and output. For the great major- 
ity of analog circuits, linear relationships are sought. Natural de- 
vices, though, are in general nonlinear. But they are often linear 
enough over limited ranges to be quite useful. Much design effort 
is expended in finding and using devices having exceptional linearity, 
and in conditioning and normalizing signals to match the linear 
range of a device with that of the signal. 


Because of the often exquisite difficulty of finding or designing 
devices with sufficient linearity for many tasks, the word nonlinear 
has come to have a pejorative connotation. 


But devices and circuits can be designed to have nonlinear relation- 
ships: that are well-defined, controllable, stable, available at low 
cost, and, what’s more, useful. Examples of such relationships in- 
clude multiplication, square-law, log ratios, and controlled discon- 
tinuities. Just a few applications include modulation, power mea- 


*The IEEE Standard Dictionary of Electrical and Electronic Terms (Wiley-Interscience, 
1972) defines linearity as “a property describing a constant ratio of incremental cause 
and effect” and a linear system or element as one for which “ify, is the response to x, 
and y, is the response to x,, then (y, +y,) is the response to (x, +x,), and ky, is the 
response to kx, .” 
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surement, signal shaping, and simulating or correcting for the non- 
linearity of measuring devices. Many more applications are des- 
cribed in these pages. 


As nonlinear devices with improved characteristics (i.e., stable, 
repeatable fidelity to the ideal nonlinear relationship) become 
available, better understood, and easier to manufacture and use, 
their already low cost will decrease further (especially through the 
use of monolithic integrated circuits), and they will be more widely 
and readily used by electronic circuit designers. The objective of 
this book is to help accelerate the trend. 


NONLINEAR DEVICES AND ANALOG COMPUTING 


The search for devices that embody many kinds of nonlinear rela- 
tionships faithfully surfaced in the heyday of the analog computer, 
when it was necessary, at times, to simulate multiplication, division, 
limits, hysteresis, calibration curves, and a host of other nonline- 
arities. Servomechanisms, curve tracers, and diode function genera- 
tors were the most popular ways of approaching these problems. (Of 
these, diode function generators have shown the best chances for 
widespread usage and future survival, but better approaches are 
now available.) 


As analog-computer techniques became absorbed into instrumenta- 
tion and general analog-circuit design, as transistors were perfected 
and integrated circuits appeared, functions that had been performed 
by expensive and unwieldy rack-mounted packages began to be- 
come available as modular (and eventually integrated-circuit) com- 
ponents, starting with the operational amplifier. They soon came to 
include multiplier-dividers, log circuits, diode function generators, 
and increasingly-complex operations. Multiplication and logarithmic 
circuit designs could be based on inherent natural properties of 
transistors, operational amplifiers could be used freely to sharpen 
diode thresholds, and good, fast, simple comparators and electronic 
switches became available. 


This revolution in cost, simplicity, improved performance, and the 
ready availability of useful nonlinear devices is quite recent. The 
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time is ripe to stand back and take inventory of some of these 
tiches, viewed in the perspective of their family relationships. 


A LIST OF USEFUL NONLINEAR OPERATIONS 


Here are a number of nonlinear operators that are useful as building 
blocks in circuits, apparatus, instruments, and systems. They are 
based on practical devices that owe their functional efficacy to one 
or more of a few basic properties of transistor and operational 
amplifier circuits. 


1. Transconductance as a linear function of collector current 
(multipliers) 
2. Base-emitter forward voltage as a logarithmic function of 
collector current (logarithmic devices) 
3. Presence or absence of current as a function of polarity of the 
applied voltage (switches and comparators), 
4. Near-perfect temperature compensation as a consequence of 
monolithic matching of devices 
5. Near-ideal transconductance and transresistance inherent in 
op amp circuitry (voltage-to-current and current-to-voltage 
conversion) 
6. Crisp switching as a result of high gain in op amp and com- 
parator circuits 
Nonlinear devices may be classified according to their smoothness. 
If the function is smooth and differentiable (except perhaps at its 
extremities), it may be classed as a continuous function. If it has 
one or more discontinuities or “jumps” (e.g., comparators), or if 
its first derivative has discontinuities (e.g., piecewise-linear func- 
tions), it is classed as a discontinuous function. 


Basic Continuous Functional Operations 
Multiplication 
Division (ratios) 
Squaring 
Square-Rooting 
Logarithms 
Exponentials (antilogarithms) 
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Basic Discontinuous Functional Operations 
Ideal Diode 
Controlled Switches 
Comparators 


Derived Continuous Functional Operations 
Arbitrary Exponents 
True Root-Mean-Square 
Log Ratio (two variables) 
Sint! (“AC Logarithm”’) 
Vector Sum 
Trigonometric Functions 


Derived Discontinuous Functional Operations 
Absolute Value 
Bounds 
Dead Zone 
Jump and Window Functions 
Hysteresis 


For the most part, the devices described in this chapter, in the 
order listed, are discussed in terms of their ideal “black box” 
response. That is, their inputs and outputs are in terms of voltage, 
and they are free from loading errors. Practical device characteristics 
are discussed in succeeding chapters. It is important to bear in mind 
that since most of these useful functions either involve operational 
amplifiers or are generated by transconductances, current may be a 
basic (and probably accessible) input or output. 


MULTIPLICATION 


A two-input multiplier, in response to two input voltages, supplies 
their product, multiplied by a dimensional (V~!) constant 
Vi *V2 


Eo aan (aa (1) 


A commonly-used range of voltages is +10V for both inputs and 
the output. In this case, V; = 10V. (Note that 10X10/10 = 10.) 
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If the output and both inputs can have either positive or negative 
polarity, and if the polarity relationships are consistent, the multi- 
plier is called a ‘‘4-quadrant” multiplier. If response to only one of 
the inputs is bipolar, it is a 2-quadrant multiplier; if all signals are 
of a single polarity, it is a 1-quadrant device. The “quadrants” are 
those that would be found in the V,-V, plane if one pictures the 
output axis as perpendicular to the plane of the paper. 


V2 
rT i 
SENSE 


()-G)=() (+) - (+) = @) 


{-) + -) = (4) (4-0) = () 


WwW iv 


Multipliers are usually furnished with an extra terminal that allows 
the feedback path around the output amplifier to be completed 
externally. In addition to facilitating gain adjustment, this terminal 
permits the multiplier to be used as a divider or square-rooter, as 
will be shown. Multipliers often have one or more differential in- 
puts, to deal with off-ground signals. 


Besides multiplication in analog computing, multipliers can be used 
for squaring, modulation, dynamic gain setting, and power measure- 
ment. They are available at low cost in I.C. form, and in a wide 
variety of performance specifications (and prices) in the form of 
compact discrete modules. 


The scale factor, 1/V;, though usually fixed (with allowance for 
trim), is often manipulable (in some versions) by an externally- 
applied voltage or current, which is, in fact, a third input. 


Complete multipliers involve many techniques of design. The 
major weight of discussion in this book is given to transconduc- 
tance, logarithmic, and pulse-width-and-height-modulated types. 
These cover a wide range of performance capability; they are 
compact, low-cost, and reliable. Such other all-analog types as 
quarter-square, magnetic, modulated triangular-wave, servo, Hall- 
effect, and “slaved” multiplier designs, though historically feasible 
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for design and widely used in specialized applications, are outside 
the scope of this book. Multiplying D/A converters are discussed in 
the Analog-Digital Conversion Handbook*, and elsewhere in the 
literature. They also are outside the scope of this book, which is 
almost entirely devoted to purely-analog technology. 


There are available on the market integrated-circuit quasi-multipliers 
that require a large amount of external circuitry to operate as ideal 
“black-box” multipliers. They, and such other specialized devices 
as “balanced modulator” chips, are considered only as circuit ele- 
ments that embody (incompletely) the fundamental principle of 
transconductance multiplication. 


Though it might appear at first glance that much of the technology 
has been thus foreclosed arbitarily, the reader will find that the 
practical aspects of understanding and applying multipliers covered 
in this book will stand him in good stead if he wishes to consider 
other approaches. 


DIVISION AND RATIOS 


A divider usually has two inputs. The output is the ratio of the 
two inputs, multiplied by a dimensional (V) constant. 


Eg = Ve = (2) 


The commonly-used ranges for division are +10V for V,, Ot to 
+10V (or O to -10V) for V,, and t10V for Ey. For such applica- 
tions, V; is 10V. 


Practical dividers are either two-quadrant or 1-quadrant, depending 
on whether or not the numerator may be bipolar. 


Three techniques are widely employed for division: the use of 
multipliers in feedback loops, multiplier designs in which the scale 
factor is variable, and open-loop division using logarithmic elements. 


* Analog Devices, Inc., 1972, 402pp. illustrated, $3.95. 
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Fast, accurate multipliers, when used in feedback loops, provide 
fast, accurate 2-quadrant division over small dynamic ranges of 
denominator. This approach is useful in ratiometric measurements, 
where it is necessary to correct for minor variations in a measure- 
ment that are caused by variations of the reference, e.g., in strain- 
gage and other bridge-type measurements. The weakness of the 
feedback approach is that errors tend to be inversely proportional 
to the magnitude of the denominator; dynamic ranges greater than 
about 30:1 are untenable, even if high-accuracy multipliers are used. 


The variable scale constant and logarithmic approaches, on the 
other hand, permit wide excursions of the denominator (as long as 
the output can be expected to remain within bounds), and a con- 
siderably closer approach to zero. Accuracy is moderate, but 
response tends to. be slow at low levels. Variable scale-constant 
multipliers are two-quadrant devices; however, with log devices 
alone, best results are obtained in single-quadrant operation. 


>] i= Vito vet 
V,/R¢ Re 6 


One should not expect an analog divider to be capable of division 
by zero, or by bipolar numbers. (With switching, 4-quadrant divi- 
sion is feasible — away from zero.) Generally, the problem can be 
restated to eliminate such anomalous operations. A divider can, of 
course, compute reciprocals if the numerator is held fixed at an 
appropriate constant value. 


Division and multiplication are often combined in a single device 
(i.e., Vr is a variable input signal). 
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SQUARING 


Asquarer provides at its output a voltage proportional to the square 
of the input, multiplied by a dimensional (V™') constant. 


| ra 3) 


Typical ranges for a 2-quadrant squarer are +10V for Vin, 0 to 10V 
for Ep, and 10V for V;. In 1-quadrant squaring, Vip is of only one 
polarity. A l-quadrant squarer, preceded by an absolute-value cir- 
cuit (‘‘full-wave rectifier’), will provide 2-quadrant squaring. 


Asquarer is useful in such operations as power measurement, wave- 
shaping, frequency doubling, and —used as a feedback element— 
square-rooting. Until simpler means of multiplication became 
available, one of the most important applications of squarers used 
to be in “quarter-square” multiplication.* 


A transconductance multiplier with identical input voltages pro- 
duces a wideband two-quadrant square with excellent functional 
fidelity at low cost. Other means of squaring include piecewise- 
linear diode-resistor-network approximations, semiconductor char- 
acteristics (e.g., FET’s) and “dithering” of an ideal diode character- 
istic with a triangular wave, followed by filtering. 


Eo 
10V 


-10V Q +10V 


The “‘odd-function” square x|x| has an output that is proportional 
to the square of the input but takes on the polarity of the input. 
It can be generated with two 1-quadrant squarers and a few op 
amps, or by interposing an absolute-value device between the two 
inputs of the multiplier used as a squarer. 


*xeoy = Yala + y)? - A(x -y)? 


Part 1 BASIC OPERATIONS 9 


SQUARE-ROOTING 


A square-rooter is a 1-quadrant device that computes either the 
positive or the negative square root of an input voltage multiplied 
by a dimensional (V) constant of appropriate polarity. 


4B) =J/V; Vm or 2Ey = Ji Va 4) 


For 10V full-scale input and output, V; is 10V. Since the slope of 
the square-root is theoretically infinite at zero, one might expect 
the largest errors to occur near zero, with slow response, and per- 
haps even hysteresis. Furthermore, since real square roots occur 
only for positive arguments, if the input signal can change sign, it 
may be necessary to constrain either the input or the output (or 
both) to prevent “lockup.” Such constraints are mandatory if 
square-rooting is achieved by feedback around a divider that in 
turn involves feedback around a multiplier. 


‘ 

2 -VVin \ 
in? 
2 OE, =v, vit Vv, 
‘0 IN 
5 we "Eo -10V 

VeVin 7 

-V-VrVin {7 

yf 


7 


Square-roots are used in root-mean-square and vector computa- 
tions, physical measurements, and simulation of fluid-flow para- 
meters. The most popular means of square rooting are log-antilog 


6/x = eloBe*) and feedback around a divider (2 = ky/z). The 
log-antilog approach produces good accuracies, wide dynamic range, 
and benign behavior through zero. The divider approach is capable 
of higher speed and better accuracy near full scale and over modest 
dynamic ranges. Square roots computed by feeding back around 
VaVp/Vc devices can use the second multiplicative input for 
obtaining the geometric mean (,/ Va Vz ). 
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The “odd function” square root xA/x has the polarity of the input 
and an output proportional to the square-root of the input. It can 
be generated by an odd-function squarer in a feedback loop. 


LOGARITHMIC CIRCUITS 


The ideal inverting voltage-to-voltage logarithmic circuit generates 
the function 


E, = -K logs ea ) (5) 


T 


where V; is the normalized unity reference, the value of Vin for 
which E, = 0. V; is usually set arbitrarily, for either full-scale input, 
mid-scale output, or elsewhere. Itis of appropriate polarity to make 
the argument positive: i.e., if Vin is positive, Vy is also positive; if 
Vin is negative, V; is also negative. (The logarithm of a negative 
argument is not defined in terms of real values.) If the logarithmic 
device accepts a current input, Ii,, the dimensional constant, V,, is 
teplaced by a current reference, I,. 


K (also a dimensional constant) is the scale factor, the number of 
volts corresponding to a ratio equal to the base B. For example, if 
B is 10, K is the number of volts corresponding to Vin/V; = 10 
(i.e., 1 decade). If B is e, K is the number of volts corresponding to 
the ratio e. If B = 2, K is the number of volts per octave. Popular 
values of K are 1 or 2 volts per decade. To compute the equivalent 
K for any other base (B’), multiply K by log, 9B’ to obtain K’; 
e.g., 1V/decade = 0.3010V/octave. 


Logarithms are useful in signal compression, measurement of 
quantities having wide dynamic range, displaying information in 
“decibel” form, liriearization of logarithmic data, computation of 
powers and roots, and wide-range division. , 


Today’s logarithmic circuits are almost universally based on the 
relationship between the collector current and VggE in a diode- 
connected transistor in the feedback circuit of an op amp. The 
transistor may be connected either as a two-terminal diode* 


*A high-f transistor should be used. 
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(collector tied to base) or as a three-terminal element with one 
terminal (usually the collector, for B-independence) fixed at the 
summing-point potential of the op amp. 


“N" TYPE; 
-K IS NEGATIVE 


BI, B21, 


Since a diode’s I, and K both vary substantially with temperature 
(about 8%/°C and 0.8%/°C, referred to the current), it is important 
to compensate for temperature variations in practical applications. 
I, variations are substantially cancelled by driving a fixed current 
through a matched diode (usually a twin on a monolithic chip) and 
taking the difference of the Vpr’s. K increases linearly with tem- 
perature at 1/3%/°C of its value at +27°C. In log operation, it is 
usually compensated for by a resistive divider having an equal 
temperature coefficient. 


Logarithmic elements are commercially available in several forms 
having varying degrees of flexibility (and cost): 

(1) As complete compensated current- or voltage-to voltage 
log modules (e.g., Model 755) 

(2) As internally-compensated voltage-to-current antilogarith- 
mic feedback elements, requiring an external operational amplifier 
(Model 752), and 


(3) As matched transistor pairs with compensating resistive 
divider (Model 751), and as monolithic transistor pairs (AD818). 


To ensure proper polarity relationships without excessive use of 
external operational amplifiers, logarithmic devices are available 
with a choice of polarities: ‘“P’’ devices (-K positive, V; and Vip 
negative) utilize PNP transistors to supply positive current to a 
summing point in response to negative inputs; “N”’’ devices (-K 
negative, V; and Vip positive) utilize NPN transistors to sink cur- 
rent at a summing point in response to positive inputs. 
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ANTILOG CIRCUITS 


The inverse of the logarithm, the exponential relationship, is of 
the form 


BV; ‘ -1 (Vi 


For example, if B = 10, and K = 1V/decade, 


(a) For Vin = 0, Eg = Vr 

(b) For Vin =K, Ep = 10V; 
(c) For Vin =-K, Eg = V;/10 
(d) For Vin = 2K, Eo = 100V; 


Since real exponentials are always positive, Ey is of the same 
polarity as V;. In practical circuits that use inverting operational 
amplifiers, K and V; are of the same polarity; -K is positive for 
“P” devices, and negative for “‘N”’ devices (see Logarithmic Circuits). 


Antilog devices are usually employed in connection with opera- 
tions on logarithmic variables. For example, if a number of input 
variables are to be raiséd to powers, multiplied and divided, they 
might be individually converted to logarithmic form, then summed 
or differenced, with weights Rorsepancine to the individual ex- 
ponents, and anti-logged. 


4K +2K 
~ 


~ 


Antilog devices use the same circuitry as log devices; the distinc- 
tion lies in the way they are connected. The log transistor and its 
temperature-compensating circuitry develop a current that is pro- 
portional to the antilogarithm of the applied voltage. If the applied 
voltage is the input signal, the op amp, with a feedback resistor, 
develops an exponential output voltage; if the applied voltage is 
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the amplifier’s output, it will be constrained at the value required 
to balance the input current (that is, the output will be proportional 
to the log of the ratio of Ijp to I,). 


THE “IDEAL DIODE” OPERATOR 


For switching purposes, the “ideal diode” is a one-way switch that 
is open when the imposed voltage is of one polarity and closed when 
the polarity is opposite. The ideal diode operator is a voltage-to- 
voltage circuit that would have the same response as a circuit that 
used an ideal diode as the switching element: the output voltage is 
zero for one polarity; it increases linearly with input when the 
polarity changes. The ideal diode operator can also be considered 
as a “zero-bound” circuit. 


Ideal-diode operators are useful in precision dead-zone, bounds, 
and absolute-value circuits, and in function fitting with piecewise- 
linear approximations. Previously unthinkable in terms of economy, 
such circuits now benefit by the linearity, stability, and very low 
cost of IC operational amplifiers. 


CONTROLLED SWITCHES 


Though not strictly nonlinear devices (one considers switches as 
elements of linear time-dependent functions, controllable by out- 
side influences), and although their characteristics and applications 
would require a monograph many times the size of this volume, we 
mention them here briefly, because they are pertinent to useful 
nonlinear functions. 
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Switches, often operated by comparators, are used locally in non- 
linear circuitry to establish new conditions when thresholds have 
been crossed by an input or an output voltage or current. For 
example, they may change a gain, reverse a polarity, or initiate a 
new mode of operation, thus producing an overall nonlinear 
response. Analog switches are often an integral part of nonlinear 
devices, e.g., pulse-height-width multipliers, V-to-f converters. They 
are of course essential to multiplexers and most types of D/A and 
A/D converters. 


Switches come in a wide variety of forms, ranging from electro- 
mechanical, optoelectronic, and Hall-effect relays, for switching- 
with-isolation, to straight logic-operated electronic devices. These 
last are of two basic kinds: voltage switches and current switches. 
Examples of voltage switches, which open or close a circuit, include 
MOS and other FET types, as well as saturated bipolar transistors. 
Current switches, which switch by diverting a current, usually in- 
volve diodes or bipolar transistors, operating in the linear region. 
They are capable of high speeds. 


DIODE 
CURRENT 
| t SWITCH 


Vin 


BIPOLAR 
SATURATED 
SWITCH 


CONTROL 
O DRIVER 
INPUT 


COMPARATORS 


Comparators are devices that have two stable output states. They 
signal whether an input current or voltage has crossed a threshold 
imposed by one or more other currents or voltages, either fixed 
or variable. 
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They are used as polarity sensors, as digital inputs to analog- 
controlled logic systems; they operate switches, sharpen transitions, 
quantize analog voltages, and —followed by switching or precision 
bounding— they can serve as elements of waveform generators. 


Eg R CURRENT MODE 
Vai WITH HYSTERESIS. Eg 
VOLTAGE : 
MODE Ve 
OE, 
Va Ve - Va 
Ee 
VB 


A comparator is similar to an operational amplifier, in that it 
usually has high gain and a sensitive low-drift differential input 
circuit. Comparators are essentially open-loop devices; therefore 
internal frequency compensation against external loop closure (an 
important feature of op amps) is not needed. The result is higher 
switching speed than might be obtained with an op amp used as a 
comparator. Since only small amounts of negative feedback are 
needed for a comparator to oscillate, great pains must be taken, 
both in design and use, to separate the input and output circuits, 
electrically, physically, thermally, and at the power terminals. 


Va -VeB 


HYSTERESIS SE = Eg 


Ry 
Ry + Re 


Though comparators are differential devices, the common-mode 
range permitted with some types may be quite small. Depending 
on the design, the two stable comparator output levels may be 
compatible with standard digital logic levels (e.g., TTL), with full- 
range op-amp output levels (e.g., >+10V, for +15V supplies), or 
with high-voltage, high-current swing capacity, for relay drive. To 
prevent ambiguity of the switching level due to noise, hysteresis 
can be effected by feeding back a small fraction of the output to 
the positive input terminal. In addition, some comparators can be 
latched in response to a digital signal. 


Comparators are used either in a voltage mode, with two voltages 
to be compared applied to the two inputs, or in a current mode, 
where the voltage developed by passive summation of two or 
more currents is compared with a reference level, usually 
near “ground’’. 
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ARBITRARY EXPONENTS 


The antilog device is an exponential function. That is, it raises a 
constant base to a power determined by the input signal. The 
devices discussed in this section raise an input voltage ratio to an 
arbitrary power, multiplied by a dimensional (V) quantity. For 
three inputs, Vy, Vz, and Vx (all > 0), the output is 


Be = Vy () ‘ (7) 


where m is a constant that can be arbitrarily set to a fixed value, 
typically in a range specified as myax > m= 1/myax. Form> 1, 
the ratio is raised to the power m. For m <1, the 1/mth root is 
obtained. To obtain negative powers, (-7m), the roles of Vz and Vx 
are simply interchanged. 


Arbitrary exponents are useful in analog computing that involves 
exponents, in linearizing nonlinear data, and in developing power- 
series approximations, either with conventional integral powers or 
roots, or with non-integral powers (e.g., 1.211, 0.735). 


OUTPUT (VOLTS) 


INPUT (VOLTS) 


The design of an arbitrary-exponent device is straightforward: The 
log of the ratio (Vz/Vx) is obtained, it is multiplied by the factor 
m, then the antilog is obtained. The function can be built up with 
log/antilog building blocks, or it can be purchased as a single, low- 
cost device specifically designed to do the job (e.g., the Analog De- 
vices’ Model 433). For convenience, such a device may make avail- 
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able a fixed low-TC reference voltage to furnish any constant inputs 
that may be required. The overall device gain may be keyed to this 
constant, e.g., for 10-volt ranges and a predetermined* reference, V;, 


_ 10 Vz \™ 
aes CE) ae 
“TRUE” ROOT-MEAN-SQUARE 


An ideal root-mean-square device computes the average of the 
squared input over a given interval, then takes the square-root of 
the average, viz., 


T 
Pans -/4 J, (Vin)? dt 9) 


True RMS is useful in evaluating AC signals (including noise), in 
control loops (e.g., automatic gain control), and as front-end signal 
conditioning for AC inputs to analog and digital panel meters and 
data-acquisition systems. 


In practice, instead of the definite integral, a “running average” is 
taken, usually approximated by a first-order RC lag circuit. This 
approximation is valid for stationary waveforms if the filter time 
constant is sufficiently large, and if enough time is allowed for the 
output to settle. 


In conventional AC-instrumentation practice, a further approxi- 
mation has been employed: 


T 
Epos ® 1.111 ° | IVinldt (10) 
oO 


This latter approximation (the mean absolute value) is valid pri- 
marily for sine waves. It leads to gross errors if applied to noise, 
square waves, pulses of arbitrary duty cycle, and —of course— all 
waveshapes of unpredictable nature, including fluctuating DC. 
Though widely used, it can be greatly misleading. 


*by the manufacturer 
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The straightforward way of computing true RMS is to perform the 
operations in the order indicated: Square, Average, Root. It has the 
disadvantages of complexity, cost, and loss of resolution because of 
the doubled order of dynamic range [(100:1)* = 10,000:1]. 


A Better Way is to use a 2-quadrant V, V,/V3 device, together with 
an op amp connected as a simple low-pass filter, to solve the 
implicit equation 


Eout = Ave (Vin ° Vin/Eout) (11) 


Since Eoyt can be assumed to be constant for stationary waveforms, 
(Eout)? = Ave(Vin)? (12) 


whence 


Eout = V Ave(Vin)? (13) 


If mean absolute value can adequately measure a known waveform 
(equation 10, with an appropriate multiplying factor), one can 
either use a full-wave rectifier with filtered output, or compute the 
average of ,/ Vin? by using the input of the filter (i.e., the output 
of the multiplier) as the denominator in equation 11. Though this 
latter approach might seem a bit roundabout, it may be useful for 
apparatus requiring a choice of RMS or MAV. 


0 
nr a ee 
IF Vp = 10 AND <P =i 


MEAN = 4.44, RMS = 6.67 
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LOG RATIO 


Log ratio devices can measure ratios of either voltages or currents 


V,/R 
I, 


Ey = Klogp v or K logp z or K logp 


(14) 


They are useful where measurements involve exponential data (e.g., 
light measurements), where the inputs or the ratio itself can have a 
wide dynamic range, for gain measurements displayed in log form 
(e.g., “dB’”’), for generation of powers and roots, and for signal 
compression. 


Log ratio devices are available as complete entities, e.g., Analog 
Devices’ Model 756. They can also be assembled from log ampli- 
fiers, or with tae more-elementary log devices mentioned in the 
section on Logarithmic Circuits. 


Since real values of the logarithm do not exist for negative argu- 
ments, logarithmic functions* of bipolar signals (e.g., AC signals) 
must be obtained in terms of properties of the signal rather than 
the signal itself. Examples of such properties include mean-absolute, 
RMS, and peak measurements. 


Vio R2 


Eo 
(OUTPUT) 


SINH™ OR “AC LOG” 


The inverse hyperbolic sine characterizes the output of an op amp 
that has ‘two complementary antilog transconductors (e.g., 752) 
paralleled in its feedback path. 


*Log ratio is computed by subtracting logarithms. However, even if the ratio were 
obtained first, the rules regarding zero and bipolar denominators must be observed. 
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- =m. = I; exp(Eo/-K) - Ir exp(Ep/K) = 21; sinh(E/-K) (15) 


whence 


Ey = K sin? (3) (16) 


Tr 


This useful device has logarithmic behavior over wide ranges of 
+Vin and -Vin, and well-behaved linear behavior through zero. It 
will compress bipolar signals logarithmically in a symmetrical and 
predictable manner. 


Graded null meter and wide-range bipolar analog panel meter are 
two DC applications; non-saturating signal compression is a typical 
AC application. With AC signals, the choice of I; is compromised 
by the conflicting demands of bandwidth and dynamic range. 


sinb-1 Eo 
FUNCTION 


VINO 

tin ‘ 
IN 

OR = R 


vi 
Eo =-Kg sinh? (a 


7 tin 
oo 1; — 
Eo =-Ke sinh ( n) 


If the antilog elements are connected in the input path, the inverse 
function, i.e., the hyperbolic sine, is generated. 


In the simplest (but least stable) form of this device, the antilog ele- 
ments may be a pair of diodes connected in parallel, back-to-back. 


VECTOR SUM (MAGNITUDE) 


A vector-sum device computes the square-root of the sum of the 
squares of the inputs 


Eg = JS V1? +V22 +...¢+ Vn? (17) 
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Typical applications include summation of orthogonal measure- 
ments, such as length, force, or voltage vectors, and measures of 
random statistical quantities. Geometrical quantities, such as sums 
of areas, and diagonals of rectangular n-dimensional figures are 
also obtainable. 


There are two popular approaches to computing vector sums: 
direct and implicit. The direct approach requires that each input be 
individually squared, the sum be taken, and the result square- 
rooted. While the method is straightforward, the expansion of 
dynamic range inherent in squaring imposes serious limitations on 
accuracy if Ey is to vary over a wide dynamic range. For n varia- 
bles, m squarers, a square-rooter, and a summing amplifier 
are required. 


The implicit approach, which is capable of yielding more-accurate 
results, calls for implementation of the equation 


Vi 2 V2 2 Vn-t 2 


OO eae Ea Eee 


It requires n-1 devices that compute Va°Vp/V¢, and two summing 
amplifiers. 

The special (and most-frequently encountered) case, in which n = 2, 
requires a single Va:Vb/Vc device and 2 modest-performance op 
amps. This compares favorably in cost, complexity, and perform- 
ance with the direct approach, using 2 squarers, one rooter, and an 
op amp. 


GAIN ADJUST m=1 10k ok 
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TRIGONOMETRIC FUNCTIONS 


Useful trigonometric functions include A sin@, A cos0, r siné, 
r cos@, their combinations in sums and products, and tan! (Vy/Vx). 


They are applied in vector resolution and composition, coordinate 
transformations, waveshaping, and function generation. 


Trigonometric relationships among analog variables can be simu- 
lated roughly by simple circuits involving FET or transistor char- 
acteristics, and to greater accuracy by piecewise-linear diode func- 
tion fitting or by power-series approximations. 


A recent significant development in power-series approximations 
is the use of non-integral powers, computed by adjustable-exponent 
devices, such as the Model 433. This approach can significantly de- 
crease the number of power terms required for a given level of 
accuracy. For example, sin? can be approximated by (x - x3/6.79) 
to within 1.35% over the range 0 to 7/2; but the approximation 
(x —x2-827/6.28) has less than 0.25% error over the same range 
of angle. 


In analog-digital function fitting, trigonometric relationships may 
be stored in read-only memories (ROM’s) and returned to analog 
form by D/A conversion.! 


The most important consideration (other than the basic fit) affect- 
ing cost and complexity of designs involving trigonometric func- 
tions is the range of angle. Since both the input and the output of 
a “‘sin6”’ device are usually voltages, the function that is really being 
fit is (for example) Vrs sin (Vin/Vr). VEg is the voltage cor- 


TYPICAL APPROXIMATIONS: 
sin 6 = 6 - 92827/6 28 


Pr) i anes re 2.827 
cosd=[F -0]- axe [5-9] 
a1 VB _,.a@  (Vp/Va)!2!25 
fr Spe ee 
VA 2 1+ (Vp/Va)i2125 


* See Analog-Digital Conversion Handbook, Analog Devices, 1972, page I-65 et seq. 
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responding to the sine of 90°, and V; is the voltage corresponding 
to 90°. 


re) 
-Vorer 
=k 


2 pat VB a M8 (VeVa)12125 ; 


Va” Ver 1+ Weal 
The simplest designs are those involving a single quadrant, 0° < 
Vin < Vr. Those involving two quadrants, e.g., -Vr < Vin < V;, 
are not too much more difficult (the linear term alone is within 
0.25% to -14°). But if many quadrants are required, and especially 
if the angle can increase without limit, some form of switching and 
polarity sensing is necessary to continually translate the function 
to the first (two) quadrant(s), maintaining appropriate polarity 
relationships. 


ABSOLUTE VALUE 


An absolute-value device, otherwise known as a “full-wave rectifier,” 
measures the instantaneous magnitude of the departure of a voltage 
from zero. The output may be assigned an arbitrary positive or neg- 
ative polarity, depending on the circuit application. 


Ep = + [Vial (19) 


FILTER CAP. 


way (-om ay 


(FOR MEAN) 
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Applications in precision instrumentation include AC measure- 
ments, function fitting, inputs to single-quadrant devices (squarers 
or vector sums), triangular-wave frequency doubling, and error 
measurements. 


The best-known embodiment of absolute value is the conventional 
“full-wave rectifier” circuit, in which two diodes, sharing a com- 
mon terminal, are driven out-of-phase by +Vin and -Vin. Depending 
on diode polarity, the output will always be either plus or minus 
the magnitude of the input, less 1 diode drop. In precision instru- 
mentation, circuits involving operational amplifiers are used (in a 
number of possible configurations) to eliminate the diode drop 
(and its variations with current and temperature). 


BOUNDS 


A bounding circuit has an output that is linear for inputs up toa 
preset value, and unchanging beyond it. Upper and lower bounds 
are often used together; either may be fixed or variable, depending 
on the application. For an input, Vin, and upper and lower bounds 
Vy and VL, 


Eo = Vin (VL S Vin < Vu) 
Ey = Vu (Vin = Vu) (20) 
Ey = VL (Vin < VL) 

R R 


Vino 


-VLO 
(POSITIVE VOLTAGE ar 
FOR V, NEGATIVE) 


+VyO 
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Precision bounds are useful in setting, or simulating, limits to 
voltage or current (or its rate-of-change), in establishing thresholds 
of ranges of operation in piecewise-linear function fitting, and 
(preceded by comparators) in establishing precise voltage staircase 
functions (i.e., quanta). 


Bounds can be implemented with diodes and/or transistors, em- 
ploying matched pairs to provide first-order threshold cancellation. 
However, greater accuracy can be obtained by using diodes with 
operational amplifiers to form “ideal diode”’ circuits, in which the 
diodes serve only as switches, with their thresholds corrected-for 
by the inherent properties of high-gain operational-amplifier loops. 


DEAD ZONE 


In a dead-zone operation, the output is typically a linear function 
of the input, except for a band that is insensitive to the input. That 
is, for an input Vin, 


E, = 0 VL < Vin < Vu 
Ey = Vin - Vu Vin = Vu (21) 
Ey = Vin - VL Vin S VL 


Dead-zone is related to bounds 


Eo (Z) = Vin - Eo (B) (22) 


Eo 
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Like bounds, dead-zone is useful in setting thresholds for piecewise- 
linear function generation. It is also useful in suppressing noise in 
the vicinity of a null, in generating “linear” hysteresis functions, 
and in stabilizing the amplitude of “limit cycle” oscillations. It has 
also been used for velocity modulation of oscilloscope intensity, 
and —with dither— for fitting parabolic functions. 


Dead zone, like bounds, can be established simply but not very 
accurately with diodes and transistors, or, —with great accuracy, 
at low frequencies— by ideal-diode circuits. 


JUMP AND WINDOW FUNCTIONS 
A “jump” function is simply the output of a comparator 


Eo=Va  (Vt-v)>0 


E,=Vap (Vt-v-) <0 (23) 


The outputs of two TTL-compatible comparators “hard-wired” to- 
gether can produce a “window” in the response to a common input, 
a band for which the output is at one level, with the response 
everywhere else at the second level. 


Eo = VA Vi < Vin < V2 


E, = Vp Vo <Vin <V; (24) 


Although the comparator output levels are dependent on loading 
and temperature, they can be shifted and rendered quite accurate 
and stable by the use of precision bounds. 
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Jump functions are useful in sensing polarity, in precisely locating 
thresholds, and for all of the applications mentioned under Com- 
parators. The window function can be used for precise quantiza- 
tion, for grading and sorting, and for pulse-width modulation. A 
comparator and a window can be used in conjunction to initiate 
a function that depends on the sign and quantized magnitude of 
a voltage. 


HYSTERESIS 


A device that exhibits hysteresis has an output that is a two-valued 
function of the input, over a portion of the input range. That is, 
the response is not uniquely dependent on the value of the input; 
it depends also on its history. A plot of output vs. input shows the 
characteristic “loop” behavior. 


A familiar form of hysteresis is seen in a two-level comparator with 
fractional positive feedback. Once the output has switched, the 
input must be backed off to a second threshold beyond the switch- 
ing point to cause the device to switch back to the original state. 
Flip flops and “latchup” phenomena rely on large amounts 
of hysteresis. 


Vin Eo 


LINEAR 
HYSTERESIS 


FAST 
INTEGRATOR 
Vz = (LOW DRIFT) 


Besides two-level hysteresis, there is also “linear” hysteresis, best- 
known to electrical engineers in the form of magnetic “remanence,” 
and to mechanical engineers as “backlash” in gear trains. Devices 
with linear hysteresis follow the input in one direction; when the 
direction of input is reversed, a dead band must be traversed before 
the output follows. 
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This form of hysteresis can be simulated by closing a feedback 
loop around an integrator, preceded by a dead zone. As the input 
increases, the integrator will follow (first-order lag), with the dead- 
zone output at the forward threshold. When the input is reversed, 
it must traverse the dead band (the integrator holding) before the 
output can be made to.reverse direction. 


CONCLUSION 


We have seen here a wide variety of useful nonlinear phenomena, 

based on fundamental building blocks. In Part Two, we shall see 

ways in which these phenomena are, can be, and perhaps should 

be employed in solving an even greater variety of real analog 
design problems. 


29 


Function Fitting 


Chapter 1 


Function fitting, in general, is the translation of a mathematical or 
empirical relationship (between a dependent variable —output— 
and one or more independent variables —inputs) from one medium, 
such as a table, a mathematical formula, or a set of curves, to 
another medium, usually a physically-realizable device or system 
having an output and one or more inputs. A function may be fit 
by an “exact” relationship, or it may be approximated. 


There are two basic steps in function fitting (Figure 1). The first is 
the establishment of a close-enough approximation in terms of 
ideal building blocks, that is, a conceptual model. The second is 
the successful employment of actual devices to embody the func- 
tion within an acceptable set of constraints, such as range, scale 
factor, accuracy, drift, response time, complexity, cost, etc. 


In this chapter, we shall consider functions that can be realized by 
circuits which embody “instantaneous dc” relationships between 
sets of voltages having a limited (not infinite) dynamic range of 
variation. For the most part, we consider single-valued functions, 
ie., each set of input values creates a unique value of output, 
independent of history. (Through switching, or hysteresis, though, 
single-valued functions can become multi-valued.) We omit, to a 
great extent, the fitting of dynamic response rélationships, such as 
linear transfer functions, or filter characteristics, whether in the 
frequency domain or the time domain, since the circuit theorists 
and filter designers have explored that area with great enthusiasm 
and have produced a profuse output of published material. 


We also assume that the functions to be fit by analog techniques 
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are statistically satisfactory. That is, we do not consider the class of 
problem in which the data points characterizing a relationship are 
scattered. Any necessary statistical smoothing has already been 
accomplished. However, it is possible to use random noise multi- 
plicatively to simulate operators having appreciable stochastic fluc- 


tuation. 


05 1 


/ 


a. Curve table, and equation 


1.69 
1 x ae 


b. Block diagram 


V5.2 


Vx 


v2 
Vy = 26Vx - 1.69 — 
=: y 10 


c. Circuit, scaled to 10V full scale, Vy = 10y, Vy, = 10x 
Figure 7. Analog function fitting 


The limitations of space and time do not permit as thorough a 
coverage of the subject as it deserves, but we do hope to leave the 
reader with the outlines of analog function-fitting techniques 
(both as a bag of tricks and a guide to further thinking), some 
pointers for successful application, and a few examples. 


WHY ANALOG FUNCTION FITTING? 


We indicated in the introductory chapter that measurements of 
phenomena that one might wish to obtain linearly often come out 
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nonlinearly. For example, a thermocouple is a cheap and simple 
(but low-level) means of measuring temperature differences. It can 
consist of as little as three segments of wire, with two thermal 
junctions at different temperatures. But its output voltage departs 
significantly from a linear function of temperature, depending on 
the materials it is made of, and the temperature range under 
consideration. Other examples might include the Wheatstone 
bridge, a simple way of measuring resistance deviation, but non- 
linear for large deviations, and the deflection of an oscilloscope’s 
spot, a nonlinear function that depends on the electron gun, the 
shape of the tube face, and the voltages applied to the X and Y 
axes. 


It is possible to linearize these measurements (i.e., obtain an output 
reading that linearly represents the desired indication) by using 
nonlinearity to either compensate for or obtain the inverse of a 
nonlinear transducer function. The use of function-fitting techni- 
ques for such applications is discussed in Chapters 2-3 and 2-5. 


Other applications of analog function fitting include calibration, 
simulation of nonlinear relationships in analog computers and 
computer-based instruments, translating indirect measurements 
into useful form economically, and generating time functions of 
arbitrary shape. 


Nonlinear function fitting can also be performed digitally by read- 
only memories (ROM’s) —often in conjunction with A/D and 
D/A converters— and by combinations of hardware and software. 
Decreasing costs and wide availability of digital hardware, plus an 
ever-increasing library of algorithms would appear to make this 
approach seem increasingly tempting, despite its inflexibility and 
complexity. But the cost of analog IC’s and modules (both op 
amps and functional operators) has also decreased dramatically; 
analog approaches are still a “‘best buy” for simple relationships, 
and lower cost (for improved accuracy and increased circuit 
sophistication) makes them more competitive for increasingly- 
complex relationships. 


RATIONAL FUNCTIONS 
The simplest functions to fit, in concept, are those that can be 
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expressed “exactly” by an equation involving basic operations: 
squaring, rooting, multiplication, addition, logarithms, and arbitrary 
power and roots. The basic operators mentioned in the introduc- 
tory chapter can of course be used to fit functional relationships 
that are identical to the operations they perform. 


They can also be combined to fit a wide range of explicit func- 
tions of 1 or more variables, such as 


u=1+0.3w (1) 
u=v(r-—w) (2) 
u=v"+yw"™ (3) 
pew 
So (4) 
5 1+w* 
u=(v+m)(wtny (5) 
ee 
u eo (6) 


where u, vy, and w may be variables, and the other terms fixed or 
adjustable constants. The summation operations are often per- 
formed with op amps. 


In some cases, equations can be rewritten for embodiment in 
several ways. For example, equation (2) can also be written 
u=ver— yew (Figure 2). If r is a constant, either equation can be 
embodied with a single multiplier and a single subtractor. In general, 
one tends to choose the equation that will give the best compromise 
of error vs. cost. In this instance, if w is always small in magnitude 
compared to r, the configuration of Figure 2b is probably a better 
choice, because the more-important term can be handled with 
linear circuit elements, and errors of the v-w term will be of lower 
order. On the other hand, if w can be comparable to r in magnitude, 
it is probably better to take the difference of two large numbers 
before performing a nonlinear operation; therefore one would use 
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the configuration of Figure 2a. The underlying assumption here 
(nearly always justified) is that accurate linear operations are 
cheaper than nonlinear operations of comparable accuracy. 


a. u=v (r- w), r= constant, preferred when vr and vw are 
of comparable magnitude 


b. u= vr - vw, r= constant, preferred when vr >> vw, as 
when fitting a function that is essentially linear, with a 
small deviation. 
Figure 2. The way an equation is written affects both circuit 
configuration and performance 


For more-complicated functions, range and error analyses of all 
the available alternatives should always be performed, either 
analytically or empirically (if one happens to have “worst-case” 
‘components on hand). 


SCALE FACTORS 


Having optimized the circuit and chosen a set of devices likely to 
implement it economically, one is confronted by the scaling 
problem, i.e., determining the exact relationship between the 
electrical circuit and the function it fits, including constants (gains 
and biases) and the ranges of all voltages. 


Every accessible voltage or current in the analog circuit corresponds 
to a variable in the original functional operation. If it is an impor- 
tant term, requiring good accuracy, its range should be close to 
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full scale of the device producing (or accepting) it; but it should 
not appreciably exceed the full-scale range, for any combination of 
inputs or outputs (unless it happens to be a Bounds function). 
Input and output ranges are usually predetermined by other 
elements of the overall system, but ranges at intermediate locations 
are somewhat flexible and can be tailored for optimum dynamic 
range. 


Since the ranges are determined by the configuration, scale factors 
(i.e., electrical coefficients or “gains.’’) should be chosen after the 
configuration has been adopted. It should be noted, though, that 
availability of appropriate scale factors may be a factor in the 
choice of configuration. 


The experienced instrumenter can usually derive scale factors 
directly from the equation to be implemented, based partly on 
intuition, partly on common sense, and partly on a set of well- 
learned but perhaps unverbalized rules. Others may benefit by 
observing the following principles: 


1. The original equation should be dimensionally correct. 


2. If not already in dimensionless form, it can be normalized by 
multiplying and dividing each variable by a multiple of its range, 
usually 100%. Consider this example: for 


y=Ax sind +K (Figure 3a) (7) 


Yn y= A Xm ye sind +K (8) 


ax 
Axsin 8 
; ¥ 
sin 6 R (aR 


Figure 3a. Block diagram and electrical schematic for linear 
scaling example 
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where Y,,, X,, are the full-range values of x and y. Defining the 
tatio-to-its-range as the dimensionless variable, and dividing both 
sides of the equation by Y,,, the equation becomes, in terms of 
dimensionless variables, y’ and x’ 


y= ASE a sind + (9) 
m 


m 


3. Write the equation of the analogous electrical circuit (Figure 
3a), using (unknown) coefficients A’ and K’ to relate the various 
voltages, and including any known electrical scale factors (such as 
those inherent in multipliers and log devices). 


Ey = A'V, sind + K' Vem (10) 


4. To determine the unknown constants, multiply and divide by 
the expected maximum values of voltage, to normalize the electri- 
cal equation: 


E V, 


sind + K’ Vin 


Eym 
(11) 
Ey Vin Vy Vim 
= . 


. The normalized equations, 9 and 11, must be identical, therefore 


Ms V. 
A‘; re as, therefore A’ = a = 
ym m Ee 


and 


Em 
Vim 


V 
K’ ai = therefore K’ > 
‘yma m m 


5. The electrical constants are now substituted in the electrical 
system equation (10). The process is by no means as formidable 


36 NONLINEAR CIRCUITS HANDBOOK 


as it may appear at first glance, because usually, V,, = Ey = 
Vim = 10V; so 


1 am »_K 
A’ = Ayn and R= 


The scaling, as described in this example, has (so far) applied to an 
essentially linear circuit, corresponding to the case in which sin @ 
is a dimensionless gain (e.g., a potentiometer setting). The process 
differs somewhat if the sine function is the output voltage of a 
sine operator (Figure 3b), and must be multiplied by V,, 


V, = Ven Si mn (12 
fin am Sinvy Vo ) 


The electrical equation becomes 


— aft Vy. . 9m ’ 
E,= AIF" Ven Sine Vo + K'Vim (13) 


where V, is the multiplier’s scale constant. The equation normalizes 
to 


E. V VV 0 V 
y . ‘xm x.*sm . m , ‘Km 
Eom ym Yxm Vr Yém ? Em ( ) 


V,. V. Xe XnEym V. 
A eA and A HAS SS 
Ey ve Yn Ym Vin Vem 
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Figure 3b. Electrical block diagram of nonlinear version, 
showing possible locations for scale factor 


It is important to note that the scale factor A’, when associated 
with a multiplication, can be applied at any one of the three 
terminals, or distributed among two or more of them, if necessary 
to optimize the dynamic range for both inputs and the output. 
For example, if V,, = SVand V, = Vin = Eym = 10V, A’ will 
be doubled. Most likely, a factor of 2 should be applied between 
the output of the sine operator and its input to the multiplier, if it 
is desired to make full use of the multiplier’s input range. 


After the scale factors have been computed, they should be 
checked, by considering various extremes of input and output 
signals; any indicated modifications should be made. While the 
approach suggested here works, it is no better than the assump- 
tions. Awkward assumptions will lead to awkward dynamic ranges. 


5. Note that the assignment of a “maximum” value E,,, to E, 
does not automatically guarantee that V, will not exceed full 
scale, unless the set of normalizing voltages is fully consistent. With 
practice, one will develop a near-intuitive feeling for proper scale 
factors and will find much of the above procedure unnecessary to 
plow through in detail. Incidentally, time-dependent devices may 
also be scaled in this manner. Where time appears in an equation, 
it is multiplied and divided by a nominal “unit value,” usually 1 
second, but often the characteristic time of the slowest integra- 
tion, in high-speed analog computing devices or systems. (T : =Tt’) 
In chapter 2-3, it is shown how one might develop and scale a 
thermocouple-compensation circuit. 


INVERSE FUNCTIONS 
If u = f(v), the inverse function, vy = f-1(u), may be obtained (in 
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concept) by the use of f(v) in a high-gain negative feedback circuit 
(Figures 4 and 5a). This is already widely exploited in: 

(a) the generation of logarithmic operations. The exponential 
LV relationship of a diode in the feedback path of an operational 
amplifier matches the input current, enforcing a logarithmic out- 
put voltage (see Figure 4c and 4d), 


x f( ) y 
— 


y = #(x) 


x-fly)=—+0 


y =f? (x) 


bad 


a. Function. Arrow inside block 
indicates causality 


c. Direct function, transconductance 
and op amp 


d. Inverse function, with op amp 


Figure 4. Direct and inverse functional operations 


(b) the use of multipliers for division. The product of one input 
and the output is made to equal the second input, therefore the 
output is proportional to their ratio, 

(c) the use of squarer-connected multipliers for square-rooting. 
The product of the output multiplied by itself is made to equal 
the input, hence the output is the square-root of the input 
(Figure 6a). 


Such schemes can be applied to combined functional operations 
for generating operators that are more easily obtainable in the 
inverse form. For example, if y = x + log x, there is no closed-form 
solution to this transcendental equation if one desires x. One 
configuration for obtaining x, given y, is a high-gain feedback loop 
around x + log x, as shown in Figure Sa. 
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There are a number of evident restrictions to the use of this 
technique: 
1. The net incremental feedback must be negative over the range 
of interest. 


2. Instabilities resulting in oscillation or “latchup” should be 
ruled out. Stabilizing and range-limiting circuitry may be necessary, 
with possible restriction of range, bandwidth, or accuracy. Loop 
gain and phase shift must be examined under all conditions. 
Adjustably-offset random noise may be employed as an input to 
detect sensitive frequency and amplitude bands. 


3. In general the functions should be single-valued and monotonic 
in the range of interest. For example, sin 1 (x) should be limited to 
within a range of +90°. 


y-x-~logx DIFFERENCE 
AMPLIFIER 


b. Implicit solution of y = x + log x 


DIFFERENCE 


ki AMPLIFIER jae : 


x= log" (y-x) 


a. Inverse solution of y = x + log x 


yo 


c. Another implicit solution of y = x + log x 


Figure 5. Inverse and implicit solutions. Note that (a) can be 
implemented identically to (b), in this case, but (b) is con- 
ceptually simpler. 


IMPLICIT SOLUTIONS (x = f{x, y,...}) 


A powerful feedback technique for solving for any variable that 
can be made to appear twice in an equation (by non-redundant 
summation, factoring, or other trickery) is the implicit use of the 
variable in solving for itself, without necessitating the explicit use 
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of high gain to enforce the feedback constraints. Figure 5b shows 
an implicit solution as an alternative to the inverse for obtaining 
x in y =x + log x. Here are a few additional examples of this use 
of algebraic analog computing. 


1. Square rooting (Figure 6b) Any divider may be used as a 
square-rooter; non-feedback types tend to be the most successful. 
If the input, x, is divided by the output, y, to obtain y, 


y 2 ory? =x (15) 
and 
yx (16) 


Figure 6a. Square root as an inverse function, using a squarer 
in a high-gain feedback loop 
x 


y 


x = 

va y 

yaVx_ 
Figure 6b. Square root as an implicit function. If the divider 
uses a multiplier fed back with high gain, the configuration is 
identical to 6a. But a device specifically designed for division 
will retain low error over a much wider dynamic range. 


2. Root mean-square (see page 17) A multiplier-divider (uv/w) 


may be used, followed by an averaging filter, to compute the 
average: 


y = ave. (x”/y) (17) 


For stationary waveforms, and using a filter having a sufficiently 
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long time constant, y will be constant, and 


y = Vave. (x”) (18) 


3. Vector sum and difference (see page 21) If w=, fu? +, 
one can compute w as follows, using a multiplier-divider 


w? —u* = y* =(w tu) (w-U) (19) 


Dividing by (w + u) 


=w-u (20) 


and 


(21) 


Additional variables may be embraced simply by adding terms; 


for example, to compute w= ur ty? +x? + y’, 
2 2 2 
—weut—t—+—*—_ +4 (22) 


wtu wtu wtu 


Given w and u, the vector difference v = J/ w? ~ u? may be com- 
puted by dividing equation 19 by v, whence (Figure 7a) 


= (w+ “Ow —Uu) (23) 


4. Bridge linearization The output of a Wheatstone bridge 
configuration with one leg variable is of the form 


__x 
y~T4+x 


(24) 


This response is linear only for small values of the deviation, x. 
It can be linearized by solving implicitly for x (Figure 7b) 


x=yprxy (25) 


42 NONLINEAR CIRCUITS HANDBOOK 


Since the deviations are usually small, a multiplier with very 
modest specifications may be used, provided that the signals are 
scaled to use near-full-scale capability, and that drift of the second 
(i.e., correction) term is low. 


(w+u) w-u) 
ae rea 


¥v 


a. Vector difference v =+/w" - u* 


BRIDGE (AND PREAMP) 


a 
1+ "7 


b. Linearizing a Wheatstone-bridge output 


Figure 7. Applications of implicit feedback 


There are three principal reasons for using implicit solutions, when 
they are appropriate: 


a. To simplify the block diagram. In the case of vector summa- 
tion, a u-v/w multiplier and two operational amplifiers replace 
two squarers, a square-rooter, and a summing amplifier. 


b. To avoid expansion of dynamic range. Squaring a signal with 
100:1 dynamic range results in a signal with 10,000:1 dynamic 
range. Noise, drifts, and reduced bandwidth can impair overall 
accuracy. The u-v/w operation, on the other hand, remains net 
first order. 


c. To provide an improved fit with few additional components. 
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Figure 14 and the appendix to this chapter show the great improve- 
ment in fitting sin x due to using modified equations involving an 
additional feedback term. 


Like inverse functions, implicit functions must be single-valued. 
Unlike inverse functions, they need not always be monotonic. For 
example, sin x can be approximated from -z to +7 with greatly 
improved accuracy, using feedback. 


FITTING ARBITRARY FUNCTIONS 


For the purpose of this section, “arbitrary functions” are defined 
to include all functions that cannot be fit “‘exactly”’ by acon- 
ceptual closed-form equation, whether explicit or implicit. In 
other words, there is almost always a residual theoretical error, 
which must be considered along with the device errors to deter- 
mine the overall closeness of fit. , 


Besides such obviously arbitrary functions as empirically-deter- 
mined circuit and system nonlinearities requiring calibration 
curves, “arbitrary functions,” by the above definition, include 
such analytic but non-rational functions as sin 6, tan? x, anda 
whole host of functions characterizable by infinite series. 


In general, to be fittable by more-or-less simple analog circuits, a 
functional operation must be bounded (i.e., defined within a finite 
range of all variables involved), single-valued in terms of inputs, 
and free from singularities (except where they can be satisfactorily 
fit by diode breakpoints, switching, or comparator “jump” func- 
tions). To be practical for analog circuit elements, there is the 
additional constraint that circuit complexity (consequently the 
cost) must be competitive with digital function generation (ROM’s 
alone, or ROM’s plus digital processing, plus at least one step of 
conversion). 


Relationships are smoothly fit using logarithmic, exponential, or 
power-law elements, or they may be fit more-or-less directly with 
a set of straight-line segments produced by diode breakpoints 
(Figure 8). The former technique requires more-sophisticated 
mathematics and error analysis, but the output is differentiable, 
and the error function is satisfyingly smooth. The latter technique 
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is well-suited to quick, empirical fitting of functions of one variable, 
but the error consists of a series of cusps that can be troublesome 
if differentiation is used or if the function is employed within a 
feedback loop. Also, arbitrary functions of 2 or more variables 
(which are difficult to fit, in any event) run into structural limita- 
tions, due to the sheer number of “‘piecewise-planar” elements; 
the influence of each faceted element also poses tricky visualization 
problems. Smooth functions, in linear, or nonlinear combinations 
—on the other hand— pose no interpolation problems. Any point is 
readily calculable, though not necessarily an accurate fit. 


FUNCTION FUNCTION 
TO BE TO BE 


FIT AIT 


RATIONAL 


APPROXIMATION STRAIGHT- 


LINE 
SEGMENTS 


ERROR 
(MAGNIFIED) 


ERROR 
(MAGNIFIED) 


Figure 8. Smooth fit vs. piecewise-linear fit 


SMOOTH APPROXIMATIONS 


Although these approaches require more mathematics than do 
piecewise-linear approximations, the manipulations are of a kind 
that is not difficult if one is armed with a mechanized calculating 
device, such as an HP-35 pocket calculator. For mechanized opti- 
mization of the fit, a programmable engineering calculator, or 
access to computers, is: helpful (but not essential unless one has 
the job of fitting many similar-but-different functions, or it is 
necessary to solve a large number of simultaneous equations to 
obtain a high-accuracy, high-order fit). 


The ready availability of large amounts of calculating power, com- 
bined with the ready availability (at low cost) of today’s multi- 
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pliers, dividers, power-and-root devices, and logarithmic elements, 
makes smooth analog approximations (with errors typically varying 
from 0.1% to 1%) far more practical now than they have ever 
been. 


The approach to fitting a function y = f(x, A, B, C.,...), where x 
and y are variables, and A, B, C,... are constants, to the desired 
prototype shape, involves the following steps. 


1. Itis helpful to start with the data in normalized form. 
2. Postulate a function that is likely to have the “right shape.” 


3. Write the equation for as many specific points as there are 
constants to be solved-for in the approximating function. The fit 
will be exact at those points. 


4. Solve the set of simultaneous equations for the constants. 
Plug them into the equation, and check, by substituting the 
specific values chosen for “exact fit” into the equation. 


5. Try out the equation at other intermediate values of x. Solve 
each for y and subtract the expected value of y to obtain the 
error. It may be helpful to plot an error curve. 


6. If the errors are of reasonable magnitude, but are greater 
between one pair of calculated points than another, new inter- 
mediate points may be selected, and the equations written, solved, 
and tried-out for the new points. This process may be repeated as 
often as necessary to give (for example) equal maximum errors 
in all ranges. (Interpolation formulas may be used to shorten the 
process.) 


If the errors are obviously too large, a different function may be 
tried. The reader will recognize that both experience and creativity 
will be of great help in proposing a function that has small inherent 
errors for a given shape. Here are some suggestions that those 
unfamiliar with the process may try as a starter: 


@ Try to find a “natural law” (e.g., logarithmic response) 


@ Try to fit deviations from linearity or from simple functional 
relationships, having a somewhat similar shape to the curve in 
question, such as log x, 1/x, e*,x™, etc. 
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Try truncated power series (A + Bx + Cx? + Dx? , etc.) 

Try series involving non-integral exponents, e.g., A + Bx + Cx™ 
Try implicit functions, e.g.,y = (A—y)x™ = Ax™/(1 + Ax™). 
While the two expressions are identical, the first uses fewer 
elements. 


e Try the “Hoerl equation” y = Ax® «~ = Ain ! (BiInx +Cx) 
@® Try a more-easily-fit complementary function, such as 
cos x = sin(a/2 - x) 


yry, PAX + Bx? 


Figure 9. 2nd-degree polynomial using single multiplier. 
Op-amp configuration depends on polarity of constants 
in this figure and those that follow. 


y=y¥, + Ax + Bx? + (Cx + Dx? )x? 
yy, + Ax + Bx? +x? + Dxt 


Figure 10. Odd-function 3rd-degree polynomial and generalized 
4th-degree polynomial, using 2 multipliers. For complete gen- 

erality, the origin may be offset along the X-axis by an amount 
h by adding a bias to the input. The x’s then become x’ = x ~ h. 


2-1 FUNCTION FITTING __ 47 


POLYNOMIALS AND POWER SERIES 


Polynomials can be modeled with multipliers: and operational 
amplifiers. The minimum number of multipliers required to fit 
truncated power series of various degrees are: 


2nd degree (involves x?) ...1 (Figure 9) 
4th degree (involves x* and lesser powers) ....2 (Figure 10) 
8th degree (involves x® and lesser powers) ...3 (Figure 11) 


However, if implicit feedback is used, any of these truncated 
series may be converted into an infinite series, convergent over a 
limited (but adequate) range (Figures 12 and 13). The resulting 
enrichment can greatly improve the theoretical ‘fit. 


For example, a cubic (y = Ax + Cx’) can fit sin x to within +0.6% 
of full scale, from 2/2 to -2/2, or within +13.2%, from a to 
-a. But with the simple addition of a feedback term 
(v=Axt Cx? + Ex7y), the theoretical error becomes less than 
£0.01% (1/2 > x > -x/2); and over the wider range of angle 
(x to -7), the error is still less than +1.2%. The following example 
shows how dimensionless coefficients are derived, and the appendix 
to this chapter provides comparative details of a variety of sine- 
function-fitting schemes. 


VA Yo + Ax +B? + Ox? + Dut + (Ea? + FOX? + Dx!) (Ox? + Dx) 
By, + Ax + Bx? + Cx? + Dx* +E + (FO +E Dp +26 C Dx? +E DP 


BY tax ta:x +asx? tagx* + asx® tagx® +a7x7 tagx® 


Figure 11. Generalized 8th-degree polynomial, using 3 multi- 
pliers. This configuration obtains its relative simplicity at the 
cost of 2 degrees of freedom (aq and ag are functions of a3, 
a4, 45, ag, and ag is not independent of a3, aq, as). 
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+ Bx? 
Y~-Yo = Axt+x (Bx+C [y- ~ye] = = 


Y=Yy + Ax+ (B+ AC)x? +C(B+ AC)x? + C2 (B+ AC) x* +... 
a. Second-degree polynomial with implicit feedback 
produces infinite series, convergent i Cx <1, has three 
degrees of freedom. 


AX+ BD 2x? 
y = Ax + (Bx + Cy) (Dx +y)} = 7-(6+G D)x-Cy 


b. Second-degree polynomial in both x and y has 

four degrees of freedom, but coefficients are derived with 
greatly-increased difficulty. If y(0) # 0, Yo is added outside 
the loop, as in 12a. 


Figure 12. Implicit approximations with a single multiplier. 


Y¥-Yo = Ax + Bx? + x2 (Cx + Dx? +E [y~yol } 


AX + Bx? + Cx? + Dxt 
4-Ex? 
Y*Yo + Ax + Bxé + (C + AE)x? + (D+ BE)x* + E(C + AE)x® + E(D + BE)x® +... 


Figure 13. Fourth-degree polynomial using 2 multipliers with 
implicit feedback produces infinite series, convergent for Ex? 
<1, has up to five degrees of freedom. For odd function, B = 
D = G; for even function, A=C=0. 
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Earlier in this chapter, we have mentioned the practical limita- 
tions to the degree of fit; device cost and performance, and circuit 
complexity. To these must be added the difficulty (even in simple, 
low-cost configurations) of coping with the many degrees of free- 
dom as the number of coefficients is increased. Three coefficients 
is a reasonable maximum for an engineer with a hand calculator, 
unless he is of a mathematical bent and enjoys solving this kind of 
problem. If mechanized stored-program calculators and computers 
are at hand, the device cost and performance limitations become 
more significant. 


ANEXAMPLE: y=f(x) =sinx (0£x $4) 


The appendix to this chapter, as mentioned, shows a number of 
equations and configurations that provide theoretical fits (of sin x) 
to varying degrees of accuracy and suitability. We will derive here, 
as an example of the function-fitting process, the simplest of the 
approximations, a quadratic polynomial, using a single multiplier, 


y=Ax+Bx?  [y(0)=0] (26) 


and compare it with a more-accurate version, still using a single 
multiplier, but adding an implicit feedback 


_ Ax + Bx? 


y =e Ax + x(Bx + Cy) (27) 


To obtain a trial set of coefficients in (26), substitute y and x (in 
radians) at two points. Let us use the end point, x = 7/2, and an 
experimental intermediate point, x = 1 rad = 57.296°: 


sina/2=1 =A (n/2)+B (a/2)" (28) 
sin 1=0.8415=A+B (29) 


Solving simultaneously for A and B, we find that B = -0.3589 
and A = 1.2004; hence, y = 1.2004x - 0.3589x?. 
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In testing this approximation over the range of angles 0 to 2/2,* 
maximum error (y - sin x) appears at 21.6° (error < 3.4% F.S.) 
and at 74.5° (error = - 0.96% F.S.) The error is zero at 0, 1 radian, 
and 7/2 radians. 


By choosing a different value of angle for intermediate zero error 
in (29) and solving for new coefficients, testing them, repeating, 
etc., it is possible to arrive at a “best” fit, with symmetrical maxi- 
mum errors of about +2.1%. This approximation is 


y = 1.155x — 0.33x? (30) 


Intermediate zero-error occurs at about 42.2°. The maximum. 
errors occur at 17.4° and 68.6°. Error plots appear in Figure 14. 


The block diagram of a configuration that would produce this 
approximation is shown in Figure 9. By adding an implicit feed- 


FIRST TRY 
y = 1.2004x - 0.3589x7 


/ OPTIMIZED QUADRATIC 


a y= 1.155x -0. 
wu +2 
# 
S 
c +14 
c 
w ees. 
ah ea Oe Ne eS 
g 2° 
= 
Ww 
5 -1 
wi 
x OPTIMIZED 3 
Pe QUADRATIC USING Pie Le 
. IMPLICIT FEEDBACK ~- 
3 1.0468x - 0.4278x2 


ye x IN RADIANS 
1-0.2618x 


Figure 14, Errors of quadratic approximation to y = sin x 
(O<x< —F ). Percent error = 100 (f(x) - sin x). 


*Maximum eiror can be determined by an error plot, or by differentiating the error 
equation (f(x) — sin x) and solving for the values of x at which the derivative is zero, 
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back, the configuration of Figure 12a, characterized by equation 
27, is achieved, resulting in a reduction of the errors to less than 
+0.5% (Figure 14). 


The coefficients of equation (27) can be calculated by a similar 
process to that outlined above. However, the additional degree of 
freedom provided by C requires that two intermediate zero-error 
angles be determined, and we can expect three error maxima. The 
solution of three simultaneous equations makes the process some- 
what more arduous, but still manageable, and the results are 
rewarding, since a fourfold reduction of error is obtained, at the 
cost of one additional op amp. The new equation, with optimized 
coefficients, is 


_ 1.0468x — 0.4278x? 
== 0 2618e O<x<n/2 


= 1.0468x — x(0.4278x + 0.2618y) (31) 


Maximum theoretical errors occur at 11.5° (0.42% F.S.), 47.1° 
(-0.44% F.S.), and 80.4° (0.44% F.S.), with zero error at 0°, 
28°, 65.5°, and 90°. 


It should be noted here that some reduction of maximum error 
could be obtained by allowing non-zero error at the end points. 


In theory, this is tenable, though it necessitates an additional 
constant (and hence an additional simultaneous equation), but 
in practice it can be disastrous, since it makes calibration more 
difficult, and magnifies sensitivity to variations in device tolerances. 


It should also be noted that errors discussed here are expressed in 
percentage of full-scale, rather than percent of the ideal value of 
sin x. To convert the plotted errors to the latter form, they should 
be divided by sin x. The ratio errors will be found to be larger, the 
error maxima will occur at different values of angle, and they will 
no longer be equal in magnitude. To test the approximations with 
the aim of minimizing ratio-to-ideal-value errors, the error func- 
tion is f(x)/sinx — 1. 


A much better theoretical fit can be obtained, using two multi- 
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pliers, with the additional bonus that it can be made to work in 
two quadrants (i.e., -7/2 < x < 1/2). The simple cubic (Figure 10) 
gives +0.6% maximum error, but with implicit feedback, the 
theoretical error can be reduced to less than +0.01%, which 
probably represents greater accuracy than might be expected from 
any of the devices currently available to implement the approxi- 
mation at reasonable cost. That is, the error is limited by the 
devices, rather than the approximation. For single-quadrant fitting, 
a single U-V™ device (such as Model 433), with m set at 2.0, can 
replace the two multipliers. 


Finally, using a u-v™ device in the same configuration, but with 
m set at a non-integral value, the maximum theoretical error can 
be reduced to +0.15% F.S. open-loop, and +0.004% with implicit 
feedback. The above approximations are all included in the appen- 
dix to this chapter. 


PIECEWISE-LINEAR FUNCTION FITTING 
(A Brief Introduction) 


As Figure 15 shows, a nonlinear relationship is fit by summing 
gain segments (S,, AS,, AS3, etc.) that have zero contribution 
until a threshold is crossed. Beyond the threshold, the output 
of a given segment contributes linearly. The nature of the ideal 
contribution (and the errors, too) is determined by both the 
location of the thresholds and the incremental gains attributed 
to the segments, as well as the means of implementation. 


The simplest “‘diode function generators,” or DFG’s, as such 
devices are commonly termed, use segments that provide either 
zero or linear response (from the threshold to full-range input), as 
shown. Since the contributions accumulate, sharp reversals require 
a large amount of gain to overcome the accumulated gain of 
earlier segments. Circuits have been built using truncated segments 
to avoid the accumulation of gain, but they tend to lead to an 
unwieldy amount of circuitry; in addition, they require careful 
matching of break points to avoid “glitches” where one segment 
leaves off and another starts. 


The conceptually-simplest segment is obtained with a biased diode 
and a precision resistor, but its temperature sensitivity leaves much 
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to be desired. Chapter 3-5 discusses several more-practical 
approaches to individual segments. “Ideal-diode” op-amp circuits 
are an obvious possibility, because of their stable thresholds, sharp 
corners, and precise gains, as well as the low cost of operational 
amplifiers. 


Ww Y2 {Vy2) 
? 


Y3 (Vya) 
T 
FUNCTION TO BE FIT 


. COEFFICIENT, 


BIAS , -Vaz SUM-DIFFERENCE 


| 


Vx 


3 
NEGATIVE IN 
THE ABOVE 
EXAMPLE) 


Figure 15. Basic 3-segment piecewise-linear function fitter. 


Positive or negative contributions from individual segments are 
obtained by the use of a subtractive output circuit, usually 
consisting of an inverting output amplifier and an intermediate 
current inverter. For special-purpose function fitting (which com- 
prises the great majority of applications), gains and thresholds may 
be computed, and fixed resistance values —with minor “tweaks”— 
are used. For general-purpose function fitting, potentiometers 
typically are used for setting each threshold (bias) and gain. To 
obtain the gamut of positive-to-negative gains, potentiometers 
straddle the positive and negative summing buses (Figure 16). 
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Figure 16. Piecewise-linear function fitter. For adjustable 
thresholds, typically the Rg’s = R and VR = V xj, adjusted by 
individual potentiometers connected to a stable reference 
source. 


Fitting functions using the piecewise-linear approach is, to begin 
with, a paper exercise. It can be done graphically or numerically. 
The graphic approach simply involves a large normalized plot of 
the function to be simulated. Draw the minimum number of con- 
nected straight.lines to fit the curve to the required accuracy. 
(Figure 15). This fixes the break points, X,7, Xo3, X34,... The 
straight lines are all extended to the ordinate corresponding to the 
maximum value of x, X,,. This permits the incremental gains 
to be computed accurately, even for short segments. The incre- 
mental gains, S,, AS,, AS3, for the example shown are 


(32) 
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When the circuit has been assembled, final setting of the coef- 
ficients of the function* 


V, = Vyo + 81, - Vag) + ASV, - V9) + AS3(V, - Vin) (33) 


can be simply done as follows: 


1. Set the thresholds, V,, as Vizo9 


2. With V, = Vxg, and all gains at zero, set the output bias 
V, = Vyo- 

3. With V,, = Van; adjust Si for Vy= Vp AS) for Vy = Vyos etc., 
in that order, keeping all gains at zero until the previous gains 
have been set. Use overall output attenuation (temporarily-reduced 
R,), if necessary to keep V, within reasonable limits. 


Because all the adjustments are made with V, = V,.,, there is a 
tendency for cumulative gain errors to be reduced. The function 
can now be checked at the intermediate points. If the breakpoints 
are not sharp, this factor should be taken into account on the paper 
plot before establishing the values of V, , V,,, etc. The fit can be 
refined, if necessary, by minor adjustments to the thresholds, and 
repeating step 3. 


etc. 


A WORD ABOUT SUMMING-AMPLIFIER CONFIGURATIONS 


Sum-and-difference amplifiers are well-known, having been dis-— 
cussed in just about every textbook and tutorial article on the basic 
applications of differential op amps. 


In function-fitting applications, there is usually an amplifier that 
bears the brunt of summing a number of arbitrary inputs with a 
variety of gains of either polarity. The choice is usually between a 
differential amplifier and two inverting op amps in a subtracting 
configuration. 


FOR SMOOTH APPROXIMATIONS, the inputs are usually taken 
from either op amps or nonlinear modules (or IC’s), which have 
low-impedance operational-amplifier outputs. For these applica- 


* — 
AS; = 0 for V, — V,, 0 


i= 
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tions, either the differential subtractor or the inverting subtractor 
of Figure 16 may be used. Because the inverting subtractor operates 
at ground level, it is more suitable for applications where gains 
must be adjustable, and the impedance changes associated with a 
specific gain adjustment must not disturb the other gains. However, 
if the gains are fixed, the differential subtractor is somewhat less 
costly; resistance ratios are easy to compute if the basic rule 
associated with Figure 17b is observed. See also Electronics, June 
12, 1975, pp 125-126. -- 


POTENTIOMETERS 
OR RESISTIVE 


DIVIDERS GAIN-SETTING 
(OR BOTH} if RESISTOR 
x 


¥ = y¥_ + G (Ax - Bx?) 


1 


Figure 17a. Use of fixed-gain differential amplifier for 2- 
variable system with coefficients of opposing polarities 
(see Figure 9). 
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Figure 17b. Use of differential op amp for summing and dif- 
ferencing an arbitrary number of inputs with arbitrary fixed: 
gains. 


FOR PIECEWISE-LINEAR APPROXIMATIONS, the source im- 
pedance of the additive terms is usually nonlinear, being low in the 
conducting state and high in the open state. Thus, the isolation 
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afforded by the summing-point of an inverting amplifier is not 
only desirable, but necessary, to avoid interaction. 


A close look at Figure 16 will disclose the interesting fact that the 
positive input of A4, instead of being grounded, is connected to 
the summing-point of A5. In this connection, A4 serves as a 
current inverter or reflector, rather than as a voltage inverter. The 
purpose becomes clear if one considers that the summing point of 
A5 is loaded by the high output impedance of a current source 
rather than the usually-low resistance Ry, thus minimizing the 
closed-loop gain of A5, increasing bandwidth, and reducing the 
amplification of drift and noise. 


PRACTICAL MATTERS 


We have dealt with an “ideal building-block” approach to func- 
tion-fitting, while appearing to ignore the practical characteristics 
of the building blocks that are to be used. The purpose was to 
avoid interjecting issues that, while highly appropriate, would 
tend to serve as digressions and dilute the main course of the 
argument. Also, each case must be analyzed in terms of the specific 
functional operations, their configuration, and the allowable 
ranges of input and output. Since the variety of permutations and 
combinations is broad, it is virtually impossible even to begin to 
cover them all in the detail they deserve in the available space. 
Nevertheless, this chapter would be incomplete if it didn’t provide 
some guidance toward practical implementation of the ideas. 


Practical considerations include scaling, component choice, errors 
(and their sensitivity to parameter variation and drift), response 
speed, and (for feedback configurations) stability. 


If the reader is mathematically gifted, he will have little difficulty 
determining the scaling, the sensitivity to parameter tolerance 
(within the limits specified for the real devices and passive elements), 
or computing the approximate speed of response. While stability 
may be investigated theoretically, it is perhaps better to explore 
it experimentally. 


More typically, the reader will have sufficient mathematical facility 
to compute the constants and perform the scaling (an example is 
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given in the appendix), but may have difficulty with the mathe- 
matical formulations involved in error and stability analysis. In that 
case, as regards error analysis, he should perform a series of “brute 
force” calculations involving changes in the constants to find out 
which are the most tolerant and those that are the most sensitive. 
One approach is to make (say) a 0.1% change in a given constant, 
and determine the effect (magnitude and direction) on the maxi- 
mum error. Another is to make (say) a 0.1% change in an input 
variable, and determine its effect on the output error. 


It may be useful, in this day of calculators, to perform the compu- 
tations of theoretical constants to many significant digits, then to 
round off, one digit at a time, until a significant effect on the error 
is seen. The theoretical examples given in this chapter and its 
appendix have all been worked out to an excessive number of 
places for the accuracy involved. 

In any case, the reader should study the chapters in Part 3 that 
pertain to the devices to be used, and those in Part 4 that pertain 
to their application in the specific operations to be used (e.g., 
multiplication, division, logs, etc.). Naturally, familiarity with the 
data sheets for the devices actually to-be-chosen is essential, to be 
sure that they are physically and electrically compatible with the 
rest of the system and that there are no unpleasant surprises in the 
list of specifications. 


Performance should always be checked on a “breadboard” that 
includes a facility for investigating response, stability, and the 
effects of parameter variations in those portions of the circuit 
that analysis (or intuition) suggests are most sensitive. 


The resistors can be chosen at the next-lower (for example) 
standard values, with appropriate tolerances, temperature-sensi- 
tivity, and cost; the effects of parameter variations can be studied 
experimentally by “tweaking’’ incremental resistances connected 
in series. 

Dynamic responses and stability are best studied experimentally, 
using large and small sine and square waves (and perhaps noise) 
biased at various levels. Response can often be improved, especially 
where subtraction is involved, by seeking to match the approximate 
responses of branches being summed by delaying the faster using 
an R-C lag circuit. 
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X-Y plots on the oscilloscope screen (input horizontal, output 
vertical), using sine- or triangular waves, can be quite helpful in 
observing the shape of the curve(s), determining that there have 
been no gross errors of fit, finding amplitude-sensitive instabilities, 
and (by frequency adjustment) determining simultaneously both 
amplitude and “phase” response. Not only the output behavior can 
be observed; one can also observe behavior at intermediate stages. 


If the function involves a deviation from linearity, errors can be 
more-sensitively explored by subtracting the output from a signal 
proportional to the input, and observing just the deviation, plotted 
against the input. 


Errors can also be determined point-by-point, using voltage sources 
and precise digital voltmeters, or by comparing X-Y plots on a 
chart recorder with hand-plotted curves. Where large numbers of 
identical functions are to be monitored, or trimmed, computer-test 
techniques can be brought into play in various ways, for example, 
by programming the input, and comparing the output with the 
stored “correct” values, either digitally (go-no), or with an analog 
readout established by computer graphics. 


CONCLUSION 


This chapter has sought to introduce the reader to the basic ideas 
and techniques relating to analog function fitting, and to encourage 
the increased application of low-cost nonlinear analog devices in 
calibration, compensation, and measurement. Some of these ideas 
will reappear, perhaps in amplified form, in subsequent chapters. 
The concentration in this chapter has been on the development of 
conceptual models. The following chapters will utilize some of 
these ideas in the context of their applications. 
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APPENDIX TO CHAPTER 2-1 


Analog Approximations for sin x with Ideal Devices 


1. Quadratic, one-quadrant, single-multiplier 
A.Explicit function: y = 1.155 x-0.33 x? 


x? 0.33 


THEORETICAL 
ERROR (% F.S.} 


B. Implicit function: y = 1.0468 x - x (0.4278 x - 0.2618 y) 
_ 1.0468 x - 0.4278 x? 
1-0.2618 x 


0.2618 


x 
(radians) 


05 


THEORETICAL 
ERROR (% FS.) 
o 


b 
oa 
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2. Cubic, two-quadrant, 2-multiplier, or one-quadrant UV? 


A.Explicit function: y = 0.98252 x - 0.14019 x? 


+05 


THEORETICAL 
ERROR (% F.S.) 
~J 


wa 


B. Implicit function: 
y = 1.00042 x - x? (0.111382 x + 0.056646 y) 


_ 1.00042 x - 0.111382 x? 
1 + 0.056646 x? 


0.056646 


THEORETICAL 
ERROR (%F.S,) 
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3. Non-integral exponent, one-quadrant, single UV™ 
A.Explicit function: y = 1.0095 x - 0.169 x2-/>25 


m= 2.7525 


THEORETICAL 
ERROR (% FS.) 


B. Implicit function: 
y = 0.999642 x-x?"2 (0.1073254 x + 0.0604426 y) 


_ 0.999642 x - 0.1073254 x32 
1 + 0.0604426 x02 


0.0604426 


THEORETICAL 
ERROR (%F.S.) 


IMPLICIT NON-INTEGRAL 
m ONENT 


0.005 
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4. Extended angular range - 
A. Implicit cubic, 4-quadrant -7 < x <+7, 2 multiplications 


_ 1.0287 x - 0.10423 x? 


170.0904 x2 , Circuit similar to 2(B) 


= 1.0287 x- x? (0.10423 x + 0.0904 y) 


@ to +180° 0 to -180° 


THEORETICAL 
ERROR (% FS.) 


B. Implicit non-integral exponent, 2 quadrant, O<x <7, 
single UV™ 


0.9790 x- 0.0657 x33 
= —______________ Circuit similar to 3(B) 
1 + 0.0814 x236 


= 0.9790 x - x236 (0.0657 x + 0.0814 y) 


THEORETICAL 
ERROR (% F.S.) 


SCALING EXAMPLE 
To demonstrate the application of the scaling principles discussed 
in the chapter, electrical coefficients for example 2B will be derived, 
using the following assumptions: 

1. 10V full-scale input corresponds to 2/2 radians. 

2. 10V full-scale output corresponds to sin 7/2. 

3. Multiplier transfer functions are V, V2/10 = Eout 


_Ax-Bx? 


T4ex =Ax-x? (Bx+Cy) =sinx 
Xx 


y 
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where - A=1.00042 
B= 0.111382 
C = 0.056646 


Since the maximum value of y is 1, y is already normalized. How- 
ever, though x is dimensionless (radians), it is not normalized. To 
normalize x to its maximum value, 7/2, multiply and divide by 
n/2, wherever x appears. 


YAS air -(3) Eal BS ac] 


If we let A’, B’, and C’ be the (unknown) coefficients of the elec- 
trical equation, the following equation describes the ideal perfor- 
mance of the electrical equivalent, taking into account the mul- 
tiplier transfer functions. 


Vx? BYVy+C'By 


=A'V, - —— 
ae 10 10 
Normally: Epi ige Nx -() E Vx 4c =. | 
10 10 10 10 10 
Because the normalized equations must be identical, 
A’ = A(@#/2) = 1.571456 
B’ = B (@/2)? = 0.431693 
C’ = C(a/2)* = 0.139768 


A circuit that embodies these coefficients, using ideal multipliers, 
op amps, and resistors, is: 


Ry =R/B’ Re = R/C’ 


a +C'E, 


Rp = 2.31646R, Re = 7.15471R, Ra =0.636353R 


Time—Function 
Generation 


Two products that revolutionized electronic instrumentation in the 
*30’s and ‘40’s were the oscilloscope and the sine-wave generator. 
The latter applied stimuli to systems or devices under test; the 
former permitted observation and time-domain measurement of the 
response. Since then, time-function generators as instruments 
have become greatly sophisticated; today, digitally-programmed 
sine- and square-wave, pulse, triangular, and even ROM-determined 
arbitrary function generators are available, in speeds from mHz to 
MHz. 


As the uses of general-purpose function generators spread, the 
possibilities for low-cost, compact, in-house-designed special-pur- 
pose function generators for use in specialized equipment became 
apparent. The availability of operational amplifiers at low cost 
enabled some of these possibilities to become realities, and now the 
collateral availability of low-cost circuit elements with controlled, 
predictable nonlinearity should stimulate the greatly-increased use 
of function generators in OEM equipment. 


A few examples of applications for function generation include 
establishing “profiles” (temperature, flow, velocity) in control 
systems, adjusting programmed parameters in test and instrumen- 
tation systems, and providing time bases of special form (e.g., 
logarithmic) in chart-recorder and oscilloscopic readout devices. 
Other applications for nonlinearity include variable-frequency 
polyphase oscillators, voltage-controlled filters, and low-cost signal 
generation with precise control of amplitude, frequency, and/or 
phase. These last include, of course, the classical sine-, square-, and 
triangular-wave generators, variable duty-cycle pulse generators, and 
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one-shots, as well as the famous phase-locked loop. Also, one 
should not forget random-noise generators. 


In this chapter, we discuss some of the principles of function 
generation and suggest ways of accomplishing a few basic func- 
tions with available standard building blocks. There exists, of 
course, a voluminous body of publications describing a gamut 
from simple circuits—involving transistors and passive elements—to 
the catalogues of manufacturers devoted to test instrumentation. 
Our aim is to neither replace nor surpass these efforts. Rather, it is 
to provide the designer with a modest indication of the range of 
roles that controlled nonlinearity can play in function generation, 
with the thought that it will form a respectable complement to his 
bag of design tools, tricks, and ideas. 


FUNCTION GENERATORS ARE MULTI-FACETED 


It is possible to conceive of an extremely-wide range of function 
generators, classified in many different ways. What is common to 
them all is the use of nonlinearity: it is quite difficult to imagine a 
means of independently generating time functions, starting with a 
dc power source, without in some purposeful way involving non- 
linear devices. 


While this chapter deals with only a few specific examples of 
function generation, the following inclusive inventory of function- 
generator properties may be helpful to the reader who is seeking 
insight into remote (as well as better-known) aspects of this all- 
embracing field. 


1. PERIODICITY: Aperiodic (single-shot), Stationary, Modulated, 
Random. Although the familiar connotation of “‘single-shot”’ is a 
pulse generator that delivers a single pulse in response to a stimulus, 
the term also should suggest such possibilities as a single half-sine, 
or a damped exponential train, or an arbitrary velocity or torque 
profile for a dynamometer test. Stationary waveforms are those 
having statistical properties that do not change with time. In prac- 
tice, if a determinate waveform’s amplitude, frequency, phase, or 
shape, or a random waveform’s mean, variance, amplitude, distribu- 
tion, and frequency spectrum are constant over a lengthy period 
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before, during, and after a measurement it is involved in, it may be 
considered stationary. Modulated refers to the variation of some 
property of the waveform during any observation interval (or from 
interval to interval) in response to a signal, for example, amplitude, 
phase, frequency, pulse-width, pulse position, presence or absence. 
It specifically includes voltage-to-frequency conversion, which can 
be viewed either as generation of a signal having a voltage-deter- 
mined frequency, or modulating a signal about a fixed frequency. 


2. SPEED: Very Low (fractions of 1Hz), Low, Audio, High, 
Video (> 1MHz). These distinctions are largely qualitative, but 
they are important insofar as they affect the choice of components 
or approach, the criticality of design, the limitations of accurate 
behavior, and the difficulty of use and measurement. The easiest 
portions of the spectrum to design for are in the middle, from 
about 1Hz to 30kHz. Suitable passive elements are small and cheap, 
and active devices have low drift and noise, as well as reasonable 
bandwidths. Thermal effects, that plague the low end, and stray 
capacitance and inductance, that complicate life at the high end, 
are rather manageable in the middle. Since this is not a complete 
text on the design of function generators, most of the specific 
circuits suggested have their best performance in the low-to-audio 
range of speeds and frequencies. 


3. SHAPING: Simple vs. Complex. Simple functions are those 
that Nature allows to be achieved (in concept) with a minimum 
of basic hardware. They include sine-waves, as produced by 
resonant elements, square waves (produced by switching), tri- 
angular waves (often a by-product of square waves, or vice 
versa), exponential waves (also a by-product of square waves), and 
pulse trains. Complex functions involve operations on simpler 
functions, including modulation, filtering, and nonlinear function 
fitting (analog or digital) applied to simple waveforms. Analog 
function fitting involves ramps and function fitters; digital involves 
pulse trains, read-only memories (ROM’s), and D/A converters with 
appropriately-filtered output; both can be combined to advantage 
(see Figure 11, this chapter). Most of today’s commercial sine- 
square-triangle generators obtain the sine in a complex fashion: a 
triangular wave is applied to a fitted sine operator (Figure 1). 
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Random noise can be generated simply (for example, by amplify- 
ing resistor or junction noise) or in complex fashion (by generating 
a pseudo-random waveform having sufficiently-low autocorrelation, 
using a pulse train, tapped shift-register, exclusive-or’d feedback, 
D/A conversion, and filtering). 
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Figure 7. Generating a sine wave by function fitting 


4. CONTROLLED PARAMETERS: Amplitude, Frequency, Phase, 
Mark/Space Ratio, Ranges, Shape, Measure. These parameters are 
affected by the manner of function generation; their fidelity to 
the desired behavior comprises the basic performance specifications 
of the function generator. Mark-space ratio takes on a broader 
meaning than just pulse on-off time: as a measure of symmetry, it 
also refers to a ratio between up-going and down-going intervals of 
tramps and sweeps. Departure from specified shape may be speci- 
fied as “distortion.” Measure indicates a form of average measure- 
ment that may be used instead of, or in addition to, amplitude, to 
characterize the waveform; for example, RMS or mean absolute- 
value. Crest factor is the ratio of peak amplitude to RMS. (With 
random noise, it is easier to measure RMS repeatably, than to 
observe peak amplitudes; the probabilities of various crest factors 
are a function of the noise distribution.) 
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5. FORM OF PARAMETER VARIATION: Fixed, Manually 
Adjustable (Continuously, or continuously, in ranges), Discretely, 
Digitally-Programmed, Auto-Ranged, Continuously Variable (modu- 
lated). This is entirely determined by the application, but it has 
profound effect on the design. Depending on this choice, for 
example, a parameter may be set by a resistor, by a pot (and 
switched fixed-resistors), by resistance-decade switches, by a 
D/A converter, or by an analog multiplier. 


6. PARAMETRIC ACCURACY CLASS: 0.01%, 0.1%, 1%, Exter- 
nally-Calibrated. This category is a catchall that includes such terms 
as “‘absolute accuracy,” relative accuracy, precision, repeatability, 
stability. The above numbers represent orders of magnitude of 
error and each of these desirable characteristics is generally speci- 
fied by a small number that represents the deviation from perfec- 
tion. A function generator designed for a given application may 
have parameters that differ widely in error magnitudes; for example, 
frequency may be held to within parts-per-million, but amplitude 
variations and shape distortion may be of the order of 10%. The 
widespread availability of low-cost multipliers and D/A converters 
has made it possible for test-systems to be built that depend, not 
on costly fixed calibration of every generator used, but rather on 
a single programmed reference against which all generators are 
automatically calibrated and computer-adjusted to the desired 
settings before each measurement for which each is used. 


7. INDEPENDENCE: Free-Running, Synchronized, Slaved. A free- 
tunning function generator depends for its accuracy and timing 
entirely upon its own internal reference sources, and to some 
extent (usually minimized) on the supply voltage. A synchronized 
device is allowed to free-run most of the time, but is from time- 
to-time brought “up-to-speed.” A slaved device follows its speed 
reference, cycle by cycle. 


8. FREQUENCY-DETERMINING ELEMENT: Resonant, Level- 
Controlled, External. Function generators that use internal crystal 
oscillators, Wien bridge, phase-shift or integrator-loop oscillators 
are resonant. Those that switch phase when a threshold has been 
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crossed are level-controlled. Though level-controlled types (multi- 
vibrators, one-shots, etc.) can be low in cost, their timing usually 
depends on an RC time constant, a reference supply, and a com- 
parator; resonant types depend only on linear parameters, such as 
RC time constant. All types must of course take into account 
amplifier phase shifts and parasitic reactances. The amplitude- 
control arrangements for resonant types affect the damping, and 
may thereby marginally affect the frequency. 


BASIC TRIANGULAR/SQUARE-WAVE GENERATOR 


Figure 2 shows the configuration common to many varieties of 
level-controlled oscillators. It consists of a hysteretic comparator 
and an integrator. The output of the hysteresis element has two 
stable states, E,, and E,-; it switches to E,, when the input 
exceeds V,,, and it remains in that state until the input is less than 
V,-, whereupon it switches to E,. It remains in that state until 
the input once again exceeds Vj,. 


Suppose that the output has just switched to E,,; it is applied to 
the integrator input. The integrator’s output, starting from Vito 
decreases linearly with time at a rate E,,/RC. At the end of the 
interval 


oe Eu > 0 (1) 

oF 
the output of the integrator is V,;_, and the output of the hyster- 
etic comparator switches to E,.. The integrator’s output now 
increases linearly with time at the rate -Ey_/RC, until the output 
of the integrator is once again V,,, which occurs at the end of the 
interval 


2 Vie = Vi- 
At, = RCH Eo >0 ©) 


-Eo- 


The period is 


View Vi- E 
T=At, + At, =RC (Ye) ( - 2) (3) 
ot ‘O7 
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The frequency is 
E 
f = ae = A as Oe ( 4) 
T Eu 
era (Vie - V,-) RC 
The mark-space ratio of the square-wave is 
M/S = At, /At, = -E,_ /Eu (5) 


Figure 2. Basic triangular/square-wave generator 


The peak-to-peak amplitudes of the triangular wave and the square 
wave are (V,, - Vj-) and (E,, - E,_), respectively. For amplitude 
symmetry of the triangular wave, V,, =- V,-; For amplitude 
symmetry of the square wave, E,, =- E,.. 

If a symmetrical square wave is desired with a mark/space ratio 


other than unity, a suitable bias V, may be added to the integrator 
input. This bias is added to both E,, and E, for computing the 
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periods and mark/space ratios. However, the output levels of the 


hysteretic comparator are unaffected. For example, if E,, =- E,-= 
+10V, and a mark/space ratio of 2:1 is desired, 


_-Gy- +V,) _ 10- V4 : 
-E,, +V,) 107 V, (6) 


Solving, V;, =- 10/3 volts, or - E,,/3. In general, 


Ey 1+M/S ee 
For symmetrical square waves, 
Vp _ 1- M/S (8) 


E, 1+M/S 


Another commonly-used expression, related to mark/space ratio, 
is duty cycle, n, 


___M/S 
1 =T4M/S ©) 


Equation (8), rewritten in terms of duty cycle, is 


Vp 
E 


=1- 2n, or V,=E,- 2nE, (10) 


° 


If the bias voltage added at the integrator input is a constant, E,, 
less a variable, V,, = 2nE,, the duty-cycle will be a linear function 
of V,, (linear pulse-width modulation). Unfortunately, the fre- 
quency will not remain constant; it will be a function of V,,. 


An additive bias at the integrator input may also be used to 
obtain time symmetry (M/S = 1) if the comparator has asym- 
metrical output levels. An additive bias is essential to meet the 
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constraints of (1) and (2) if the comparator has unipolar output, 
e.g., if its outputs are in the TTL logic range (say, 5V & 0.5V). 


If the output is symmetrical, the frequency can be linearly 
controlled by introducing a multiplication between the comparator 
output and the integrator input (Figure 3). For manual control, 
the “multiplier” can be a potentiometer; for voltage-control, it 
can be a multiplier; and for digital control, it can be a multiplying 
D/A converter. If a multiplier with a 10V scale constant is used, 
the frequency is 


ga EOS cos Nec, 
20RC Vz, - Vj- 


f 


(11) 


SYMMETRY 1 
TRIM Vs =~ —7lEor + Eo.) 


Ve (Eos - Eo.) 


*GORC Ws. -Vid 


MULTIPLIER 
(OR POT. OR 


MULTIPLYING DAC) 


Figure 3. Controlling the oscillator frequency 


OPERATIONAL AMPLIFIER AS HYSTERETIC COMPARATOR 


Figure 4 shows a simple operational amplifier circuit, using positive 
feedback to develop hysteresis. Amplifiers that limit “hard”, 
within a volt or so of the power supply, are especially useful for 
these circuits. For greater stability, a temperature-compensated 
zener diode regulator circuit could be used. This stabilizes, not 
only the amplitude of E,, but also the frequency and mark/space 
ratio, and the triangular-wave amplitude, all of which depend on 
Bes 
To illustrate how it works, consider that the output has just 
switched to E,,, as V, reached the threshold V;,, V, then 
decreases linearly and will continue to do so until the voltage 
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at the amplifier’s positive input terminal goes negative. That 
occurs when V, reaches V,_ , 


{ Ro \_ Ri 
~Vi- (ee) =Eu (a) (12) 


The output switches to E,., the integrator’s output starts back 
up, and continues to climb until the amplifier’s input terminal 
goes positive (when V, reaches V,,) 


f Ro = Ri 
Mis ( + } aie (x + r) (13) 
Thus, the output switches at V,, and V,-, when 


R R 
V,2 Re E,- and when V, S so Ee (14) 


The theoretical frequency of the oscillator of Figure 2, using the 
hysteretic comparator of Figure 4 is 


Eo 
R, ] ie 
“Re RE /. Ea? (15) 
as 3a 
The triangular-wave amplitude is 
Ry 
(Vin - Vi) =K (Eo - E- (16) 


The frequency may be controlled independently of the triangular 
of square-wave amplitudes, by adjusting RC, or by placing a gain 
adjustment in the feedback path to the integrator input. Symmetry 
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of the triangular-wave amplitude may be controlled by introducing 
a bias current at the hysteresis summing point, via resistor Ro, con- 
nected to a voltage source of appropriate polarity. For fine trim, if 
the comparator output is nearly symmetrical, the adjustment may 
be connected between the supplies, with R, fairly large. If, on the 
other hand, a large offset must be dealt with (as when the com- 
parator output swings between 0.5 and 5V), the adjustment may be 
a variable resistance in series with a fixed resistance. 


For that case, if V, is a negative voltage, at symmetry, 
1 (Fs + ts) 
ee 17 


The biasing of the triangular wave doesn’t affect its amplitude, 
frequency, or mark/space ratio. 
Vs ADJUSTED 


INPUT pa Re FOR INPUT Fe 
v1 SYMMETRY 


Vs O——AAAr 4 
(SYMMETRY 
TRIM) 


PROTECTIVE 
DIODES 
(iF NECESSARY) 


Figure 4. Operational amplifier as hysteretic comparator 


A PRACTICAL OSCILLATOR CIRCUIT! (Figure 5) 


This circuit, using low-cost components, provides square waves 
of about +14V, with near-unity mark/space ratio, and triangular 
waves of about +10V, with reasonable symmetry, at about 100Hz, 
for the values given. Frequency, triangular-wave amplitude, sym- 
metry, and mark/space ratio may all be adjusted, by the means 
discussed above. Because Al is a FET-input amplifier, frequencies 
as low as 0.1Hz and less are feasible, using large values for C and R 


leefriangular and square-wave generator has wide range,” by R.S. Burwen, EDN 
Magazine, December 1, 1972, 
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(10MQ for 0.1Hz) and/or an attenuator ahead of R. Bias current 
and offset voltage in Al act in the same way as an external bias of 
Vos + 1,R, producing a slight modification of the mark/space ratio. 
Square-wave rise time is about 1.5yus, and fall time is about 0.5ys. 


The frequency is affected by the saturation voltages of A2, and by 
the power-supply voltages. However, as equation (15) can show, 
sensitivity to symmetrical power-supply variations is quite small, 
and even individual variations as large as 20% cause no more than 
a couple-of-percent change. If stable passive components are used, 
a frequency stability of +0.02%/°C is attainable. Capacitor C is 
preferably a polycarbonate type for stability, and also to ensure 
linearity of the triangular wave. 


Although frequency stability is excellent, amplitude stability 
depends on the power supplies, the output-transistor saturation 
voltages, and the load (and their variations with temperature). For 
most applications, however, the outputs would be followed by 
adjustable-gain circuits. When amplitude stability is of critical 
importance, E,, and E,. should be determined by temperature- 
compensated zener diodes with fixed load, or —for variability— 
by a precision bound circuit (see Part 1). 


Figure 5. Practical oscillator circuit 


Besides the inherent square-wave and triangular wave, and the 
variety of pulse widths, other functions, including sine waves, may 
be generated by feeding the output of the triangular-wave 
generator into one of the many varieties of function fitter des- 
cribed in Chapter 2-1. Trapezoidal waves may be generated by 
feeding the triangular-wave output into a set of bounds. Tri- 
angular pulses may be produced by feeding the triangular wave 
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into a dead zone (Figure 6). Exponential responses are obtained 
with simple high- or low-pass filters. 


eee | 
AA |e | a 
APS [te ae 


Figure 6. Shaped triangular waves: arbitrary, trapezoid, tri- 
angular pulses 


ONE-SHOT (Figure 7) 


The circuit of Figure 5 may be slightly modified to obtain a one- 
shot. A diode across the feedback capacitor prevents the output of 
Al from ever becoming sufficiently negative to switch the output 
of A2 to E,-. A capacitively-coupled positive-going logic pulse, 
applied to the negative amplifier input, starts the cycle by switch- 
ing the output to E,.. The integrator output ramps upward until 
it reaches V,,, switching the output of A2 to E,,. The integrator 
then ramps back through zero and stops at one negative diode-drop. 
The circuit is then ready for the next start pulse. The driving rate 
should be slow enough to allow each cycle to be completed, and 
the pulses should be narrow, compared to the cycle time. 


Figure 7. One-shot function generator 
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The ramp output may be used as an input to a functional opera- 
tor to generate arbitrary functions of time that occur but once. 
The diode drop can be biased out in the input stages of the 
associated circuitry. If the descending ramp is not desired, the 
change-of-state of A2 can operate a switch to disconnect the out- 
put of Al. (The change back, with the start pulse, can reconnect 
it.) 


SINE-WAVE OSCILLATOR 


We have already noted that a triangular wave can be shaped to a 
low-distortion sinusoid, using function-fitting techniques. Some of 
the smooth-function techniques of Chapter 2-1 may yield con- 
siderably more-faithful sinusoids than the conventional piecewise- 
. linear diode shaping networks. It has also been noted that the 
frequency (and symmietry) of such oscillators is dependent on 
voltage thresholds, as well as RC time constants. 


For some purposes (for example, if the waveform is to be differ- 
entiable, with low distortion), an oscillator that relies solely on 
passive components for frequency control may be more desirable. 
The class of oscillator that uses RC networks includes the Wien 
bridge, phase-shift oscillators, twin-T oscillators, and state-variable 
oscillators. 


This last type is an analog-computer equivalent to an L-C circuit. 
It consists of two integrators in a negative-feed-back loop, with 
- damping appropriate to maintain amplitude control (Figure 8). 
It has some interesting features: first, since integrators have a fixed 
90° phase shift, with unity gain at the frequency of oscillation, it 
is inherently a two-phase oscillator, producing both sin wt and 
cos wt; second, two analog multipliers or dividers will allow a 
voltage to set (or modulate) the coefficients that determine fre- 
quency or period (respectively); third, the system can either free- 
run or be started at any arbitrary point in the cycle, determined by 
preset initial conditions; fourth, the damping can be set to produce 
exponentially-decreasing or increasing waveforms. 


For the free-running case (stationary amplitude), a slight amount 
of regenerative damping ensures that the oscillation will build up. 
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When one of the outputs reaches a level established by comparison 
with an amplitude reference, degenerative damping is applied at 
the peaks, reducing the last increment of buildup, and maintaining 
successive peaks at the same amplitude. While this introduces some 
distortion, it is integrated (smoothed) before appearing at one of 
the outputs and is integrated again before appearing at the other 
output. 


FREQUENCY CONTROL 


. VW 
OV, ak | E,=Eosin Got 
T ae, ( Ve 
— —% =£E, e&= at 
Oy a 7 Ex7Eo cos apy t 


Figure 8. Block diagram of variable-frequency 2-phase sinusoidal 
oscillator. For fixed frequency, replace mul tipliers by coeffi- 
cients. If not free running, apply initial conditions to integrators 
in SET. If driven from summing-point as 2nd-order filter, u>0, 
Ey is low-pass output, Ex is band-pass, and output of & is 
high-pass. 


A PRACTICAL 2-PHASE SINE-WAVE OSCILLATOR 


Low-cost, high-performance complete-on-a-single-chip IC multi- 
pliers, such as the ADS33, make it feasible to build oscillators 
having two-phase sine-wave output, with frequency controllable 
by a voltage. The frequency may be varied over a wide range, 
depending on the dynamic range of the multiplier, for frequency- 
sweep applications, or it may be centred about a fixed frequency 
for highly-linear frequency modulation. While an IC multiplier is 
used for the example of Figure 9 because of its low cost, there is 
no inherent barrier to using a wideband multiplier, such as the 
429, for increased bandwidth, or a high-accuracy multiplier for 
increased low-frequency accuracy and resolution, or even multi- 
plying D/A converters, for digital control of frequency. 
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The oscillator shown in Figure 9? delivers a 2-phase sine-wave out- 
put tuneable over a 10:1 frequency range by means of the DC 
control voltage. The output amplitude is stabilized by zener refer- 
ence diodes at about 7Vrms and maintained constant within 1dB 
over the range of frequencies. 


The oscillator system consists of two integrators, Al and A2, and 
a unity-gain inverter, A3, forming a negative feedback loop. The 
effective time constants (T = a RC) of the integrators are varied by 
a pair of multipliers, M1 and M2, which serve to.(in effect) increase 
the conductance of R1 and R2 as the control voltage is increased, 
thus decreasing the time constant and increasing the natural fre- 
quency. Viewed in terms of gain and phase, at frequency 
f, = 1/QnaRC), with a = 1, (V;= 10V, a = V,/10V = 10/10) both 
integrators have 90° phase lag and unity gain, the multipliers also 
have. unity gain, and there are three sign inversions, all of which 
looks like a loop gain of 1/0° at f, (and only at f,). 


FREQUENCY CONTROL, +1 to +10V 


C1 0.015pF C2 0.015uF 
ng 


R3 49.9k R4 49,9k 


REGENERATIVE A3 
DAMPING 


AMPLITUDE CONTROL 


Figure 9. Practical version of configuration shown in Figure 8 


To ensure sufficient regeneration to start and maintain the oscilla- 
tion, asmall amount of positive feedback is fed from the output of 
Al through R5 to the input of A3. This causes the oscillation to 
build up until one or both of the zener diodes CR1, CR2, begin to 


2«Prequency Modulator” by R.S, Burwen, Analog Dialogue, Volume 5, No. 5. 
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conduct at the tips of the waveform and produce increased negative 
feedback via the positive input of A3. The positive feedback must 
be kept small enough to provide buildup at a reasonable rate with- 
out requiring a large amount of negative feedback to keep the 
amplitude under control, since the zener diodes introduce some 
distortion. (Fortunately, this small distortion is integrated once in 
Al and again in A2, so that the output of A2 is quite clean, and 
that of Al is “oscilloscope-clean.”’) 


With the values shown, the oscillator can be tuned from 100Hz to 
1kHz. Distortion at the cosine output was measured at 0.74% at 
100Hz and 0.46% at 1kHz. At the sine output, distortion was 
0.64% at 100Hz and 0.18% at 1kHz. Distortion, especially at the 
lower end of the tuning range, is somewhat affected by the non- 
linear feedthrough in the multipliers.* Multiplier nonlinearity and 
drift (using low-cost IC’s) placed a limit on the useful tuning 
range. 


It is easy to modify this design to operate with frequency modula- 
tion about a fixed frequency. For example, to operate at 1kHz, 
with +10% frequency variation linearly controlled by V; (410V 
range), change Rl and R2 to 100kQ, and add 10kQ resistors 
between the output of A3 and the input of Al, and between the 
output of Al and the input of A2. 


SWEEP CIRCUITS 


Linear sweeps, like the output of a triangular-wave generator, are 
usually produced by an integrator within a feedback loop; but 
instead of a linear retrace, a fast return is obtained by “dumping” 
the capacitor charge through a switch. The retrace is blanked 
(oscilloscope) or the pen lifted (recorder) during the retrace 
interval. 


Nonlinear sweeps are desirable for some purposes. For example, 
in swept-frequency measurements, either the sweep may be loga- 
rithmic, or the frequency may be varied exponentially by applying 
an exponential input to control a variable-frequency oscillator. 


*rhis distortion can be reduced by use of the “cross-feeding” technique for improving 
multiplier linearity, as discussed in Chapter 3-2. 
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(An ordinary linear display sweep may be used, since equal incre- 
ments of time will represent equal ratios of frequency.) Starting at 
the high-frequency end, such a sweep can be obtained by passing a 
step through a simple RC coupling element (Figure 10). The out 
put is Ve YRC TF it is used to control a frequency, the frequency 
will decrease by equal ratios in equal intervals of time. 


‘ EXPONENTIALLY- 


ot DECREASING FREQUENCY 
Fo Ve=E,e re. 
t 
\ s DISPLAY 
STEP/RAMP fe foe Re 


GENERATOR AMPLITUDE RESPONSE 


STEP Mi 


‘ 1 t ( 
fle fife? file fy 


start 


<=—— 
SWEEP 


Figure 10. Use of logarithmic sweep for frequency-response 
measurements, 


In this example, and throughout the chapter, it is tacitly considered 
that the rate of variation of “‘frequency” is so slow compared to 
variations at the frequency being controlled that there is little 
difficulty with the assumption that the waveform is stationary. 
Since this chapter deals with techniques rather than analysis, it 
must be assumed that for clearly interactive situations, in which 
frequency must be defined incrementally, the reader has an under- 
standing of the mathematical implications and can deal with their 
consequences. The circuits, little caring about the complexity of 
the mathematics that describes their behavior, will perform never- 
theless. 


MARRYING ANALOG AND DIGITAL CIRCUITS 


It is possible to generate linear sweeps of precisely-maintained 
amplitude and frequency, with arbitrary resolution, independent 
of the properties of capacitors and analog comparators, by driving 
a D/A converter with a counter that is itself driven by a train 
of pulses from a clock generator. The clock may bé crystal- 
controlled, with frequency adjusted by counting down or a binary- 
rate multiplier, or it may be a simpler circuit. 
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Frequency depends only on the ratio of the clock rate to the 
total number of counts used, and amplitude can be scaled at the 
output of the converter. If the converter is a multiplying type, 
the sweep amplitude can be scaled by a voltage. The upper limit 
on speed is determined by the maximum clock rate, resolution, 
and settling-time of the converter. The converter circuitry should 
be “glitch-free,” that is, there should be no large spikes at major- 
carry transition points (e.g., from 01111to10000). 


A digitally-generated sweep, of appropriate resolution, with (or 
without) filtering may be applied to an analog function-fitter cir- 
cuit (Chapter 2-1) to generate waveforms of any shape, in the same 
way that a purely-analog sweep might be applied (Figure 11). This 
is often a good deal less costly and more versatile than using a read- 
only memory (ROM) for shaping. Yet, like a ROM, it has the added 
possible benefit of being completely under the time control of the 
system. Not only is it slaved to the clock frequency— it can be 
started, stopped, held indefinitely, and reset, with simple logic 
circuitry. This would appear to be a happy combination of the 
best of analog and digital technology, characterized by simplicity, 
low cost, and versatility. 


FILTER, IF 
v, REQUIRED 


BINARY f=) D/A if NF 
COUNTER F=|cONVERTER EUNe 
f ARBITRARY 
TIME 
PARALLEL FUNCTION 
PULSES poten 


DE STAIRCASE 10 BITS —»1024 LEVELS (0.1% RESOLUTION) 
SWEEP 


ANALOG 
FUNCTION 


12 BITS——4096 LEVELS (0.024% RESOLUTION) 
14 BITS——m16384 LEVELS (0.006% RESOLUTION) 


Figure 11. Arbitrary analog waveforms synchronized to 
digital clock 


VOLTAGE-TO-FREQUENCY CONVERSION 


The circuits of Figure 3 and Figure 5 are, in a sense, voltage-to- 
frequency converter circuits, but they have several limitations. 
Perhaps the most serious is that the range of continuous variation is 
limited, at best, to about 100:1. Also, they cannot be easily 
synchronized without some means of “dumping” capacitor charge. 


84 NONLINEAR CIRCUITS HANDBOOK 


Figure 12 shows a more-sophisticated circuit that is capable of 
1:10,000 resolution and nonlinearity, gain stability (with external 
reference) to within 10ppm/°C, and practically negligible sensi- 
tivity to the dc power supplies. It is operated by a 100kHz clock, 
to which the output is synchronized. For an input variation of 0 
to -10V, the output frequency varies proportionally from 0 to 
50kHz. A synchronized 50kHz pulse train is also available, asa 
frequency reference. 


V. 
= 4( “in 
f=5x 10 a (18) 


fr 


The AD301A amplifier operates in the linear mode; that is, the 
negative input terminal tracks the voltage at the positive input. 
Therefore, the current through R, equal to V;,/R, flows toward 
the capacitor. QIA is a switching transistor that either has zero 
collector current, or a current equal to V,/4R, flowing away from 
the capacitor. When Q1A turns on, the capacitor is charged by the 
net current (2V, + Vj,)/R; When Q2 turns off, the capacitor 
discharges at ~V;,/R. Thus, to maintain equilibrium, for each 
time Q1 charges, the number of equal intervals spent discharging 
must be (2V, + Vin )/- Vig =-2V;/Vin - 1. If each interval is 10us, 
the total time per charge-discharge cycle is 10us (1 - 2V,/Vin- 1) = 
- 20V,/Vinus. If, now, each charge-discharge cycle produces a 
pulse, the number of pulses per second will be 5 X 10*(-V,,/V,), 
as noted in (18). 


When output Q of the flip-flop is low, the emitter voltage of Q2 
is less than the base voltage, and it is turned off. Since the bases of 
Q1A and Q1B are driven together, and the emitter circuitry is iden- 
tical, their collector currents should track rather precisely. Thus, 
the collector current of Q1A should be equal to 2V,/R. When out- 
put Q of the flip-flop is high, Q2 is able to conduct; it furnishes 
enough current through the emitter resistor to raise the emitter 
voltage of Q1 above the base line, turning off the collector current. 


Whenever the output of A1 is slightly below the threshold of the 
D input of the flip-flop, the next pulse causes Q (the output of the 
circuit) to go high. It also causes current to flow through QIA, 
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and a large increment of charge to raise the output of Al by 
AV, =I, At/C (where I, = (2V, + Vin)J/R). The next clock pulse 
finds the output of Al high, Q goes low, and Q goes high, cutting 
off the flow of current through QIA. The decrease of charge 
during this interval is AV, =1,At/C, (where I, =-V,,,/R). At the 
next clock pulse, unless V,,, =- 10V, the output of A1 is still high, 
Q remains low, and Q remains high, allowing a further decrease of 
charge. This process is repeated until the output of Al is again 
slightly below the threshold of the D input, a cycle has been com- 
pleted, and a new cycle begins. 


When V,,, =-10V, the charge and discharge periods are équal in 
number, and the output is at a S5OkHz rate. The second half of the 
flip-flop counts down by 2, so that the reference pulse train is 


also at 50kHz. 
DUAL 
7474 
ri D1 CK 
CK D2 


es ie 


f, = 100kHz 


AD301A 
{FEEDFORWARD CONN.) 


Vi 
5x 70+ [2 


MATCHED 
TOR 


-15V 
Figure 12. High-accuracy synchronized voltage-to-frequency 
converter 


CONCLUSION 


This chapter has sought to give an overview of function generators 
in general, and to provide details of a few useful circuits in parti- 
cular. The objective is to arouse interest in special-purpose func- 
tion generation, with particular emphasis on the cooperative 
roles of linear and nonlinear analog devices and the possibilities of 
their fruitful collaboration with digital circuits. 
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Instruments 
& Data Acquisition 


Chapter 3 


The design of instruments and “front-end” circuitry for data-acqui- 
sition systems is perhaps the area of greatest prospective payoff to 
users of nonlinear computational devices. 


The circuits discussed in this chapter produce analog information 
that may be either directly read out by a human operator, or 
digitized and transmitted from a remote location to a control 
center, without requiring further interpretation. The analog data- 
reduction circuits covered here are simple and more-or-less univer- 
sally applicable. The closely-related treatment of measurement and 
control circuits in Chapter 2-5 complements (and to some extent 
overlaps) the material presented here, and is somewhat similar in 
basic form; but it tends to include more-ramified analog computa- 
tion, applied to situations that are more specialized. 


ANALOG DATA REDUCTION 


The primary goal of the configurations discussed here is to reduce 
data by analog techniques. To reduce data, as used here, means to 
extract significant information from one or more analog inputs, 
and transmit it —either to the human eye or to an interface— as 
meaningful, compact, well-paced data. 


For a single variable, data-reduction can consist of extracting the 
peak, average, RMS, mean-square, or some other measure that is 
consistent in the presence of large numbers of individual data 
points. If the process is stationary, it may involve an average; if 
one-shot, it may call for a peak, integral, or final-value. If the 
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measurement is nonlinear, it may call for linearization; if wide- 
ranging, it may call for compression. 


If the measured data comprises many variables, further combina- 
tion may be in order: summing and differencing (linear, vector, or 
root-square), ratios or products (linear, log, or otherwise), multi- 
plexing. 


The reduced data may be read out via analog or digital panel 
meters. Of it may be digitized (perhaps by a digital panel meter, 
that also provides a readout) and transmitted in digital form, to a 
remote control station (for further processing or remote printout 
on a teletypewriter or CRT terminal) via some compatible system, 
such as SERDEX*. 


Figure 1 shows a single-channel data-acquisition subsystem, typical 
of those encountered in the Analog-Digital Conversion Hand- 
book.! Whereas much space is given, in that volume, to pre- 
amplification, grounding, conversion, sample-hold, and analog 
multiplexing, this chapter (and related chapters) will be concerned 
with the blocks in which analog data is transformed into more- 
useful (but still analog) forms to meet specific needs. 


PHENOMENON DISPLAY 


TEMPERATURE 
PRESSURE OTHER INPUTS lelel3| 
DEFLECTION 
ETc. | 
| | REMOTE 
DATA REDUCTION He COMMANDS 
INPUT CoMaRe DISPLAY [2 INTER- Try 
TRANS CONVERT [TS] FACE 5 
ANSDUCER: MEASURE TRaNsmIT Fs) (SERDEX)’ [> oe 
COMPRESS SERIAL COMPUTER 
MULTIPLEX 2d 


PARALLEL 
DIGITAL 
DATA 


Figure 1. Typical data-acquisition channel 


*SERDEX: SERial Data EXchange (Analog Devices trade-name), a means of simply con- 
trolling conversion processes, and transmitting data and commands in serial ASCI format 
under control ofa teletype keyboard (or a computer programmed in a high-level language, 
such as BASIC) via an isolated current loop employing a simple twisted-pair of wires. 

While not strictly within the scope of this volume, it is nevertheless of great potential 
usefulness to the hardware-oriented analog-digital system designer Complete data and 
applications information is available from Analog Devices, Inc. 


14 nalog-Digital Conversion Handbook, edited by D.H. Sheingold, Analog Devices, Inc., 
1972, 402pp. 
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LINEARIZING 


The system designer must strike an economic balance between 
convenience of measurement and convenience of dealing with the 
measured information. The simplest and most convenient trans- 
ducers frequently have a nonlinear relationship between the vari- 
able being measured and the electrical output. Linear transducers, 
if available, often turn out to be less sensitive, more costly, or 
difficult to implement. Linearization can make it possible to 
obtain greater sensitivity by using nonlinear regions that are 
usually shunned. 


For example, the simple Wheatstone bridge, a 4-terminal device 
used in a wide variety of pressure, force, strain, and electrical 
measurements, has an inherent nonlinearity (Figure 2a), which 
increases with sensitivity (e.g., it is 50% at K = 1, a =-1). By 
opening one leg, and using a readout operational amplifier to drive 
a portion of the bridge, one can obtain linear response (Figure 2b). 


ee R(t +a) R 
6 Ree | +K)R+GR  (1+K)R 


PREAMPLIFIER kd 
GAIN =G 


KR 
R (ta) 


O 
E, 


AD520 iFK=1 
605 
Eo] a/2 z x 
603 @ 7Vner Tral2 Vaer 3X 
a. Nonlinear response of Wheatstone bridge 
5-TERMINAL 
OPEN-ENDED BRIDGE 
R (1+a) R 
Veer" Ferearay VRE * Realy * 


E, =-@Vace 


b. Linear version of bridge using operational amplifier 


Figure 2. Nonlinear and linear bridge circuits 
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However, there are a number of significant costs: First, ‘an ampli-: 
fier must be used (whereas a Wheatstone bridge can be read out 
with a passive analog meter); also, five terminals are necessary, and 
the cable connecting the amplifier with the transducer affects loop 
stability; in addition, if gain is needed, an extra amplifier is needed; 
finally, 4-terminal bridges are cheap, widely available, and standard 
in many transducers —which leaves the designer with no alternative 
at the transducer level. 


Fortunately, bridge nonlinearity is described by a simple mathe- 
matical relationship, and it can be compensated for completely by 
the use of a multiplier and an operational amplifier, as we have 
indicated in Chapter 2-1. The simplest approach is to use the con- 
figuration of Figure 3a, where implicit feedback is used to obtain 
the inverse of the bridge nonlinearity function. It has the benefit 
of summing a purely-linear term with a correction term. It is also 
possible to compute the inverse directly, using division (Figure 
3b). Although this approach makes good use of a divider (the 
maximum dynamic range of the denominator is only 3:1), it 
relies on the inherent linearity of the divider over the whole range 
of variation. Since, at full scale (a= 1, K = 1), the correction term 
is 50% of the output (Figure 3c), multiplier nonlinearities in the 
circuit of Figure 3a are in effect attenuated by 50%, while the 
divider nonlinearities are not attenuated. On the other hand, if 
VREF (in the denominator) is the actual bridge-reference voltage, 
the divider circuit will also compensate for reference-voltage 
variations. 


The correction terms should be scaled to represent the portion of 
the range of resistance variation represented by a. Usually, a 
transducer is chosen to operate over the most linear portion of the 
bridge’s range (small a and large K or large a and small K) to 
avoid the need for linearization. But this means throwing away 
sensitivity and signal-to-noise ratio for the sake of linearity, since 
the output is in either event a small fraction of the supply voltage. 
A major advantage of linearization is the prospect of using a more 
sensitive (albeit grossly nonlinear) bridge, in which the variable 
arm can conceivably go from zero to more than 200% of the fixed 
resistance, to deliver outputs comparable in magnitude to the 
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SUMMING 
BRIDGE EQUATION: MULTIPLIER AMPLIFIER 
x 
E= Vaer F3C X Vaer 
IMPLICIT SOLUTION: Va 
XVaer “Eo +X Ey oper 
=E,+ Va_ { X Veer Fo 
Vace Vr Va = MULTIPLIER SCALE CONSTANT (1/K) 


a. Bridge linearizer using implicit solution 


E, 
x 
adie Cs 
+XE, =XV, Var 
Fo +X Es sh (FROM XV 
X= ° BRIDGE) 
Vrer - Fo 
SUBTRACTING Vaer ~ Eo 
XVaq =Vq ——e AMPLIFIER 
Vaer - Eo Va = DIVIDER SCALE CONSTANT (K} 


b. Bridge Linearizer using divider. Note that gain of this ratio- 
metric circuit can be made independent of Vper 
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CORRECTION FUNCTION 
¢. Tabulation and plot of bridge linearization function 
Figure 3. Bridge linearization circuits 


bridge-supply voltage. 


It is evident that, for a high-level signal, a preamplifier is unneeded. 
if the bridge supply is floating, the multiplier and summing ampli- 
fier can be single-ended. If the bridge supply is returned to system 
ground, one can use amplifiers and multipliers that have differential 
inputs. 


But bridge linearization alone may not be enough. The tacit 
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assumption has been that the resistance variation, wR, is propor- 
tional to the primary variable that causes the resistance to vary. 
But what if the resistance variation, a, is itself a nonlinear function 
of the primary variable? The designer has two choices: to linearize 
the bridge and resistance functions separately, or to linearize the 
overall response (Figure 4). The former has advantages of using 
standard circuitry and eliminating immediately a predictable source 
of nonlinearity (usually the major one); the latter has the advantage 
of possibly simpler and less-costly circuitry (but perhaps involves 
greater setup cost). With either approach, the designer can use a 
function fitter (Chapter 2-1) that employs either a smooth or a 
piecewise-linear approximation to the inverse of the function to be 
linearized. 


f7 (a)= KW 


LINEARIZE 
LINEARIZE PRIMARY 
BRIOGE RELATIONSHIP 


2 : 
f" (Ey) al =] = KW 
a=qg {W) I+ 


LINEARIZE OVERALL 
RELATIONSHIP 


Figure 4. Two ways of linearizing a bridge-transducer measure- 
ment when the deviation is a nonlinear function of the primary 
variable (W) 


LINEARIZATION EXAMPLE: THERMOCOUPLE 


Figure 5 includes a tabulation of the relationship” between temper- 
ature and output voltage of a nickel-chromium X copper-nickel 
(Chromel-Constantan) thermocouple, with 0°C reference junction, 
over the range from 0° to 661.1°C (0 to 50mV). From the plot, it 
can be seen that the output is linear within +1°C from about 
340°C to beyond 650°C. The deviation from linearity increases at 
lower temperatures to about 40°C at zero. 

The figures in the table are based on a tabulation in The Omega Temperature Measure- 


ment Handbook (1973), page A-9, published by Omega Engineering, Inc., Stamford, 
Connecticut 06907, based on 1971 figures from the National Bureau of Standards. 
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LINEAR APPROXIMATION 
°C= mV (12,395) + 41:35 


no 
5 RESPONSE OF 
a 500 ; CHROMEL-CONSTANTAN 
° THERMOCOQUPLE 
8 
w 
5 Degrees C Millivolts 
w 400 
a LINEARIZATION FUNCTIONS @ Ay 
us y=mx+b~f(X, x) 50 3.047 
= 80.26 5.000 
= 300 -x) <0 100 6.317 
< 150 9.787 
ai 153 10. 
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a 221.21 5 
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NOMINAL ERROR OF 286.71 20 
“SMOOTH” APPROXIMATION 300 21.033 
(FIGURE 6) 350 24.961 
400 350.49 25 
" NOMINAL ERROR OF 400 28.943 
4 PIECEWISE-LINEAR irae = ee 
z APPROXIMATION (FIGURE 7) ee = 
ae 0} 500 36.999 
2 537.08 40 
Sea 550 41.045 
ae) 598.95 45 
an i) 10 20 30 40 50 600 45.085 
meus 650 49.109 
THERMOCOUPLE OUTPUT ~ MILLIVOLTS 661.1 50 


Figure 5. Nonlinear thermocouple response and theoretical residual 
errors, using two different linearizing functions 


If, for any reason, it is necessary to obtain linear temperature 
measurement within +1°C over the indicated temperature range, 
using this device, a linearizing circuit must be used to obtain an 
output voltage proportional to temperature, given the millivolt 
output (mV) of the thermocouple. Following preamplification, 
two approaches may be used to compensate for the nonlinearity 
at the lower end: a smooth fit, or a piecewise-linear fit. Examples 
of the errors experienced with a smooth cubic fit, and with a 5- 
segment piecewise-linear approximation, are shown in Figure 5. 


In both cases, the desired response is fit by an operation of the 
form 


°C = (slope)(mV) + (intercept) —f(mV, — mV) (1) 


linear portion correction 


For values of mV greater than the threshold, mV,, the correction 
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term is zero. In both cases, a “‘breakpoint” enforces this condi- 
tion. For the specific case considered here, the correction functions 
providing the theoretical error plots in Figure 5 are: 


f = 0.2391(28.943 — mV) +[0.09464(28.943 — mV)] #5 (2) 
and 
f= 0.6356(23 — mV) + 1.021(13.419 — mV) 
+ 1.473(6.317 — mV) + 1.17(1.495 — mV) (3) 


In both equations, the coefficients of the bracketed terms are 
positive if the bracketed terms are positive, and zero if they are 
negative. A circuit corresponding to (2) is shown in Figure 6, and 
one corresponding to (3) is shown in Figure 7. The fitting 
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g(X, -x) =X, -x,  (X, -x) > 8 1 : 
g (X, -x) =, (x, -x) <6 


R (1V/65°C) OR 
0.65R (1V/100°C) 
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Figure 6. Block diagram and circuit for linearizing, using 
smooth approximation 
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process is aided by using slightly different coefficients for the 
linear portion: (12.395) (mV) + 41.35 for the exponential case, 
to reduce error, and (12.424) (mV) + 39.88 for the piece-wise- 
linear case, to reduce the number of breakpoints. 


0.65R (1V/100°C) 


1.0464R R (1V/65°C) 


EXAGGERATED 
SUMMATION 


= 


AD741C 
Figure 7. Circuit for linearizing using piecewise-linear approximation 


The values calculated for the plots were carried out to a sufficient 
number of places to make the computational errors negligible for 
the idealized configuration. However, it should be evident that, 
for a practical circuit, the tolerances can in most cases be consider- 
ably looser than the numbers in (2) and (3) imply. The functions 
were fitted using the techniques discussed in Chapter 2-1. Then, 
as noted there, the next steps are to derive electrical scaling, 
nominal circuit values, and allowable device tolerances. 


Equations (4) and (5) are electrically-scaled equations for the two 
cases, assuming that a gain-of-200 preamplifier is used, providing 
1V/5mV at the input of the linearizer. The output scale factor is 
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1V/65°C. “The resistance values in Figures 6 and 7 are the nominal 
values required to provide the needed gain relationships. The 
table following equation (4) lists the tolerances necessary to 
embody that equation with less than 0.13°C (i.e., 2mV) error 
contribution by each term. Vg is the scaled output voltage, and 
Vy is the scaled thermocouple voltage. 


Vo = 0.9535 V_ + 0.6362 — 0.01226(8.6835 — 1.5V_) 


[sss — 1.5V_ ]3-512 
— (0.087) (10) 7 east 


The tolerances of the terms in (4), determined by differentiation, 
(0V_/0A; = S;), setting AVg = 2mV, solving for AA;/A; = 2/AGS; wax? 
and rounding down, are: 


0.9535 0.02% 
0.6362 0.3% 
0.01226 1.5% 
8.6835 0.1% 
1.5 0.3% 
0.87 0.35% 
10 (denom) 0.1% 
3:512 0.8% 


The “‘ideal-diode” limiting circuit in Figure 6 ensures that the 
bracketed terms have no contribution when negative. 


Equation 5 is the scaled equation for the piecewise-linear case. 
Though the error is “lumpier” than that of the exponential 
approximation, and there are more circuit details to attend to, 
the circuitry is repetitive, and the tolerances are somewhat looser. 


*This scaling was chosen to obtain the benefits of using the full output range. Though 
not making use of the full-scale range, a scale-factor of 100°/1V would permit direct 
readout of temperature on a 3 or 4-digit panel meter. It can be obtained without 
further modification by appropriately attenuating the output. 


{This equation is derived from equation (2) by normalizing it, then setting the normalized 
equation equal to a normalized electrical equation, thus arriving at the constant voltages 
and coefficients. A further step was to recognize that it would be advantageous to use the 
major portion of the full-scale range of nonlinear devices. To do so, the difference terms 
were multiplied and divided by 1.5, resulting in larger input voltages and smaller overall 
coefficients. The constants in the exponent term were manipulated to provide the 10V 
denominator and 10V input multiplier desirable for a ¥(Z/X)™ device, in an application 
where Z is the only active input. 
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Vg =0.9557V_ + 0.6135 —0.0489(4.6 — Vy) — 0.0785(2.684 — Vz) 


— 0.1133(1.263 — Vp) —0.09(0.299 — Vz) (5) 
The tolerances of the terms in equation (5) are: 


0.9557 +0.02% 
0.6135 0.3% 
0.0489 40.75% 
4.6 +0.8% 
0.0785 +0.9% 
2.684 +0.9% 
0.1133 +1.2% 
1.263 +1.2% 
0.09 45% 
0.299 +5% 


for less than +2mV error from any term, or 6.3mV (0.41°C) root- 
sum-of-squares error (allowing for +0.6°C of theoretical error). 
Tolerances, as applied to circuit elements, should take into account 
resistance-ratio mismatch, and the drift variations of amplifiers, 
resistances, and references, with time and ambient temperature, 
as well as scale factor, drift errors, and shape errors of the expon- 
entiating device (e.g., the Model 433, if applied as the Y(Z/X)™ 
in Figure 6). 


It is interesting to note, as an exercise in function fitting, the 
value of plotting a curve. While it would appear natural to fit a 
function by seeking the best numerical fit, starting with a linear 
slope from the origin, this case proves the contrary. From the plot, 
it is immediately obvious that the departure from linearity is 
greatest at the origin, and that the most rewarding approach is to 
offset and reverse the “origin of nonlinearity.” 


AMPLITUDE COMPRESSION 


If the result of an analog measurement, having a modest frequency 
content and a wide range of variation, must be made available at 
some distance, with an intervening noisy medium that is likely to 
result in pickup and loss of amplitude information, the designer 
has a number of possible options. Popular ones include: 


1. Transmission as a frequency-modulated signal 
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2. Conversion to digital form and transmission either serially 
or in parallel 


3. Logarithmic compression and analog transmission 
4. Logarithmic compression and digital transmission 
Some general comments can be made about these options: 


1. Frequency modulation calls for wide bandwidth, depending 
on the dynamic range and frequency content of the signal, and 
highly-linear modulation and demodulation. If the DC level is 
important, a precise phase or frequency reference must be made 
available. 


2. A/D conversion requires adequate resolution (16 bits for less 
than 30% error for the smallest signal in a 10,000:1 dynamic 
range). Adequate sampling rate and bandwidth, and a stable clock 
are necessary for serial (2+ wires) transmission; many wires are 
required for parallel transmission. All alternatives are costly, but 
SERDEX (see Page 88) is more convenient than most, if its bit- 
rate is adequate. 


3. Logarithmic compression can be implemented at low cost 

(Figure 8). The signal-to-noise ratio of a compressed signal depends 

only on the noise level and the choice of log scaling; it is essentially 

independent of the signal level over a wide dynamic range. Band- 

width requirements are those of the analog signal, in its compressed 
ADDITIVE “NOISE” 


(LOG) COMPRESSION {ANTILOG) EXPANSION 


1 Vs 
= Viz log? [--+- (Vq - Ky log——=) 
E, v2 fog Ke a 1 10g Va 
IF V.2 = Vy and Kz = Ky =K=2 
E 
— ©10%9/K (independent of Vs) 
Vs 


E V, 
(For THE CASE OF UNPROCESSED TRANSMISSION, E, = Vs +V,, ig =1+ +) 
‘Ss 


Figure 8. Log compression used for improving dynamic range 
of transmitted signal 
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form. Though suitable for transmitting small or large signals impar- 
tially, the compression process is inherently insensitive to small 
signal components riding on larger signals. That is, the signal-to- 
noise ratio, even when mediocre, is independent of amplitude. 


4. Logarithmic compression, combined with digital transmission 
(Figure 9), results in greatly-increased signal-to-noise, as long as 
the induced noise is below the logic thresholds. A further advantage 
of compression is the reduction of the required digital resolution: 
a 10,000:1 dynamic range can be comfortably resolved to within 
1% of the actual value at any level using a 12-bit converter (cf. 2 
above). Besides the obvious cost savings, there is also a slight 
reduction of the number of wires (parallel transmission) or an 
improvement in speed (serial transmission). 

WIDE-RANGE 

INPUT SIGNAL COMPRESSED 

{(10V TO 10mV UTPUT 


WITH 10uV MATCHED TO 
RESOLUTION ADC INPUT 
SERIAL 


AT LOW END) RANGE mali ae 
SAMPLE 
| 11-12 BIT 
Vs © LOG HOLD alD DATA 
COMPRESSION 


| — | 
0.05% | = BS 
Y CONVERTER [>] EXCHANGE 


{O2a12 (SERDEX) J. 
INTERFACE | SERIAL DATA 


Figure 9. Log compression allows signal having wide dynamic 
range to be converted to digital at moderate resolution, and 
transmitted digitally via standard twisted-pair 20mA current 
loop with high noise immunity 


CONTROL 
COMMANDS 


OR 
COMPUTER 


The logarithmic compression process involves a logarithmic opera- 
tor, such as the Model 755N, which computes —Klog,, (V,/V;), 
where K may be 1V or 2V (per decade), and V, = 0.1V. If the 
signal is transmitted in this logarithmic form (K = 2), a span of 
10,000:1 of V, is translated to a span of 8V at the compression 
output. An input swing of 1-10V will produce a 2V output change; 
so will an input swing of ImV to 10mV. Thus, high-level signals 
are attenuated (average gain = 2/9 = 0.22) and low-level signals 
are amplified (average gain = 2/0.009 = 222). Noise picked up or 
induced in transmission will add to the logarithmic version of the 
signal. That signal-to-noise ratio can be greatly improved for small 
signals should be evident. 
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At the receiving end, the Model 755N is used as an antilog operator 
(a difference “instrumentation” amplifier may be used to reject 
common-mode errors, if appropriate), producing the inverse opera- 
tion: V, (1 0) in!-K Table 1 shows what happens to an instantaneous 
voltage V, —assuming ideal (or matched) log conformance, that the 
V,’s are matched, and that the K’s are adjusted for net unity gain— 
in the presence of a spurious instantaneous “‘noise” voltage, V,,. The 
“signal-to-noise” ratio with logarithmic compression is compared to 
what it would be without compression. 


It can be easily seen that the signal-to-noise ratio depends only on 
the noise level, and that 10mV of noise is rejected in the same 
ratio, whether the signal is ImV or 10V. While linear transmission 
does a much better job at high levels, it is virtually useless at low 
levels. Table 2, which is extracted (and interpolated) from Table 1, 
shows the comparable dynamic range available at different choices 
of signal-to-noise level. 


TABLE 1. RESPONSE IN THE PRESENCE OF NOISE 


V,  —Klog(V/V,) Va  VatVy Ey IE,-V.| S/N S/N 

sig. Vr error log lin. 

imvV +4V — imV +3.999V 1.00imV 1.15uUV 868 1 
—10mV +3.99V 1.012mV 11.6 UV 86 0.1 


+100mV +4.1V 0.891mV 0.11mV 9.2 - 
—-100mV +3.9V 1.12 mV 0.122mV 8.2 - 


+ 1V. 45V 0.32mV.—s0.7mV 15 = 
— 1V_ +3Vv 3.16mV —s- 2.2mV 0.5 = 

10mVv +2V — 1mV +41.999V 10.01mV 11.5uV 868 10 
—10mV +1.99V 10.12mV 116 LV 86 1 
~100mMV +H14.9V 11.22mV—1.22mV_—s 8.2 0.1 

- 1V +1V 31.6mV  —- 22mvV 0.5 = 

100mVv ov — imV -0.001V 0.1001V 115 pV 868 100 
—10mV -0.01V 0.101V 1.16mV 86 10 

—100mV -0.1V 0.112V 12.2mV 8.2 1 

-1vV -1V 0.316V 0.22V 5 — 
1V -2V — imV -2.001V 1.001V 1.15mV 868 10° 
—10mV -2.01V 1.012V 11.6mV 86 107 

—100mV -2.1V  1.122V.—- 122mv 8.2 10 

- 1V. -3Vv 3.16V 2.2V 0.5 1 
10V ~4V — iImV -4.001V 10.01V 11.5mV 868 107 
~10mV -4.01V 10.12V. 116mV 86 10° 
~100mV -4.1V 11.22V 1.22V 8.2 107 


- 1V- -5V 31.6V!! 21.6V 0.5 10 
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TABLE 2. DYNAMIC RANGE VS. SIGNAL-TO-NOISE RATIO 


Dynamic Range 


|Noise| Log Channel Linear Channel 
A. S/N>865 imV 10V:1mV 10V:865mV 
10mV - 10V:8.65V 
B. S/N>85 ImV 10V:imV 10V:85mV 
10mV 10V:1mV 10V:850mV 
100mV - 10V:8.5V 
Cc. S/N>8.5 ImV 10V:imV 10V:8.5mV 
10mV 10V:imV 10V:85mV 
100mV 10V:1mV 10V:850mV 
1V - 10V:8.5V 


To determine the effects of errors in the log devices (especially 
variations of the coefficients with temperature), the complete 
relationship may be used: 


I 
< 


4 (6) 


If K, and Ky are equal and track one another, and if V,, and V,, are 
equal and tracking, E, = V, - 10°Vn/K , giving the results in column 5 
of Table 1. If they differ, equation (6) provides a means of explor- 
ing the errors. Errors of log conformance can be treated as additive 
values of V,,. 


Since a logarithmic function is inherently unipolar (the logarithm 
is real only for positive values of the argument —positive signals 
require a 755N, negative signals a 755P), it is far from ideal for 
signals that are inherently zero-centered. While it may be useful 
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to bias some types of input signals into a single polarity, functions 
that demand symmetrical treatment may be badly distorted by the 
wide variation, in both resolution and speed, between zero and 
full-scale input. Such functions would profit by a type of precise 
compression that is symmetrical about zero. An example of an 
easily-obtained form is a sinh™ function (Figure 10), which involves 
two complementary antilog transconductors (752P and 752N) in 
the feedback path of an operational amplifier. The resulting func- 
tion is logarithmic for larger values of input, but it passes through 
zero essentially linearly. 


| | 
-0.5V aa | eae 


vi 


sae 

ip =-IR(10)VO/K 
Vv; 

a= iN+ ip = IR (10)-VO/K -1R(10)tVO/K 


_ Mi 62 3V0/K. -23V0/K Vo 
RR 7 sinh (23 -—— ) 


“Vo =—K— sinh-| —! 
Vo ins | Tr | 


Figure 70. Bipolar signal compression using complementary 
logarithmic transconductors to synthesize sinh! function 
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Used in the forward path, the pair provides an inverse tunction, 
proportional to the hyperbolic sine. Assuming appropriate sym- 
metry, matching, and tracking, the overall response, in the pre- 
sence of an added noise voltage, is (instant by instant) 


Vs In(10) 
E, = V, sinh sink x Wa (7) 
If the magnitudes of V, and K are, respectively, 0.1V and 2V, 
E, = 0.1 sinh(sinh? 10V, — 1.1513V,) (8) 


A table similar to Table 1 may be derived to compare signal-to- 
noise and dynamic ranges 


TABLE 3. IDEAL RESPONSE OF BIPOLAR COMPRESSION/EXPANSION 
IN THE PRESENCE OF A NOISE VOLTAGE 


V; sinh"10V, Vy, E, E,-V, S/N S/N 
signal “noise” output error nonlin. linear 
magnitude 
+10V 5.2983 -0.001V 10.0121V 0.0121V 827 10,000 
0.01 10.1164 0.116 86 1,000 
-0.1 11.221 1.221 8.2 100 
ti1V 2.9982 -0.001V 1.00123V 0.00123V 810 1,000 
-0.01 1.0117 0.0117 85 100 
-0.1 1.123 0.123 8.2 10 
+0.1V 0.8814 -0.001V 0.10017V 0.00017V 600 100 
-0.01 0.10164 0.0016 61 10 
-0.1 0.117 0.017 5.9 1 
+0.01V 0.09983 -0.001V 0.01012 0.00017 85 10 
-0.01 0.01116 0.0012 8.6 1 
~0.1 0.0217 0.012 0.9 _ 
+0.001V 0.010 -0.001V 0.00112 0.00012 8.7 1 
-0.01V 0.0022 0.0012 0.9 - 
-0.1V 0.0125 0.012 _ - 


While not quite as impressive as the logarithmic function, because 
of limited gain through the origin, the hyperbolic compression/ 
expansion can be improved by extending the logarithmic portion 
of the range. If, for example, V, is reduced to 0.01V, the signal-to- 
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noise ratio for V, = V, = 0.01V, is increased to 60. The penalty that 
is paid is in the maximum speed through zero, since the effective 
feedback resistance and gain in the vicinity of zero are multiplied 
tenfold. ; 


A final word: The sinh function can also be used as a high-accuracy 
tapered null meter with calibrated (approximately-equal) intervals 
off-null for equal ratios of change. It has great sensitivity at null, 
wide dynamic range, and continuous indication of direction of 
approach to the null. 


EXTRACTING A MEASURE 


We have seen how nonlinear analog-computing circuits may be 
used to compensate for transducer nonlinearity and to reduce the 
effects of noise in transmitting data. A historically important 
factor in data reduction (especially in the days before the use of 
oscilloscopes), still in widespread use, and likely to remain so 
forever, is the use of the meter (i.e., measure) to ““boil down” 
information to a simple reading or trend of readings that can be 
interpreted by the human eye instantly, and serve as the basis for 
a decision. Metering is also used in computer-control and measur- 
ing systems, where the computer seeks to reduce a large number 
of measurements to a few significant indications of the present 
status and trend of an element or a process, as ingredients of a 
series of decisions. 


There is a large universe of computational meters, and it would be 
presumptuous in these pages to seek to accomplish more than to 
skim the surface lightly, picking out those operations that have 
great usefulness, universal validity, and specific appropriateness 
to the devices under discussion here. These include, to begin with, 


Mean 

Mean Absolute Value 
Root Mean-Square 
Peak (or Valley) 


While one ordinarily thinks of free-running devices, with fixed 
averaging times, it might be profitable to at least consider, in addi- 
tion, single-shot measurements and variable-period measurements. 
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In addition, there are a number of measurements that involve two 
or more variables. A few interesting and popular ones include 


- Power (instantaneous, peak, and average) 
Energy and energy-per-cycle 
Power factor (and phase angle) 
Vector Sum (Root-sum-of squares) 


Ratio and log ratio (dB) 


The circuitry that produces these functions will usually operate 
on the input after it has been preamplified and scaled, and perhaps 
linearized, but quite often it can be implemented with devices 
having sufficient stability, input impedance, common-mode rejec- 
tion, or what-have-you, to operate directly on the transducer 
output. 


MEAN AND MEAN ABSOLUTE-VALUE 


Figure 11a shows the usual circuit employed for a running average, 
a simple unit-lag. In Figure 11b, an inverting version is shown; the 
averaging time-constant can be increased, without resorting to 
high-value resistors, by employing ‘“‘T’? networks (Figure 11c) at 
the cost of increased voltage drift because of the attenuation- 
and gain. This circuit is adequate for determining averages of 
signals having high-frequency fluctuations and relatively-slow mean 
variations. The settling time for a step change is 4.61RC to 1%, 
6.91RC to 0.1%, and 9.21RC to 0.01%. High-frequency attenua- 
tion is modest: 3db at f, = 1/2aRC, 20dB at 10f,, 40dB at 100f,, 
etc. 


If the average must respond more quickly to changes of non- 
stationary functions, one needs a filter having a response contin- 
uously approximating the ideal average response over a period 7, 


1 ft 1- e-™ 
Eas f[ v(t)dt, or operationally ————— (9) 
THt-7T ?P 
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A reasonable approximation is the transfer function 


&o 1 + RCp? (10) 


%  (1+1.2RCp + 1.6RCp2) (1 + 2RCp) 


(where p is the Heaviside derivative operator). It can be stably 
embodied with a unit-lag and a second-order state-variable (inte- 
grator-loop) band-reject filter or, less stably but more compactly, 
with a single operational amplifier, 8 precision resistors and 6 
precision capacitors.3 


R Ee 


t 
c E, = pe —- 
| ° RC (Vin - Eo )dt = Vin 


a. Non-inverting unit lag 


c. Long-period unit-lag, using T-network to avoid 
extremely-large R and C values 


Figure 11. Classical unit-lag running-average circuits. 


3The Lightning Empiricist,” Vol. 13, 1965. 
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Another kind of “‘running average”’ is the average over each cycle 
of a train of events having differing periods, for example, the 
blood pressure averaged over each heartbeat, or the volume of 
CO, averaged over each breath. This can be accomplished with two 
integrators, a divider, and a sample-hold (Figure 12). At the begin- 
ning of each cycle (determined independently), the two integra- 
tors (signal and period) are gated to run. At the conclusion of the 
cycle, the integrators are momentarily placed in hold, the divider 
output (accumulated signal divided by period) is sampled, and 
the integrators are then dumped in preparation for the next cycle, 
which may start immediately (or after a wait of arbitrary dura- 
tion). Meanwhile, the sample-hold retains the last average reading 
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Figure 12. Averaging signals over variable periods 
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and holds it until updated. The divider-and-sample-hold could be 
a fast variable-reference A/D converter, especially desirable if long 
intervals are required between integrations. 


Although averaging usually is considered to be a linear, or time- 
varying process (except where ratios are involved, as above), it has 
a place in the discussion of applying nonlinear devices in data 
reduction and measurement, because averaging is one of the most 
universally-used forms of data reduction. 


The average, or mean, is not always directly appropriate, as a 
measure of a signal. For example, AC measurements seek to ignore 
the DC level (or mean), and instead concern themselves with the 
mean absolute deviation (from the mean). This is done by first 
establishing a ‘“‘zero” level, usually the mean, then rectifying and 
averaging. Though there-are many ways of accomplishing this, a 
widely used op-amp approach, involving “‘ideal diodes”, is shown 
in Figure 13. 


BLOCKING . AVERAGING 
CAPACITOR C CAPACITOR 


as << LOWEST FREQUENCY OF INTEREST 


Figure 13. Circuit for computing mean absolute deviation at 
low frequencies. For wider bandwidth, external input follower 
and output averager will permit higher currents through diodes 
and greater RC’s using reasonable capacitance. If input average 
is zero or can be zeroed, coupling capacitor is unnecessary. 


ROOT MEAN-SQUARE 


For many applications, particularly where voltage or current 
measurements provide information about the average energy gen- 
erated, transmitted, or dissipated, the root-mean-square (rms) isa 
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more useful measure. Straightforwardly, it involves squaring an 
input, taking the average, and obtaining the square root. 


(11) 


Classically, it has been measured by meters sensitive to the heating 
effect of an rms level. Electronically, because of the difficulty of 
tailoring a general-purpose instrument to fit the characteristics of 
a given thermal device, most ‘“‘rms” meters for many years didn’t 


RMS 


CREST 


WAVEFORM FACTOR 


SINE WAVE 


V2 =1414 


SYMMETRICAL 
SQUARE WAVE 
OR DC 


TRIANGULAR WAVE 
OR SAWTOOTH 


GAUSSIAN NOISE 


CREST FACTOR IS 
THEORETICALLY 
UNLIMITED. g IS 

” THE FRACTION OF 

Bor TIME DURING WHICH 

WE GREATER PEAKS CAN 

ogN BE EXPECTED TO 

~ 


n: “DUTY CYCLE” 


Figure 14. RMS, MAD, and crest factor of some common 
waveforms. See also Table 1, Chapter 3-7, for additional 
waveforms. 
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measure rms at all. They measured the mean absolute deviation 
(“‘ac average’) but indicated it on an “rms’”’ scale calibrated to the 
ratio of rms-to-mean for sine waves. This was all right as long as 
sine waves were being measured (if they weren’t badly distorted). 
It was even acceptable if signals having a more-or-less constant 
ratio of rms/mad, such as symmetrical square waves, Gaussian 
noise, or symmetrical triangular waves, were being measured, so 
long as a calibration was provided (see Figure 14). But, for unpre- 
dictable waveforms, variable-width pulse trains, and SCR’d sine 
waves, average-measuring rms meters were useless. 


Accurate, wide-range “‘true-rms” circuits are made possible at 
reasonable cost by the availability of transconductance multiplier/ 
dividers (XY/Z), such as the AD531, and by stable log-antilog 
circuits, such as the 433, and (more recently) by the 440 rms 
module. Examples of practical rms circuits can be seen in Chapter 
3-7. The basic scheme is shown in Figure 15. It employs squaring, 
averaging, and implicit square-rooting. The crucial dynamic-range 
characteristic of rms devices is crest factor, the ratio of peak input 
to the rms value of the waveform. For example, an input signal 
having a dynamic range of rms of 20:1 and a crest factor of 5, calls 
for a device having substantially greater-than-100:1 dynamic 
range. 


Straightforward open-loop schemes —square, average, root— call 
for excessive dynamic range internally; for example, a 100:1 ratio 
of maximum to minimum input, when squared, becomes 10,000:1, 
placing near-impossible demands on an open-loop square-rooter. 
When a transconductance-type multiplier-divider is connected for 
implicit square-rooting, the squarer’s gain is controlled by the out- 
put, reducing the dynamic range, in the steady state, to first-order. 
Types employing logarithmic circuitry are even more effective, if 
slower, because they can reduce wide dynamic ranges to equal 
per-decade internal voltage swings. 


For simplicity, filters are almost always first-order unit-lags. How- 
ever, it is not unfeasible to specify filters having a more-nearly 
ideal “running-average”’ response. 
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Vin? 
\VERAGE = 
F ( 7 ) e, 


E, = Vin? 4) TYPICAL ERRORS: <4% @ FS, 
*, mV +0.3% OF READING 
+15V FOR 20:1 OUTPUT RANGE 
2) fy > 100kHz, L.F. DEPENDS ON 
SYMMETRY 4 RC, BETTER THAN 100Hz 
AS SHOWN 


SYMMETRY 2 


Equt=J/ Vin 


+10V > Vin = -10V 


USE AD540 FOR 
1N4149 LONG TIME CONSTANT 
(HIGH R) 


RESISTORS: CARBON COMP. 1/4 W, 10% UNLESS MARKED 
POTENTIOMETERS: 20 TURN CERMET 


Figure 15. Block diagram of rms circuit and a practical circuit 
employing an J.C. multiplier-divider. See also Chapter 3-7. 


PEAK AND VALLEY 


For some purposes, averaging-type measurements do not provide 
adequate information about a waveform. Examples include periodic 
signals with rapidly-changing amplitudes, signals with variable 
crest factors, and amplitude-modulated waveforms. There are also 
applications in which it is necessary to determine the largest peak 
(or valley, or p-p spread) of a waveform over a given time interval. 


Peak-detection-and-measurement circuits are numerous, and the 
choice (and cost) depends on the characteristics to be optimized. 
Such characteristics include accuracy, speed, leakage rate, sensi- 
tivity, and complexity. For free-running applications, a built-in 
leak is necessary; for one-shot applications, very long hold time 
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(with little or no degradation) plus a reset circuit may be required. 
For noisy signals, the very definition of a “peak” may be in ques- 
tion, requiring either preliminary filtering, a hysteretic response 
(that ignores small fluctuations), or slow response (ignoring fast 
“blips’’). 


The basic peak-measurement circuit consists of a comparator and 
a switched storage element. Figure 16 shows a simple circuit 
embodying the function. Operational amplifier Al serves as the 
comparator. When the input voltage exceeds the charge stored on 
the capacitor, the amplifier acts as a unity-gain follower, causing 
the charge (supplied via the diode) to follow the input. When the 
input voltage drops back from the peak, the feedback loop is 
opened, and the capacitor retains its charge. Amplifier A2 unloads 
the capacitor and makes its voltage available at low output 
impedance. If low leakage is necessary, Al and A2 must both 
have low-leakage inputs (e.g., FET’s). Al must be capable of fast 
recovery from the open-loop condition, it must have large phase 
margin, the ability to drive a capacitive load stably, and high 
input impedance in the open-loop condition (i.e., internal “‘protec- 
tion” should be unnecessary). 


+Hi5V -15V 


TYPICALLY, C = 1000pF TO 0.12F, 
Te uF DEPENDING ON DESIRED RISE 
= TIME AND “DROOP” RATE 


TRIM 
FD777 
LOW-LEAKAGE 
FAST 
t 


we 
ea 


VinO 


Figure 16. Peak-follower circuit 


The capacitor determines both the charging rate and the “droop:” 
dE,/dt= I/C. If 10mA are available for charging the capacitor 
(1000pF), the slewing rate is 10°-7/10-? = 10V/ps. If the total leak- 
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age current is 100pA, the droop rate will be 10°!9/10-? = 0.1V/s. If 
the capacitance is increased to 0.luF, the droop rate will be 
reduced to ImV/s, and the maximum charging rate will be 0.1V/us. 
If the circuit is to free-run, a leak must be provided to allow down- 
ward variations of the peak level to be followed. A resistor will 
provide exponential decay (proportional to the last peak), and a 
current sink will provide linear decay at a fixed rate. The output of 
the peak follower may be averaged to determine the average 
variation of the peaks. If, on the other hand, the circuit is to pro- 
vide a one-shot measurement of the highest of a series of peaks, a 
reset switch must be provided to discharge the capacitor before 
the next series of readings. 


The negative-going edge at the output of Al can be used to indi- 
cate that a peak has just occurred. If fast following and long hold 
are necessary to “‘catch” a single fast peak, two of these circuits 
may be cascaded, the first using a small capacitor (paralleled by a 
reverse-biased diode to the negative supply to ensure a small down- 
ward leak), and the second using a large capacitor for leisurely 
acquisition and long hold. 


The “valley” follower is essentially the same circuit, but the 
diodes are reversed. It will track negative-going voltages that are 
below the stored level, and hold the lowest level experienced. For 
peak-to-peak measurements, the outputs of the followers can feed 
a simple subtractor-connected op amp. Alternatively, the Al-diode- 
capacitor portions of a peak and a valley circuit may be used, with 
the capacitor voltages applied to the inputs of a differential instru- 
mentation amplifier, such as the AD520, the 603, or the 605. If 
the peak-to-peak circuit requires a leakage path to enable it to 
follow an envelope, the capacitors can feed directly a subtractor- 
connected FET input op amp, with resistors of appropriate magni- 
tude for the desired leakage rate. As an added bonus, capacitors may 
be connected across the feedback resistors to filter out the cyclical 
swings of the peak measurements. 


Usually, peaks are above ground, and valleys are below ground. 
However, if it is desired to measure peaks or valleys of widely- 
ranging signals anywhere in the range, this can be done by con- 
necting the capacitor and the leak resistor (or the reset switch) 
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to a voltage lower than the lowest peak (peaks) or higher than the 
highest valley (valleys), instead of to ground; typically, the nega- 
tive and positive supply voltages serve the purpose. The reset 
switch should, of course, always have resistance in series for 
protection. 


As indicated earlier, there are many circuits for peak-following. 
They include single op amps with diode-capacitor inputs (outside 
the feedback loop), multiple-op-amp loops, sample-holds with 
comparators (input is compared with the S/H output, and the 
comparator operates the S/H control logic, often in synchronism 
with a clock to avoid oscillation), and A/D converters. 


Converters used for peak-following are typically the counter-DAC- 
comparator type. A D/A converter continuously provides an out- 
put voltage proportional to the state of a digital counter. The 
converter output is compared with the signal input. If the input is 
the lesser, the comparator continuously inhibits the count. If the 
input is the greater, the counter accumulates clock pulses until 
the comparator threshold is crossed, and the count is again 
inhibited with the next clock pulse. Though slow, the A/D con- 
verter types have the advantage of essentially ‘“‘infinite” hold 
times, since retention of data does not depend on the charge 
stored in a capacitor. The A/D converter is an ideal second stage 
of a two-stage peak follower (note that the DAC output, corres- 
ponding to the digital count, is an analog quantity). It is also 
obvious that if the reduced data must be converted to digital 
form, this is an ideal way to “kill two birds with one stone”, if peak 
information is a suitable measure of the input. 


POWER MEASUREMENT (Figure 17) 


Analog multipliers are well-suited to the accurate measurement of 
instantaneous power (e-i). Their outputs can be averaged to obtain 
average power, applied to peak-detectors to obtain peak power, 
- and integrated to obtain energy. Furthermore, the energy output 
can be computed and divided by the period, in the manner indi- 
cated in Figure 12, to obtain energy per cycle. 


When power is measured, voltage can be picked off, differentially, 
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Figure 17. Power and energy measurement 


if necessary, by a differential or isolation amplifier, and scaled to 
the multiplier input. Current can be measured by a differential 
pickoff across a shunt. If the passively-scaled voltage and current 
happen to fall within the common-mode and amplitude limita- 
tions of available analog multipliers, it is worthwhile to consider 
the use of differential-input multipliers, such as the low-cost 
monolithic AD532. 
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Commercially-available complete multipliers are available with 
bandwidths as high as 1OMHz. For the measurement of average 
power, it is well to consider the input and output response of the 
multiplier separately. At high frequencies, the phase relationships 
of instantaneous power start to deteriorate significantly at fre- 
quencies as low as 1/50 of the “-3dB frequency,” principally 
because of lags in the output stages. However, the average power, 
which depends critically on the input phase relationships, can be 
computed accurately at frequencies up to 1/10 of the -3dB fre- 
quency in transconductance multipliers. (The output undergoes 
averaging in any case.) 


“Power factor,” the ratio of average power to average volt-amperes, 
equal to the cosine of the phase angle (for sinusoids), can be 
determined by fairly simple analog circuitry. Figure 18 shows.a 
scheme for performing such measurements. By phase-shifting one 
of the inputs by 90°, the sine of the phase angle may be computed; 
for small angles, it is approximately equal to the angle. For larger 
angles (<< 7/2), an arc-sine function fitter may be used, if a direct 


Isin (wr + p) 
W=E fsin wt sin (wt +9) ge E sin wr Et $ 
EI i = ; ri 
=: [cos - cos (2wt+¢)] f Ji >— Lo? 
\ ,, 
e —| lL. \ Y 


Figure 18. Power-factor measurement 
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measurement of the angle is required. 


Impedance (magnitude) may be measured by computing the scaled 
ratio of the average or rms voltage to the average or rms current, 
using a divider (Figure 19). It is important not to fall into the 
trap of seeking to take the ratio of two ac quantities by an instan- 
taneous measurement. Conceptually, the measurement will not be 
finite for zero denominator unless the two signals are nw apart in 
phase (n = 0 or any integer). As a practical matter, analog dividers 
call for unipolar denominators; with the added complication of 
polarity-switching, bipolar denominators may be handled, but the 
vicinity of zero is ordinarily forbidden. 


RECTIFIER 


Ve = Ve Sin wt FILTER 


RECTIFIER 


v= V; sin (wt + 9) FILTER 


Figure 19. Impedance-magnitude measurement 


VECTOR SUM 


The vector sum of any number of mutually orthogonal voltages 
may be obtained by a circuit that solves the equation 


E, = Yi? + V2? V3? +...VQ2 (12) 


As noted in the introductory chapter, and confirmed elsewhere, 
the straightforward approach (squaring each input, summing, then 
taking the square-root of the sum) can be expensive, and may lead 
to poor results over wide dynamic ranges of E,, because of the expan- 
sion of dynamic range inherent in the squaring operation. 


An implicit approach, using a ZY/X device, such as the 433, solving 
the equation 
pe 
aN ES a 13 
‘0 2 E, A Vp (13) 


4See Analog Dialogue, Vol. 6, No. 3, page 3. 
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for two variables, and, in general 


Vi? V2? V3" 


—— + +——— +... (14 
BotV¥. “Bs tV¥,- By? Va 

is far more satisfactory, because each nonlinear term, V2/(E, + V,), 
is net first order, with no external manifestation of square-law 
dynamic range (Figure 20). 


GAIN ADJUST m=1 
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Figure 20. Square-root of sum of squares 


Performance, adjustment, and choice of components are straight- 
forward. An important consideration, not immediately obvious, 
is the need to scale down inputs and outputs to avoid overdriving 
amplifier Al or the 433’s. If all inputs can have the same maximum 
value simultaneously, for the maximum output of Al to be less than 
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an arbitrary level, E,,,,, the maximum input value, V;=E,,,,/(1 +7). 
For E,,,x = 10V, the corresponding values of n and V,,,. are: 


nt ae 

2 4.14V 
3 3.66V 
4 3.33V 
5 3.09V 


If n= 2, and Al can swing to 12.1V, Vinay is SV. 


Basic Circuit for Approximating the 
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Figure 21. Arctangent circuit, with error plot 
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Magnitude is one aspect of vector composition, but not the whole 
story. In addition to magnitude, phase-angle is often desired. If the 
phase angle, @, is equal to the arctangent of the ratio Vp /V,, it 
can be approximated by function fitting. An excellent first- 
quadrant fit (Vg ,V, > 0) can be obtained simply, to within 0.75% 
(theoretically), using a single 433 and an operational amplifier, 
in an implicit feedback circuit. It maintains its accuracy over an 
extremely wide range of ratios, because the ratio never appears 
explicitly — only as a difference of logarithms within the 433. 
The circuit of Figure 21, which embodies the approximation, 
solves the normalized equation: 


Vp 1.2125 
Vv. 1.2125 a Va V, 
ERD +See vt © 


with a maximum theoretical error less than 0.75% = (or 0.68°). If 
Vz is negative (IVth quadrant), its absolute value is applied as the 
input to the tan”! circuit. Its polarity, determined by a comparator, 
operates a sign/magnitude circuit, to furnish the proper polarity 
of the angle. With suitable logic (to add or subtract 2/2), ranges 
of angle up to +7 can be made available. 


RATIO AND LOG RATIO, dB ( Figure 22) 


Dividers can be used for direct readout of such ratios as efficiencies, 
losses or gains, % distortion, impedance magnitudes, elasticity 
(stress/strain). Ratios may be taken of instantaneous, average, rms, 
or peak quantities. Furthermore, in conjunction with sample/hold 
devices, ratios may be taken of any of these measurements at 
different instants of time. 


Ratiometric measurements are by no means new, but the low 
(and still-decreasing) cost of analog dividers (and of variable- 
reference A/D converters) should serve as an encouragement to 
designers to consider employment of the technique as a realistic 
alternative (or adjunct) to tightly-regulated reference supplies for 
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measurements, ultra-stable light sources, etc. 


To eliminate the effects of a common parameter, whether physical 
or electrical, many measurements can profitably involve the use of 
tatio techniques. For example, in bridge measurements, variations 
of the power supply directly affect the scale factor. But if the 
output is divided by the bridge-supply voltage, the scale-factor 
stability depends only on the stability of the divider. This scheme 
can be combined with linearization, as shown in Figure 3b. 
Naturally, the divider should be at least as stable as the bridge- 
reference voltage if the ratiometric compensation is to be useful. 


Compensation for reference-voltage variations is an example of 
reducing the effects of a common electrical parameter. However, 
ratios can also be used to eliminate the effects of a common 
physical parameter. For example, in light-transmission measure- 
ments, it is common to compensate for variations in light intensity 
by transmitting two beams, one through a reference medium, 
the other through the medium being measured, and to take the 
ratio of the two measurements. 


efficiency 

fractional loss or gain 

% distortion or error 
impedance magnitude 
stress/strain 

normalized measurement 


K tog 
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Figure 22, Ratio and log-ratio measurements 


Often, logarithmic ratios are more useful than linear ratios. There 
are two broad categories of such measurements. The first is the 
measurement of phenomena covering a wide dynamic range, with 
reference to a normalized level, with log-compression, and either 
the display of the results on a limited-range meter scale, or the 
transmission of the measurement through a noisy medium. The 
second category consists of those measurements that are per- 
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formed linearly but are normally characterized (or thought about) 
in terms of logarithmic ratios. One example is light transmission 
measurements. For another, electrical gain or attenuation may be 
measured as a ratio of output to input; by the use of a log ratio 
device, such as Model 756, a direct measurement of the log ratio, 
or “dB,”* may be performed. 


CONCLUSION 


In this chapter, we have suggested a number of uses of analog 
nonlinearities in the reduction of data for display or transmission. 
It is not unlikely that the thoughtful reader’s experience and needs 
will suggest many more. 


*The decibel, one-tenth of a bel (B), is the logarithm of an electrical power ratio of 
1.259. The number of dB corresponding to a power ratio is 10 logy (P2/P4). If resis- 
tance is constant, the number of dB also is equal to 20 logy 9(V2/V1) or 20 logy 9(I2/11), 
since power is proportional to the square of voltage or current. The term has been widely 
corrupted to express log ratios of any two quantities (even engineers’ salaries), by the 
definition dB = 20 logy 9(Q2/Q1). Though confusing (some would say deplorable), it is 
almost universally understood. 
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Communications 


& Signal Processing 
Chapter 4 


Nonlinear devices have always been used in audio signal communi- 
cations to stabilize or modulate oscillator amplitude and frequency, 
achieve automatic gain control, and demodulate the received signal. 
Classically, diode, transistor, and thermionic-device characteristics 
have been used. Effectiveness and stability of such operations have 
generally depended on the designer’s skill and ingenuity in circuit 
design and on the availability of components having suitable 
stability, parameter match, “linearity” (i.e., parametric confor- 
mance), and low cost. 


Now with the availability of operational amplifiers, multiplier- 
dividers, and logarithmic elements, with their tightly-specified 
(guaranteed) parameters, convenient (modular or black-box) pack- 
ages, and low (or decreasing) cost, the designer has a set of new 
options to make his job easier and more fruitful. In addition to 
standard signal-processing circuits, he can now consider new 
approaches to waveform synthesis and control, and the design and 
uses of such tools as voltage-controlled amplifiers, filters, and 
oscillators (VCA, VCF, VCO) with uniform behavior and predict- 
able characteristics. Combining these operations with some of the 
“hybrid” techniques described in Chapters I-4 and I-5B of the 
Analog-Digital Conversion Handbook, one becomes aware of a 
formidable arsenal of signal-manipulating possibilities, virtually 
at one’s fingertips. 


Just a few additional examples of the applications of nonlinear 
analog devices in signal-handling include compression and expan- 
sion, phase-sensitive detectors, phasemeters, phase-locked loops, 
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low-noise recording systems, correlators, spectrum analyzers, 
speech and music synthesizers, and so on. 


AUTOMATIC GAIN CONTROL 


An analog multiplier or divider is inherently a gain controller 
(Figure 1a) since the signal applied to one of its inputs can be 
considered a dependent variable, either multiplied or divided by a 
second input that controls its gain (or attenuation). Since the 
gain-setting voltage can be derived from any source, there is a wide 
tange of possible applications. For example, a DC voltage applied 
from a remote manually-adjustable source can cause the multi- 
plier to act as a potentiometer with a “long shaft.” The control 
voltage can be derived as a measure of one or more other voltages 
in a system and used to control the gain in response to their 
variation. A useful special case is automatic gain control (Figure 1b). 


The circuit of Figure Ic is a practical example illustrating the 
application of the low-cost AD531 LC. multiplier-divider in an 
AGC application. It maintains 3V peak-to-peak output for inputs 
ranging from 0.1Vp-p to more than 12Vp-p, with better than 2% 
regulation from 0.4Vp-p to 6Vp-p, and distortion well below 1%. 
Input frequency can range from 30Hz to 400kHz (-3dB). The set 
point is adjustable either manually or by an external DC reference 
voltage. The input signal can be either single-ended or differential. 


The feedback circuit works in a straightforward manner: if the 
input signal increases, the output will tend to increase. Its negative 
peaks, as recognized by the diode and stored on the 1pF capacitor, 
tend to increase, causing the output of the mverting integrator to 
increase. This, in turn, causes the denominator to increase, reduc- 
ing the gain of the AD531 multiplier-divider (an XY/I device), 
and tending to keep the output level constant. 


In the steady state, the average voltage at point A must be ideally 
equal to 4Vz, but of opposite polarity, making the net input to the 
integrator equal to zero, and holding the output of the integrator 
at whatever constant level is necessary to keep the loop in balance. 
In that state, the negative peak value of E,,,, is approximately one 


diode-drop below Vy, , so [Bont (peak)| = %Vz + diode drop 
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Figure 7. Gain control with multipliers and dividers 
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In practice, the set level potentiometer would be adjusted empiri- 
cally to calibrate the output at the desired level. 


In the simple practical example given here, to illustrate the prin- 
ciple, an unembellished half-wave diode-and-capacitor circuit reads 
the peak level of the waveform. Naturally, other measures of the 
waveform, such as mean absolute-value or RMS, might be used; 
in addition, somewhat more-sophisticated temperature-compen- 
sated rectification circuitry might be used, depending on the needs 
of the application. 


The control voltage (V,) at the output of the amplifier ranges from 
about -2V (owest AD531 gain) to the amplifier’s lower limit, 
- 13.5V (to handle the smallest input signals). Linearity of V, is not 
important, since it is a manipulated variable inside the loop. 


COMPRESSION AND EXPANSION 


In Chapter 2-3, the possibilities of logarithmic compression and 
expansion in transmitting small voltages safely through a noisy 
medium were touched upon. Though it operates instant-by-instant, 
a drawback of the scheme is that the logarithmic gains must be 
matched to ensure linear overall response. Another approach, that 
can be applied to quasi-stationary waveforms, is to divide the signal 
by a voltage that is a measure of some property, such as squared- 
peak, transmit the modified signal through the medium, then 
multiply the received signal by its squared peak-value (Figure 2a). 
Since the control voltage varies more slowly than the signal (essen- 
tially DC), it does not affect the signal’s shape, only its amplitude. 
The high gain for small signals and low gain for large signals 
produces a predictable compression function. At the receiving end, 
the inverse function is applied, and the output amplitude varia- 
tion is recovered. Mismatches affect only the overall gain, without 
introducing distortion. 


An example of a typical application of this technique is in high- 
fidelity tape recording systems. The Burwen Laboratories Model 
2000, outlined in Figure 2b,! hasa 110dB-dynamic range when used 
with a 15ips tape-recorder. 


Leedesion of a Noise Eliminator System,” by R.S. Burwen, Audio Engineering Society 
Preprint No, 838(B-8), October, 1971, 
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Figure 22. Gain compression-expansion. Gain function is 
nonlinear, but signal is transmitted throughout essentially 
without distortion. Small signals are greatly amplified 
before transmission. Noise is either suppressed by squaring 
or masked by high signal levels, 
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Figure 2b. A commercial wide-range record-playback 
system having 710dB dynamic range. 


SIGNAL GENERATION 


A number of schemes for signal generation are discussed in 
Chapter 2-2, including a variable-frequency two-phase oscillator. 
As noted there, nonlinear elements can be used to control fre- 
quency, phase, amplitude, etc. As a further example, Figure 3 is 
a schematic diagram of a very low distortion (0.01%) fixed- 
frequency (1kHz) single-phase phase-shift sine-wave oscillator. Its 
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amplitude (about 7Vrms) is controlled by an AGC loop that applies 
linear damping in greater or lesser degree without affecting the 
waveform. 


Amplifier Al is connected as a non-inverting amplifier with a gain 
of +3. The band-pass filter R1, C1, R5, C2, tuned to 1kHz, provides 
frequency-selective positive feedback, causing the circuit to oscillate 
at f, = (2nRCy!. 


C1 0.01uF 


R11 15,9k 1% Ri = R2=R 


C, =C2=C 


c2 1 
Togs Ra aaRe 
FREQUENCY = 


ne 


> 
R4 20k 


R3 301k 
1% 


*. E, 
R2 
9.76k 


DAMPING Pe 


AMPLITUDE 
CONTROL w RB 10k 

499k 1% 
Oo 


Figure 3. Low-distortion oscillator 


The output amplitude is measured via diode CR1 and compared 
with a reference current through R7. The error is accumulated by 
the integrator (A2) and, applied to one of the multiplier inputs, 
increases or decreases the negative feedback around Al, appro- 
priately affecting its gain and the damping of the oscillator. In the 
steady state, the net input to the integrator is zero, its output is 
constant, and R4 is in effect paralleled by a large trim resistance 
of exactly the right magnitude to keep the oscillation stable at 
a constant amplitude. 


Since the multiplier output is essentially linear and is attenuated 
to provide a “vernier” gain adjustment on the oscillator amplifier, 
its distortion has a negligible effect on the output. The distortion 
is affected primarily by the nonlinearity of operational amplifier 
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Al at the frequency of oscillation. The AD540J FET-input op 
amp provides distortion in the neighborhood of 0.01%. If distor- 
tion of 0.04% is tolerable, an AD741C may be used. 


Capacitors C1 and C2 may be changed to obtain other frequencies 
of oscillation. The amplitude reference (the +15V supply in Figure 
3) can be provided by a zener reference diode (for a 9V diode. 
reduce R7 to 301kQ). 


MODULATION 


The terms “multiplier” and “modulator” are closely related. The 
modulation process almost invariably either uses or creates a multi: 
plication operation. To illustrate this, Figure 4a shows that the 
“balanced modulator” is simply an analog multiplier; Figure 4b 
shows the block diagram of a “‘pulse-height-pulse-width”’ mullti- 
plier—one variable modulates the amplitude, the other modulates 
the duty cycle, and the area (measured by an averager) is propor- 
tional to the product of the two inputs. Historically, modulation 
was used in the design of multipliers far more frequently than 
multipliers were used for modulation. But now, with the coming 
of low-cost IC transconductance multipliers, the pendulum is 
swinging the other way. Analog multipliers are considered for a 
variety of modulation applications, from amplitude modulators 
(Figure 5) to frequency-modulated triangular, square, and sine 
waves (Chapter 2-2, Figures 3, 8, and 9). 


Va (th o VeVi (t) sin wt 
, E, = a | a 
Ve SIN Wet | 


a. Multiplier as balanced modulator 


MODULATED 

PW CLIPPER 
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PROPORTIONAL TOY PROPORTIONAL 
TOX TO XY 


AVERAGER |—= Z=KxXy 


b. Pulse-height, pulse-width-modulation multiplier, first quadrant 


Figure 4. Modulation and multiplication 
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Figure 5. Multiplier as amplitude modulator 


Voltage-symmetrical (but not necessarily time-symmetrical) tri- 
angular waves may be used to produce duty-cycle-modulated 
square pulse trains by biasing the triangular waves with the modu- 
lating waveform and detecting zero crossings with a precision 
comparator (Figure 6). 


Vv 
PRECISION a 
Vm COMPARATOR 
WM V: site 
T 


DUTY-CYCLE MODULATED PULSE TRAIN 
Vs = Va, Va +Vm > 0; Vs 20, V4 +Vn <8 


Figure 6. Duty-cycle-modulated triangular wave 


FREQUENCY DOUBLING AND n-TUPLING 


A multiplier, connected as a squarer, can be used to obtain low- 
distortion sine waves of twice the frequency of an input sine wave. 
The DC component of the output can be removed with a high-pass 
filter (Figure 7a). Alternatively, one of the inputs can be phase- 
shifted by 90°, using either an integrator or an all-pass filter 
(Figure 7b). This alternative has the advantage that amplitude 
variations do not result in large transient “bounces” at the output; 
however, its performance is somewhat sensitive to frequency, 
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Figure 7. Frequency multiplication (see chapters 2-1, 2-3, 3-5) 
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whereas that of Figure 7a is wideband for frequencies well above 
the filter’s crossover. Typically, phase error of the double-frequency 
signal becomes significant at 1/100 of the multiplier’s -3dB fre- 
quency, and the envelope amplitude loses accuracy above 1/10 of 
the -3dB frequency. 


Frequencies of triangular waves can be doubled by the use of an 
absolute-value circuit (Figure 7c). If amplitude is constant, the dc 
level can be biased out. Otherwise, ac coupling can be used, with a 
cutoff frequency well below the fundamental (phase shift does not 
affect the shape of a sine wave, but it does distort triangular 
waves). 


Square-wave and triangular waves can be tripled in frequency, or 
in general multiplied by any whole number, using a piecewise- 
linear voltage sawtooth operator (Figure 7d). Factors much larger 
than 3 tend to become impractical because of sensitivity to break- 
point drift and incremental gain settings. It is worth noting that 
the output of a tripled triangular wave can be shaped into sinu- 
soidal form, if desired, using a function fitter (Chapter 2-1). 


DEMODULATION 

We have touched on peak, average, and RMS measurements in 
Chapter 2-3. Similar techniques are used for demodulating ampli- 
tude-mcdulated signals. Figure 8 shows two “ideal diode” high- 
accuracy full-wave rectifier circuits that are perhaps less well-known 
than Figure 13 of Chapter 2-3. The circuit of Figure 8a uses 5 equal 
resistors to obtain unity gain and has only a single path from the 
input source. The circuit of Figure 8b has high input impedance, 
an especially useful feature if the signal source must be unloaded 
or if ac coupling with long time constants is necessary. A possible 
disadvantage in both cases is that the output-averaging filtering 
must be performed in a separate stage. These circuits may be 
followed by a peak-reading circuit, if desired. 


If the waveform contains polarity information, synchronous-detec- 
tion may be useful. In the scheme shown in Figure 9, a square- 
wave reference signal multiplies the alternate half-cycles by posi- 
tive and negative constant voltages. If signal and reference are in 
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Figure 8. Absolute-value (full-wave rectifier) circuits 
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phase, the full-wave-rectified output is positive; if they are in 
opposite phase, the output is negative. If the signal and reference 
are sinusoidal, the average value of the output will be equal to 
(Vin Vsm/20) cos@, where @ is the phase angle and V,,, and V,, are 
the reference and signal amplitudes.” Small phases shifts do not 
greatly affect detection accuracy; for example, 0.8° gives 0.01% 
error, 2.56° gives 0.1%, 8° gives 1%, and 18° gives 5%. If the signal 
and reference are 180° out of phase, the average output will be 
negative, with the same ideal phase tolerances. 


If, on the other hand, it is desired to measure small phase devia- 
tions, one of the inputs can be shifted 90°; the average output 
will then be proportional to the sine of the phase angie. The 
following brief table outlines the theoretical error inherent in the 
assumption that sin 0 = 0. 


Fractional 
Angle Sine Error (% trad) 

Orad 6° sin 0 |sin? — 6, al 
0.084 4.813 0.0839 < 0.01% 
0.180 10.31 0.1790 <0.1% 
0.390 22.35 0.380 <1.% 
0490 ~=28.1 0.471 <2.% 
0.670 38.4 0.621 <5.% 


Function-fitting techniques can be used to reduce the error if the 
range of angle is too large for the desired accuracy. 


Greatly-improved linearity can be obtained by combining sine and 
cosine demodulation with an implicit feedback loop to obtain 
“tan-lock” demodulation?. A tan-lock demodulator solves the 
equation 
of, 5 BS AH gin AR. coed & KO (1) 
1+A cosd 


2See F igure 18, Chapter 2-3. 


3«tse this Tan-Lock Demodulator,” by R.P. Hennick, Electronic Design No. 25, 
December 6, 1970, pp74-75. 
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as shown in Figure 10. In addition to the improved linearity over a 
wide range of angle, as shown in the error plot, with its attendant 
reduction of distortion, one might expect to realize improvements 
in noise threshold, hold-in range, and pull-out frequency (see dis- 
cussion below). 
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Figure 10. “’Tan-lock” demodulator circuit, scaling, and 
theoretical error 


Phase demodulators are often preceded by AGC or limiting cir- 
cuits to ensure constant ac input amplitude and avoid amplitude 
modulation of the output. Wideband multipliers, such as the 429, 
have less than 1° of differential phase shift at 1MHz. The output 
double-frequency phase shift of about 24° @1MHz is unimportant, 
since only the dc component of the output is used; the dc level 
depends critically only on the input frequency characteristics. 
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PHASE-LOCKED LOOPS 


A phase detector may be used as the “summing point” of a feed- 
back loop that generates a frequency that is compared with the 
average input frequency and “‘locked in” to that frequency with 
a fixed (e.g., 90°) phase relationship (in the steady state, ideally, 
for sine waves, cos 6 = Q). Phase error is usually in the form of a 
dc voltage that drives the local frequency generator (a voltage- 
controlled oscillator) through a high-gain amplifier. Thus, the loop, 
if stable, seeks to maintain the phase error at zero (Figure 11). 


To anyone familiar with the principles of feedback (and today, 
that includes anyone who uses op amps creatively and successfully), 
the phase-locked loop would appear analogous to an operational 
amplifier, except that phase is the input variable and frequency 
(rate-of-change of phase) is fed back. The “loop gain’’ of a phase- 
locked loop is expressed in terms of %Af/radian. 


The basic elements of a phase-locked loop, as mentioned above, are 
the phase detector, a filter-amplifier (to remove ac components 
from the dc voltage that represents the phase error and to amplify 
the error signal), and a voltage-controlled oscillator (VCO). 
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Figure 11. Phase-locked loop, or phase follower, with response 
to sinusoidal signals. 
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Applications of phase-locked loops are in two basic classes: fre- 
quency re-creation and multiplication, and narrow-band filtering, 
based on the ability to respond to an input frequency; and 
frequency modulation and demodulation, based on the ability of a 
well-designed phase detector and VCO to respond accurately, 
stably, and linearly to a dc voltage. 


In the first class, a received signal may be noisy, distorted, and 
actually jittering in frequency. The job of the phase-locked loop 
is to generate a clean waveform of appropriate shape that is locked- 
in to the average signal frequency. The filter prevents the output 
frequency from responding to rapid fluctuations of phase; it tends 
to null out the average phase error. The VCO need not be very 
linear (the same may be said for the phase detector), but the 
range of frequencies, or phase, within which the loop is captured 
(ie., under control) must be sufficiently wide to embrace the 
expected fluctuations, either at the signal frequency or a harmonic 
(if the job of the loop is frequency multiplication). 


In the second class, the VCO and/or the phase detector should have 
a linear relationship over a dynamic range corresponding to the 
maximum deviation present in the modulated signal. The filter 
should be slow enough to filter out carrier, but fast enough to 
follow the modulation. If the loop is acting as a demodulator for 
a frequency-modulated signal, the output of the VCO will track 
the modulation, and the “dc” input of the VCO will be the 
demodulated output voltage. If the loop is acting as a modulator, 
the modulating signal is added at a voltage summing point after 
the phase detector. The output frequency will change to the degree 
necessary to create a phase-error voltage that will continuously 
balance out the disturbance caused by the modulating signal, while 
remaining locked-in to the input frequency. 


An intermediate class is “frequency-shift keying’ (FSK), in which 
the modulating signal is a step change of voltage (such as a change 
of binary logic levels), which produces a step-change of frequency, 
On the receiving end, the loop responds to a step-change of fre- 
quency with a step-change of voltage. This form of operation is 
often referred to as “modem” (modulate-demodulate). A linear 
relationship is not required, but the phase-voltage-frequency band 
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should be adequate. 


Signals and VCO outputs may have any waveshape, as long as one 
can ensure that the loop will not lock in on a harmonic (unless so 
desired). Since a phase-locked loop is an active closed-loop system, 
it must be designed not to be dynamically unstable (i.e., to run 
away or oscillate, rather than behaving as desired). Two ranges of 
frequency are usually important in governing lock-in: capture 
(pull-in) range, the band of frequencies within which a lock-in 
condition can be acquired, and lock (dropout) range (tracking 
or holding), the band of frequencies within which lock-in can be 
maintained, always wider than the capture range. 


Some ideas about VCO design may be found in Chapter 2-2 (and 
in many other places in the literature). The low cost of modular 
and IC multipliers makes high-performance medium-frequency 
phase-locked loops quite practical today. For the future, one may 
expect to find integrated-circuit phase-locked loops that transcend 
in performance today’s elementary IC devices, requiring consider- 
ably fewer external components, and more suitable for high-preci- 
sion applications. 


VOLTAGE-CONTROLLED FILTERS 


A “‘state-variable” active filter is one in which an analog-computing 
feedback loop (or loops), involving one or more integrators, is 
used to simulate the desired transfer function. Though less compact 
than the usual active-filter circuit, in terms of the number of op 
amps required to obtain a transfer function characterized by an 
n-degree polynomial, it has an important advantage: If an integra- 
tor is preceded (or followed) by an analog multiplier (or divider), 
the overall characteristic frequency @, (or characteristic time T, ) 
will be directly proportional to the multiplying or dividing input 
voltage. This makes it possible to build filters in which the capacitors 
are, in effect, adjustable, either directly or inversely, by a control 
voltage. For a filter that does not involve inductors, is thus possible 
ideally to manipulate the frequency scale of a filter by means of a 
single voltage, without affecting any other parameters. The cost 
is one multiplier per capacitor, formerly impractical, but now quite 
feasible, because’ of the low price of multiplier/dividers. 
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Figure 12 shows how a multiplier (a) or a divider (b) can be used 
to adjust the “break” frequency or time constant of a first-order 
lead or lag (for a lead-lag (c), the outputs are summed in an exter- 
nal adder-subtractor with appropriate polarities and coefficients). 
Note that the multiplier is used ahead of the integrator, with 
passive summation at its input, while the divider follows the 
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Figure 12. First-order variable filters using multipliers or dividers 
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integrator. The reason for this can be seen if one considers the 
consequences of, for example, using the multiplier following the 
integrator. If the multiplier’s output is 10V, then for any value of 
V, less than 10V, the integrator output must be greater than 10V. 
Placing the multiplier ahead of the integrator solves the out-of- 
range problem, because the integrator output, in the closed loop, 
can never be greater than the input to the circuit (multiplied by 
R,/R,), and the multiplier output can never be greater than 10V 
because of its inherent V, V/10 scaling. In like fashion, out-of-range 
problems are avoided for this case if the divider follows the integra- 
tor. 


If the divider is a conventional multiplier in a feedback config- 
uration, requiring a negative denominator voltage, the configura- 
tion of Figure 12b makes available both the output (low-pass) and 
its derivative (high-pass). If the divider has positive gain, the invert- 
ing summing amplifier may be omitted (low-pass only) or replaced 
by a non-inverting summer (high pass and lead-lag). 


Multiplier-integrator elements can be combined to form higher- 
order state-variable filters. For example, Figure 13 shows a second- 
order filter (note the similarity to the oscillator circuit of Fig. 9, 
Chapter 2-2). Depending on which output or combination of out- 
puts is used, it can serve as a high-pass, low-pass, band-pass, band- 
reject, all-pass, etc. Again, it is important to note that, for ideal 
circuit elements, the control voltage V, affects only the frequency 
scale; damping and coefficient weightings, normalized frequency- 
response characteristics, and normalized time response are all 
unaffected. 


This feature is especially useful when first- and second-order filter 
responses are cascaded to obtain nth order Butterworth, Chebyshev, 
Bessel, or other response characteristics. Variation of V, to adjust 
cutoff frequency does not affect the coefficient weightings, once 
the relative-frequency-and-damping relationships have been set. 


Where digital control is desired, the multiplier blocks could be 
embodied by multiplying D/A converters, such as the IC AD7520. 


Variable time-constant integrators, and the tunable filter networks 
that they make possible, can be usefully and profitably employed 
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Figure 13. 2nd Order filter with variable natural frequency, 
using two multipliers. If desired, damping could also be 
controlled via a multiplier 


in a number of ways. Examples include adaptive control (adjust- 
ment of time constants to achieve an automatically-minimized 
control-loop error function), spectrum analysis (variable-frequency 
sweeps to obtain amplitude spectra of stationary waveforms), 
variable analog delay lines, variable-bandwidth systems for audio 
‘hiss’ and “rumble” noise reduction, tunable-carrier transmitters 
and receivers for narrow-band signals, programmable filters, etc. 
If the filter is controlling an oscillator frequency, it may be used 
in FM detection with a phase-locked loop, where the input to the 
filter is the phase-detector output voltage required for tracking, 
proportional to the modulating signal. 


SPECTRUM ANALYZERS 


There are many ways of analyzing and plotting a signal spectrur 

A few that are relevant to the techniques and devices described in 
these pages are “spot” measurements (or frequency “combs”), 
band measurements, and swept measurements. The first two types 
can be achieved either with fixed-frequency (narrow-band or 
bandpass) filters in parallel or with a single stepped (narrow-band 
or bandpass) filter (Figure 14). If many frequencies or bands are 
to be measured, the serially-stepped-filter approach is considerably 
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Figure 14. Spectrum analyzers 


more economical in terms of equipment, but consumes more time 
for the measurement. The swept filter may provide a continuous 
“spot” measurement; however, the sweep must be slow enough to 
not introduce substantial errors as a result of its rate of variation. 
The dc measure can be obtained in terms of rms, peak, average, or 
“one-shot-per-step”’ integral measurement. 


MUSIC SYNTHESIZERS 


These versatile instruments serve as a tonal palette embracing an 
extremely wide range of audio waveforms and sounds for the 
ministrations of the musical composer, performing artist, and 
special-effects creator. They permit a wide range of pitches, tones, 
attack-decay-sustain-release sequences, amplitudes, and combina- 
tions, both linear, and nonlinear. They tend to use the whole gamut 
of waveform processing trickery, including voltage-controlled ampli- 
fiers, voltage-controlled oscillators, voltage-controlled filters, modu- 
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Figure 15. Typical music-synthesizer functions 
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lators and demodulators, phase-locked loops, sample-holds, noise 
generators, and pressure-sensitive transducers. Both analog and 
digital (ROM) functions are used. Figure 15 shows the control 
panel of a typical commercially-produced moderately-priced 
keyboard instrument, the ARP Odyssey. 


CONCLUSION 


This chapter has sought to touch briefly and suggestively on a 
number of techniques used in audio communications and signal- 
processing, and on the possible contributions of today’s low-cost, 
compact, comprehensively-specified modular and IC nonlinear 
devices. It is hoped that the reader will consider omissions and 
elisions (due to the pressures of space and time) as a challenge to 
creativity. 


Computing 
& Control 
Chapter 9 


In this final chapter of the Applications section, we discuss a few 
ways that nonlinear analog computing techniques are used in 
industry, suggest a few additional ones, review further applications 
of ideas suggested earlier, and, in effect, present a modest list of 
topics that, possibly landing in fertile ground, may be fruitful in 
terms of the ideas that are inspired in thoughtful readers. It is 
always important to bear in mind that improvements in device 
performance, reductions in cost and size, and ready availability from 
multiple sources, have brought many of these ideas from the status 
of “merely interesting” to feasibility as everyday tools of the 
designer. 


FILTER-FREE THREE-PHASE POWER MEASUREMENT 
Figure 1 shows the block diagram of a simple scheme for 


Vy sinwt 
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Figure 7. Three-phase average-power measurement 
without filters 
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computing the average power in a three-phase system.! Voltages 
proportional to the phase voltages and the corresponding line 
currents are multiplied individually in three multipliers, and the 
outputs are summed. The output is ripple-free for a balanced 
system, with the three average levels averaged and the double- 
frequency ac components cancelled. 


Since low-pass filtering, with its essential delays, is not needed, 
rapid measurement or detection of the power level is made 
possible. If one input of each multiplier is phase-shifted by 90°, 
the output will be a continuous measurement of reactive power, 
KV,I sing. The 90° phase shift can be obtained by measuring the 
line-to-line voltages, and absorbing the stay ./3 factor in the 
analog circuitry. 


The improved speed of response makes possible faster-responding, 
more-stable control loops, and clean, easily-metered monitoring 
signals. An interesting application is in the excitation control of 
synchronous motors. 


Besides real and reactive power, other useful output signals may be 
obtained by combining the real and reactive power measurements 
in various ways. For example, the square-root of the sum of the 
squares (Figure 20, chapter 2-3) may be used to compute total 
volt-amperes. The ratio of the power to volt-amperes is the power 
factor (cos), while the ratio of reactive power to volt-amperes is a 
good approximation to the phase angle for small angles. The ratio 
of real power to reactive power, tang, a nonlinear function of the 
power factor, is particularly useful as a control signal because of 
its high sensitivity. 

Finally, it is often useful to control the excitation of a 
synchronous motor so that it is overexcited at low loads, with 
reduced excitation as load increases, to avoid exceeding the 
normal current limitations of the motor at full load. The control 
criteria for this operation can be established by setting a simple 
linear combination of the reactive and real power equal to a 
constant. ; 

Lidetection and Measurement of Three-Phase Power, Reactive Power, and Power 


Factor, with Minimum Time Delay,” by I. R. Smith and L. A. Snyder, Proc. IEEE, 
November, 1970, p. 1866. 
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RATIOMETRIC MEASUREMENTS — LIGHT TRANSMISSION 


Figure 2 shows a scheme commonly employed to measure 
transmittance or absorbance of light by an unknown medium, 
independently of variations of the light-source level. The light is 
transmitted through a reference medium (which might be air or 
vacuum) and through an unknown. Both samples are transduced 
to current by a pair of matched photosensitive detectors. The 756 
log-ratio module converts the output currents (at essentially zero 
input impedance) to an output voltage proportional to the 
logarithm of their ratio. 


Since the measurement is ratiometric, it is independent of the 
source intensity. Since it is logarithmic, it can deal accurately with 
a wide range (4 decades) of unknowns, and furthermore it can be 
read out directly in logarithmic absorbance or transmittance units. 


Always useful, ratiometric measurements (with analog dividers) in 
general, and log-ratio measurements in particular, are becoming 
increasingly feasible and accessible for an ever-wider variety of 
applications as cost decreases and availability and performance 
increase. 
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PHOTOTRANSISTORS, PM TUBES, ETC.) 
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LIGHT Not ao 
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Eo = Klog Tr 


Figure 2. Measuring light transmission independently of light 
source variations. Log-ratio gives direct reading of relative 
transmittance or absorbance 


EXPONENTIAL DECAY TIME-CONSTANT 


Figure 3 shows a circuit that can be used to rapidly measure, 
compute, and display continuously the time constant of an 


148 NONLINEAR CIRCUITS HANDBOOK 


exponential decay. For example, a 10-minute time constant can be 
measured within seconds. 


The operating principle is simple: the time-derivative of et/T is 
equal to -(1 Inet! T_ Therefore, if we divide the argument by the 
negative of its time-derivative, the result is the time constant 7, 
available immediately after the startup transient has died away. 


In order that the differentiator be stable and not have excessive 
noise at high frequencies, it has a second-order rolloff (R,C and 
RC,). Naturally, these time constants should be short compared to 
the shortest time constants being measured, but they should be no 
shorter than is necessary on that account. 


DIFFERENTIATOR pg -RC 
d 


(DENOMINATOR 
MUST BE OF 
APPROPRIATE 
POLARITY) 


Figure 3. Circuit for determining time constant of exponen- 
tial decay 


The divider should be capable of dealing with signals having a wide 
dynamic range, if the range of time constants to-be-measured is 
substantial. It may be a log-ratio device if log 7 is acceptable. 


Applications include calibration and capacitor measurements. It is 
especially suitable for obtaining rapid measurements of slowly- 
varying phenomena, such as battery discharge and capacitor- 
dielectric “soakage.” By recording the measurement continuously, 
or sampling the waveform from time-to-time, the “quality’’ of the 
time constant can be investigated (e.g., is the response truly 
exponential?). The differentiator must not introduce substantial 
errors; therefore, though the initial tolerance is not critical, the 
capacitor should be the highest grade available (polystyrene, 
teflon, polycarbonate, etc.), and the amplifier should have low 
leakage current and low noise. 
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MASS GAS FLOW COMPUTATION 


This is an example of the use of low-cost nonlinear analog circuit 
elements in the conditioning of transducer outputs to obtain an 
essentially direct measurement of a quantity that depends on a 
number of variables. 


The measurement of gas flow through a resistive element, such as a 
nozzle, venturi, or an orifice, requires that we know the absolute 
pressure, the absolute temperature, and the pressure-drop. An 
equation typically used to relate the gas flow to these variables is* 


F= K, (1 - -K, > 2) a (1) 


If AP is small compared to P, this expression simplifies to the 
frequently-used 


PAP 

F=K T (la) 
Figure 4a shows how a divider and a multiplier-divider can be used 
to compute equation (la). For a fixed value of K, the electrical 
inputs are scaled in the preceding preamplifiers so as to utilize the 
full. output range (E,), and as much of the input ranges as is 
consistent with the various combinations that produce full output. 
If the input divider is a multiplier-divider, the third input can be a 
constant voltage with the effect of adjusting K?. 


Figure 4c shows how logarithmic circuits can be used to embody 
equation (1a). If all three variables can vary widely, the logarithmic 
approach is the more useful, because it allows the scaling to be 
flexible, without fear of overranging, as long as the output is 
properly scaled. 


If equation (1) is used, it can be embodied by feeding the output 
of equation (la) into the circuit of Figure 4b. It amounts to 
subtracting from E, a correction term proportional to E, V,p/Vp, 


*NASA Tech Brief 71-10407, Lewis Research Center, J. Watson, D. Noga, J. Dolce, and 
J. Gaby, Jr., “Low-Cost Logarithmic Mass Flow Computer” 
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with a coefficient K,, determined by the resistor ratio R,/R,.* 
The output of the flow circuit can be integrated to determine the 
total mass transferred over a period of time, or it can be averaged 
by a unit-lag or other averaging filter. 


E, = 10 Seo PH 1g Lever 


Vs Ey Vr 


0<E, <10V 


PAP 
a. Approximate mass gas flow, F = K F 
E R, Rz 
(SEE (al) 
Frky [1-KaF] =a ree 
FORK <<1, F = KY ne 
(see (a) 
Kz IS PROPORTIONAL TO 
Ry /Rz 
Vp 
[Pop oP PSP 
b. Mass gas flow = Kz — -Kg—vV — 
T P T 


ce. Logarithmic circuit 


Figure 4. Mass gas flow configurations 


*The subtractor configuration of Figure 4b may be found useful for implementing many 
of the circuits in this book (and elsewhere) that call for differences of the form 
(x - Ay). The gain or attentuation, -A, is determined by R4/Ry, and the gain at the plus 
input will be unity if the resistor ratio is matched as shown. 
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OXYGEN CONCENTRATION WITH ANTILOGS 


Electrical measurements of ion concentrations are logarithmic. For 
solutions at 29°C, a relative concentration change of one decade 
(i.c., X10 or X0.1) produces a 60mV change, of appropriate 
polarity, at the measuring electrode. 


If it is desired to measure the actual (relative) concentration, the 
output of the detector is preamplified and applied to the input of 
an antilog circuit. A circuit for performing this job is shown in 
Figure 5.” 


ANTILOG CONFIGURATION 
10k 200k lees = 100A 


%Oz 
Omv 10% Eo = -sov( 22 =) 


-780m' 0.01% -10V < Ep <-10mV 
(PROPORTIONAL TO LOG CONCENTRATION) 


Figure 5. Linearizer for oxygen detector (see Chapter 4-3) 
TRANSIENT-FREE RANGING PICOAMMETER 


The conventional electrometer circuit using an inverting opera- 
tional amplifier requires large-value feedback resistors to convert 
the input current to an output voltage. If the input covers a wide 
range, either manual or automatic range-switching may be needed, 
involving several large-value resistors. 


There are a number of discomforting factors to consider when 
designing such circuits. First of all, resistances in the 1OkKMQ 
region, and greater, are difficult to obtain with tight tolerances 
and good stability vs. time and temperature. Stray capacitance 
tends to make the response of these circuits quite slow. Range 
switches tend to have leakage and capacitance; besides the 
inherent steady-state errors, the settling time after switching can 


See also Chapter 4-3, 
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be of the order of many seconds, certainly inappropriate for 
autoranging. In addition, there are all the inherent problems of 
low-level current measurement by any means: cable problems, 
attay, Capacitance and leakage, and amplifier input-circuit prob- 
lems.” > 


A workable answer to this problem (Figure 6) involves the use of 
log-antilog circuitry, similar to that employed in the Model 434 
multiplier-divider, but with one of the inputs designed specifically 
for electrometer-level current-handling. The input current is 
“logged” in the feedback circuit of Al, and referred to an input 
IREF. The ratio IN /IREF is multiplied by adding the log of a volt- 
age reference, Vp, and antilogged in the circuitry associated with 
A4. As equation (2) shows, 


R,. ln 
E —_—_—*e VR (2) 
° Ry leer 


the output scale factor may be adjusted in a number of ways, 
separately or concurrently: by the resistor ratio, R,/R,, by a 
reference voltage, Vp, or by a reference current, Ipgp-IgEp, in 
turn, may be determined by a stable low-current source. 


Since the scale factor is proportional to Vp, the gain may be set 
directly by a voltage, without the need for switch circuitry in 
automatic ranging. The saturation current of the log transistors is 
quite low, typically well below 10713A at 25°C. Since the 
saturation currents of the two transistors in each pair are 
monolithically matched, temperature affects the ratio negligibly. 
Because the monolithic dual transistors are essentially at the same 
temperature (in close proximity), the kT/q terms cancel, and the 
performance of the circuit is essentially independent of tempera- 
ture. When ranges are switched, the circuit recovers quickly (from 
milliseconds to microseconds), because the switching is remote 
from the picoampere-level circuitry. 


3See “The World of f{A—Op Amps as Electrometers,” Analog Dialogue, Volume 5, No. 2. 


Aasich- Performance Flame-Ionization Detector System for Gas Chromatography, 24 
Hewlett-Packard Journal, Volume 24, No. 7. 
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tner | * 


Figure 6. Temperature-compensated wide-range picoammeter 
with normal resistance values, non-interactive range scaling 
and voltage-adjustable scale factor 


CORRELATION AND CONVOLUTION 


These topics involve equations of the typical form 


2 
FQ) = i. f(t) > g(7 — t)dt (3) 
0 


While there is simply not enough space available in the present 
volume even to touch (however inadequately) on these topics, 
they must nevertheless be mentioned, because the high speed and 
low cost of multipliers and multiplying D/A converters, and their 
small space requirement, makes analog or partially-analog ap- 
proaches more competitive with digital techniques than has been 
the case in the past. A typical circuit that embodies (3) is shown in 
Figure 7. 


Correlation is used as a means of recovering information in the 
presence of noise or unrelated signals. If the information is 
sinusoidal, and the “noise” is an out-of-phase component at the 
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same frequency, equation (3) can be recognized as a phase- 
sensitive detector, where 7 is the delay corresponding to the 
phase-shift ¢. For signal waveshapes having less-predictable proper- 
ties, 7 is the delay of an adjustable delay line. The integration is 
performed a number of times (depending on the desired resolu- 
tion), for various values of 7 up to the full period, and each 
integration reconstructs one point on the correlation function. 
Adjustable delay lines are available, for short delays, in analog 
form (e.g., ““bucket-brigade”’ types), and for arbitrary delays, in 
digital form.° The most-popular forms of correlation are auto- 
correlation and cross-correlation, determined by the relationship 
between the functions f( ) and g( ). 


RESET 


R HOLD c 
X fo 


g{t-7) 1 


fit) 


-Eg= — if F(t) ofr — thdt 2 
F 7 
Figure 7. Basic analog correlation circuit 


Convolution of time functions corresponds to multiplication of 
their transforms in the s or jw domains. Multiplying the transform 
of an analog signal by the transform of the indicial (step, pulse, 
etc.) response of a linear circuit (i.e., its complex transfer 
function) provides the transform of the time response of the 
circuit to the analog signal. It is therefore possible to model the 
time response of a circuit to a time waveform without actually 
building the circuit by a series of convolutions of the input 
waveform with an independently-generated waveform that has 
been fitted* to conform to the desired indicial time response. This 
is an especially useful technique if the desired indicial response 
requires an unreasonable or not-physically-attainable transfer 
function. 


5 Analog-Digital Conversion Handbook, Analog Devices, Inc., 1972 
*See chapters 2-1 and 2-2 on function fitting and function generation. 
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ALARM CIRCUITS 


In a system, there are usually a number of variables the 
magnitudes of which are unimportant from the standpoint of their 
contribution to the equations of the performance or efficiency of 
the on-going process, but must nevertheless be maintained within 
given tolerances. While it is possible to convert and record or 
observe these variables, it is usually cheaper and simpler to take 
note of them only when they have deviated beyond one or more 
sets of thresholds. 


Figure 8 shows three circuits that can be used to activate alarms if 
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the input exceeds or falls below a preset threshold (a), if the input 
departs from a prescribed range of operation (b), or if the input 
departs from a reference value by more than a prescribed 
percentage (c). 


These are the simplest kinds of deviations requiring alarm. Most 
others can be constructed using them as basic elements. Using the 
Serdex system (see page 88), it is possible to obtain remote 
information on the state of both alarm-only and measured 
variables at the same time via the same twisted-pair, in the form of 
a coded printout. 


Naturally, these same alarm functions can be recognized as key 
elements of tolerance control in automated production operations 
of all sorts: machining parts, adjusting precision resistances, 
keeping machine speed within limits, etc. 


CLASSIFICATION 


For processes that must measure certain properties of objects 
(size, current-gain, resistance, brightness) and identify those units 
falling into specific classifications, the circuit of Figure 9 may be 
found useful. 


COMPARATORS 
OR HIGH-GAIN 
AMPLIFIERS 


1: Va <Vin 
1: Vin > Va 
Vin 0: Vin <Vi 


Vy 4: V2 <Vin <Vy 


TO LIGHT-SWITCHES, 
TRAPDOORS, ETC. 


Ve 1: Va <Vin < V2 


V3 12 V4 <Vin <V3 


4: Vin <Va 


Ve 1: Vin <Va 


Figure 9. Classification circuit. Latching-type comparators and/or 
hysteresis may be used to reduce ambiguities and “cycling” due 
to noise 
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The input voltage, corresponding to the measurement of the 
property of interest, is compared with a series of graduated 
reference levels. The outputs of the comparators are processed by 
simple logical operations, the outputs of which indicate uniquely 
into which grade the object whose property is being measured 
should be placed. These outputs activate the appropriate trapdoor, 
indicator light, etc. 


MEDIAN CIRCUIT 


An analog signal may be transmitted along several redundant paths 
to improve reliability or reduce noise. While simple summation of 
the outputs will reduce uncorrelated noise, the output may be 
greatly in error if one path has failed ina saturation mode. One 
means of combination that secures both noise reduction and 
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Figure 10. Median circuit continuously selects middle value 
among three inputs for noise reduction or improved reliability 
through redundant circuitry 
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protects against failure of one path involves computing the median 
signal. That is, the output is always the signal the value of which is 
between the other two signals. 


Figure 10 shows one form of circuit that can compute the median 
of three input signals V,, V2, and V3. It computes the greater of 
each pair (V,,V2), (V2,V3), (V3,V,), and then follows the least 
of the three “greaters.”’ It will therefore follow continuously the 
signal which is neither the greatest nor the least, irrespective of 
which one it happens to be at a given instant. 


It has been claimed possible, using similar circuitry, to design a cir- 
cuit that will follow the mth in magnitude among n input signals.° 


TRIGONOMETRIC FUNCTIONS AND COMBINATIONS 


Rectangular-to-polar conversion involves computations of the 
form (vector composition) 


r=,/x? + y? 


6 = tan! (y/x) 


(4) 


and polar-to-rectangular (vector resolution) involves the inverse 


operation, 

y =rsin 0 

(5) 
X =rcos 0 


Chapter 2-1 has discussed in great detail the manner of fitting 
sin @. Since the cosine of an angle @ is the sine of (90° — 6), 
circuits that fit sin @ can also be used to fit cos @ (Figure 11). 
Usually, two sine-function-fitters are needed per angle, but if the 
signal varies slowly, multiplexing may be used to allow one 
function fitter to share sine and cosine (of a number of different 
angles, if necessary). 


Se analog Sorting Network Ranks Inputs by Amplitude and Allows Selection,” 
Electronic Design 2, January 18,1973, and sequel, Electronic Design 17, August 16, 1973, 
p. 7. ; 
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ABSOLUTE 
VALUE 


= 5 + z 
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0° TO +180° 


°) 
(+180°) SINE 
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(X 1/2) +90° 


c. Cosine approximation — 4 quadrants 


Figure 17. Cosine approximations using sine function fitters 


Vector composition (4) is discussed in the text that accompanies 
Figures 20 and 21 in Chapter 2-3. 


If it is necessary to compute the tangent of an angle, the two 
schemes outlined in Figure 12 may be of interest. The first, based 
on the arctangent scheme, is the simpler but somewhat less 
accurate (within 1.4% of tan 45° up to 50°, within 2.5% of ideal 
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value up to 80°, within 2% of 10 (i.e., tan 84.3°) up to 86°. A 
more-accurate scheme, involving squaring and division, is shown in 
12b.7 


m = 0.82474 


-Vs0 Y (Z/x)™ 


CONSTANT, DEPENDING 
ON DESIRED OUTPUT 
SCALING 


a. Tangent approximation based on arctan circuit of 
Figure 21, Chapter 2-3 


2.81065 6" ~ 6/2 


RATIO = 731065 -0.810658°-@"? 


=tané 


1.81065 


b. Tangent approximation with multiplication, division, and 
summing. Theoretical absolute error less than 0.0007 to 63°, 
relative error less than 0.1% to 72°, less than 0.5% to 81°, 
less than 1.2% for all values of 6 <90°, 


Figure 12, Approximations to the tangent 
Figure 13 is a circuit for computing the difference between two 


orthogonal quantities, using an XY/Z device (e.g., the AD531 
multiplier-divider) for implicit square-rooting: 


E, =/V,2 — Vp2 =(V, t+ Va) Va — VEE, (6) 


To minimize the use of external amplifiers, the sum-term is 
obtained passively and the difference is inherently available at the 


7The equation that this scheme embodies is similar to that used (in a different guise) in a 
patented digital-to-synchro converter designed by F. H. Fish, of the U.S. Naval Avionics 
Facility, Indianapolis, Indiana. 
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differential “x” inputs. The AD741J feedback amplifier converts 
the output voltage to a current. When properly calibrated, and 
adjusted for less than 100mV error at full-scale, the output of this 
circuit will differ from the theoretical value by less than +100mV 
for any pair of input voltages over an output dynamic range 
between 10V:0.3V and 10V/0.1V. Bandwidth is dc to 100kHz for 
best accuracy and 600kHz for -3dB error. 


BV +15V 
0 


Ep = +/(W, + Vp) (Va - Vp) 
=+/V,2-Vp2 +0.1V 


© 
Va IN 


Vp IN 


CONSTRAINTS: 
Val>1Vb! 


20k 


IF Vz AND Vp ARE GAIN 
OF OPPOSITE POLARITY, 
IVal+1Vp |< 10V TRIM 
LOW-END ERROR 
20K 
CALIBRATING THE CIRCUIT 
Step Condition Adjust For 
1. CAL, V, = Vp = 0V Ey BAL Eg =0V 
2. CAL, V, = 20Vp-p, 10Hz, Vp = 0V 
Pin 13 (AD531) grounded Y BAL Min. Eg swing 
Scope sensitivity 50mV/cm(V), 100ms/cm(H) 
3. CAL, V, = Vi, = 0, 20Vp-p to pin 13 XBAL Min. Ey swing 
Scope sensitivity as in (2) 
4 OPERATE, V,, = 10.00V, Vi, = 0V GAIN Eg =10.00V 
5. OPERATE, V, = 1.00V, Vy, = 0V “Low end” Ey =1.00V 
6. OPERATE, V, = Vz, = 0V Eo BAL Eg=0V 


Figure 13. Vector-difference circuit using AD531 
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ADAPTIVE CONTROL (Figure 14) 


It has been noted, in Chapter 2-4, that the multiplier is essentially 
a remotely-operated gain control. Because it is free from the 
reliability and speed problems of servoed potentiometers, and is 
several orders-of-magnitude lower in cost, it is a natural choice for: 
variable gains in adaptive control systems. If the gain criteria are 
determined by analog computation, analog multipliers (or di- 
viders) are used; if they are determined digitally, multiplying D/A 
converters, such as the monolithic AD7520, are used. 


PROCESS 


CONTROLLER 
LOCAL 
PARAMETER- SET-POINT 
DETERMINING 


COMPUTER OTHER GAINS 
AND SET-~POINTS 


MANIPULATED 
VARIABLE 


REGULATED 
VARIABLE 


POINT 


LOCAL 
CONDITIONS 


LOCAL ~ 
GAIN 


EXTERNAL 
CRITERIA 


Figure 14. Adaptive control loop: multiplier as loop- 
gain adjuster 


LINEARIZATION 


Besides transducer linearization (discussed at length in Chapter 
2-3), another interesting applications area for nonlinear devices, 
especially high-speed multipliers, lies in linearizing inherently 
nonlinear displays. For example, aside from other sources of 
nonlinearity and error, the spot-position on the face of a 
non-spherical cathode-ray tube is subject to “pincushion” distor- 
tion and defocusing as a consequence of the inherent geometrical 
relationships. 


As a result of such distortion, the x-coordinate, the y-coordinate, 
and the spot width are multiplied by a-factor of the form 


V (a,x)? + (ay)? +1 (7) 


2-5 COMPUTING & CONTROL 163 


where x and y are the deflection voltages. 


In order to correct for this distortion, the deflection voltages 
must, in effect, be divided by this term. Although it is feasible, 
speed and accuracy limitations make it preferable to use an 
approach in which a correction term (usually small) is added to 
the deflection voltages at the deflection amplifier. In this way, 
introduction of additional nonlinearity is minimized, and addi- 
tional delay through the correction circuit applies only to a small 
correction rather than the entire deflection signal. 


The choice of a suitable additive function is not a matter agreed 

upon by all designers. Examples of functions that have been 
employed are: 

kX = AV, + BV, (CV, + DV,? + EV,Vy) (3)8 

kX = AV, + BV,(V,? + V,*) (9)? 

kX = AV, +BV, +CV,J/V,?2+V,?4+D — (10)!9 


The X-correction is shown in the above examples, but the 
Y-correction is similar in form, as is the focus correction. 


xX 
DEFLECTION 
AMPLIFIER 
Y CORRECTION 
4 
DEFLECTION 
AMPLIFIER 


Figure 15. Linearity correction for cathode-ray tubes 


LINEAR X TERM 
X CORRECTION 


FOCUS CORRECTION 


Vx 


DRIVE 


LINEARITY 
CORRECTION 
CIRCUIT 


Vy 


8 inearize Your CRT Displays,” Electronic Design 17, August 16, 1970. 


iC Op Amps Straighten Out CRT Graphic Displays,” Electronics, January 4, 1971. 


Wn istortion Correction in Precision Cathode-Ray Tube Display Systems, Intronics, 


Inc., 1970. 
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CONCLUSION 


We have shown in these chapters many of the ways that 
nonlinearity can be, is being, and will be used by system designers 
to do jobs in a practical, economical, and (often) uncomplicated 
manner. We have considered function fitting, function generation, 
instrumentation and measurement, signal-processing, and sundry 
other applications, as examples of the near-universality of the 
analog approach. 


In the next section, we shall inspect the devices that are used for 
these applications more closely, with an eye to learning more 
about how they are designed and understanding their important 
properties, characteristics, and specifications. 


Logarithmic 
Circuits 


Chapter 1 


Today’s logarithmic circuits almost invariably use the inherent 
logarithmic properties of silicon junction devices. Readily available 
in monolithically-matched pairs, they are easily compensated for 
temperature variation, low in cost, and characterized by wide 
dynamic range, typically 107A to 10MA. 


In this chapter, we discuss their basic properties, techniques for 
obtaining both thermal and dynamic stability, some commonly- 
used circuits, specifications and definitions, and means of adjust- 
ment and test. 


BASIC CONSIDERATIONS 


An “ideal logarithmic diode” would be characterized by the 
current-voltage relationship 


I=1, tV*T-1) (1) 


Connected in the feedback path of an operational amplifier 
(Figure 1), it would constrain the output voltage to be 


E, = = in(I/I,) = ms in(10) « log(I/I,) (2) 


as long as I/I, >> 1. 
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q is a constant equal to the unit charge 1.60219 X 10°C 
k is Boltzmann’s constant, 1.38062 X 1079J/°K 
T is absolute temperature, °K = °C + 273.15 
I, is the extrapolated current for E, (= V)=0 
Typical round-number values in the vicinity of room temperature 
are: 
°C °K = re 
TCK) a q in(10) 
24.21 297.36 25.62mV ~59. mV 
25% 298.15 25.69mV 59.16mV 
26.85 300. 25.85mV 59.52mV 
28.58 301.73 >26. mV 59.87mV 
29.25 302.4 26.06mV >60. mV 


Thus, at 25°C, a 10:1 change of I would produce a 59.16mV 
change of E,; an e:1 change (2.7183) of I would result in a 
25.69mV change of E,. 


Such a diode would be very useful. Since it is a 2-terminal device, 
it can be used for currents of either polarity; a number of them 
could be “stacked up” in series to obtain greater voltage; it can 
operate away from ground. Unfortunately, most diodes that are 
available as two-terminal devices have a limited range of logarith- 
mic behavior. At the high end, ohmic bulk resistance produces an 
additional voltage drop: _ 


Vv ad In(I/I,) + IRp (3) 


At the low end, the slope undergoes one or more changes of a 
multiple m* (1 <m <4) to 


v= ms in (I/I,) (4) 


Since both the magnitude of m and the value of voltage at which 
the slope changes are functions of the individual device (within a 
family), general-purpose diodes are impractical for accurate 


*This factor has been attributed to diffusion current flow in extended regions such as 
surface inversion layers or channels and to generation-recombination mechanisms in 
space-charge regions. 
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logarithmic operations over more than 1 or 2 decades, even though 
it is possible to devise a circuit to balance out the ohmic 
resistance. And special-purpose diodes are hardly price-competitive 
with diode-connected monolithic dual transistors. 


=m 
Rin i 


Figure 1. Ideal-log-diode circuit 


THE TRANSDIODE CONFIGURATION 


Figure 2a shows a transistor connected in the feedback path of an 
operational amplifier. The collector current is determined by the 
input current or voltage. The operational amplifier ideally main- 
tains the collector current equal to the input current and holds the 
collector voltage at zero. Since the base is grounded, the collector 
and base are at the same potential, though the base current flows 
independently. The amplifier output voltage, which is also the 
emitter-to-base voltage, must be whatever value is necessary to 
meet the collector constraints, while furnishing any necessary 
amount of emitter current. 


Let us now investigate the relationships governing this circuit. The 
modified Ebers and Moll equations! for emitter and collector 
currents of a grounded-base bipolar transistor are 

qV p/m kT 


qVp/kT qVc/kT 


I = Ig (€ at 1) a log (€ on 1) a Ugg le _ 1)(S) 
fei tg oS 
+ Bp (On 1) (6) 


Lefultiplication and Logarithmic Conversion by Operational-Amplifier-Transistor 
Circuits,” by W.L. Paterson, The Review of Scientific Instruments, 34-12, December 
1963. 
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where 


Veg and V¢ are the emitter-base and collector-base voltages 
Igg and Icg are the emitter and collector saturation currents 
Q&y and o, are the current-transfer ratios in the normal and 
reverse directions 

mj > 1, m; > 1 are “uncollected” current components that 
flow through the base circuit. 


a. Transdiode (PNP) b. Diode-connected transistor. 
As a two-terminal device, only 
one kind (NPN or PNP) will serve 
for either polarity of input current. 
600 


500 


AD818: Vige vs. Ie 


2 TRANSDIODE 
J 
i=) 
2 
a 
wl 
= 400 
A 
tA Ter : 
300 A si 
em | | | 
0.8 
200 0.7 
10%A 109A 108A 107A 108A 10% 
I; IN AMPERES 
c. Transdiode and diode Vge and avs. Ic for two dual 
transistor types 


Figure 2. Transdiodes and diode-connected transistors 
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For the circuit of Figure 2a, since Vc is held at zero, the 
relationship between collector current and emitter voltage (6) 
becomes 


I, =—ty lpg (CPE - 1) (6a) 


Since the operational amplifier holds the collector current equal 
and opposite to the input current, the output voltage, V; must be 


* 
Ve =A Indy /Igg)—< In oy (6b) 


for Iyy/Igs >> 1. Typically, Igg is of the order of 10719 A or less for 
most of the silicon planar transistor types used for log operations; 
therefore the relationship of (6b) should be valid over a very wide 
range of current. Oy is very nearly unity and essentially constant 
over the range of current for which (6b) is valid; therefore the 
(1n ay) term is negligible (if ay = 0.99, its contribution is about 
Y%mV of constant offset). ay in this equation should not be 
confused with the commonly-used grounded-base current gain a = 
Ic /Ig: Since the emitter current includes both the collector 
current and the m,; > 1 terms, « = I; /Ig, always less than ay, is a 
function of emitter voltage that decreases substantially at low 
values of current. Figure 2c shows plots of Vg, and a for two 
dual-transistor types widely used in logarithmic circuitry. Note 
that fidelity to logarithmic response is excellent, even at currents 
for which a is much less than 1. 


If the collector and base of a transistor are connected together, a 
two-terminal diode is created (Figure 2b). Since the current that 
flows through it is the emitter current, its behavior, according to 
this model, is governed by (5). The first term is very nearly equal 
to the collector current, the second term is zero, and the sum of 


*For PNP transistors, the input current Ij is positive in the direction shown. If the 


input current is positive in the opposite direction, an NPN transistor is used. The 
polarities of the currents and voltages in equations (5) and (6) are reversed. 
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the m; > | terms is therefore equal to the base current. Because 


= Oy g(r e - 1) [ “a (7) 


it is reasonable to consider that 1/hp, is a measure of the m, > 1 
terms. From (7), 


kT 1 
V, = Indy /Ips)— In ox 7 (7a) 
l/hg, is equal to (1 —a@)/a, therefore the error term is equal to 
+kT/q In(@/ay ). Typical values of error, according to this model, 
are 


Deg a0, _ In (e/a, ) 
(a, =1) mV @ 25°C 

1000 ~ 0.999 0.03 
200 0.995 0.13 
100 0.99 0.26 
50 0.98 0.51 
19 0.95 1.32 
11.5 0.92 2.14 

9 0.9 27 

4 0.8 5.7 

3 0.75 74 

1 0.5 17.8 


It is clear that a transistor to be used as a log diode should have 
high hp, and maintain it over a wide range of emitter current. 
Figure 2c shows a comparison of AD812 (a high-hp, dual 
monolithic transistor) and AD818 (a large-geometry dual- 
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monolithic transistor having low bulk resistance), connected as 
transdiodes and as 2-terminal diodes. Though the AD818 would 
appear to have poor performance as a log diode at low current, its 
low series-resistance makes it suitable for log operation at currents 
exceeding 1mA, more than an order-of-magnitude better than the 
AD812 at high current. 


OTHER SOURCES OF ERROR 


If Voz # 0, the other terms of equation (6) will contribute error 
currents that may significantly affect Vz, especially for low values 
of input current. From (6), in the forward conducting region, 


if 


kT lin Tos. aVo/kT 
V.. =—= In |—~-+-—>~e Sh 1) + 2 (etc.) (8) 
E E Es les 


For grounded-base applications, the amplifier offset voltage V,, 
will bias the collector voltage, as will any common-mode input 
voltage. For applications with the base driven, the designer should 
ensure that the expected swing of Vc, and the desired low- 
current range are compatible for the device employed in the 
application. The magnitude of the effective collector-current 
errors may be determined experimentally by connecting emitter 
and base together, and applying a voltage V,.* The collector 
current will consist only of the Vp #0 terms, since Vz = 0. This 
measurement with the collector-base diode forward-biased is 
worst-case, since error current is extremely low with reverse bias. 
Care should be taken to avoid applying excessive currents or 
voltages. 


Amplifier bias current, I,, will cause linearity errors, referred to 
the input, and log-conformance errors at the output (Figure 3). 


*V, ositive for PNP transistors, negative for NPN’s. 
CBP SF 


172 NONLINEAR CIRCUITS HANDBOOK 


Figure 3. Offset voltage and bias-current errors 


INPUT ERROR 

lin +1, kT in lin + Sy ™ lin 
lin q (les Tes 

0.9 - 2.7 mV 

0.99 — 0.26mV 

0.999 —26. wv 

1.000 0 

1.001 26. BV 

1.01 0.26mV 

1.1 2.45mV 


Amplifier offset voltage Egg will develop an error current in the 
feedback path, as a function of the input resistance: Eg /Ryy- 
This current will have the same effect as bias-current error. For 
measurements of current sources, where 1/R;y 70, the major 
contribution of Egg will be through its effect on Vox. 


Bias current errors may be reduced in several ways. The most 
effective and obvious is the choice of an amplifier having 
appropriate specifications. However, an amplifier with more 
modest performance (and price) may be used. In the configuration 
of Figure 4a, a compensating current is summed, nulling the bias 
current error at one temperature. In the configuration of 4b, a 
compensating resistance in series with the positive input provides 
tracking bias-current compensation (if the amplifier inputs track) 
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Ry 


=I “La (9) 


wrth 


I, 
If, for example, I, =1,, and Ry = Ry,-I¢ =Iy. Ib) Ry should 
not be large enough to cause Vc effects to be significant. This is 
seldom a problem for current levels that permit the use of 
bipolar-transistor-input op amps. 


Vin 


b. Nulling the effects of |p through symmetry 
Figure 4. Bias-current nulling 


Offset-voltage-caused current errors are reduced at one tempera- 
ture (and—to some degree—over the temperature range) by zeroing 
the amplifier. Otherwise, either the ambient temperature should 
be controlled or an amplifier having appropriate performance 
should be specified. Because Ip, may be at 10“'4A or less, it is 
important that careful consideration be given to the selection of 
an operational amplifier, and to sources of summing-point leakage 
current, since the lower limit of the log-performance range is 
usually determined by the amplifier input characteristics and the 
designer’s skill in circuiting. 


There are two additional sources of error, inherent in the use of 
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single transistors and diodes, that can be minimized by the circuit 
techniques to be discussed later in this chapter. They are the - 
temperature variation of Iz, (doubling per ~10°C increase) and 
the proportionality of kT/q to temperature (0.33%/°C at 25°C), 
amounting to about 2mV/°C, an intolerable 8%/°C (per e) change. 


CLOSED-LOOP STABILITY 


In operational amplifier circuits, a necessary condition for stability 
is that phase shift around the loop be less than 180° at the 
frequency at which the loop gain A$ drops through unity. On a 
Bode plot for a circuit using minimum-phase (RC) networks, this 
implies that A and 6 have slopes differing by less than 40dB/ 
decade when they cross at unity loop gain (Figure 5). In 
operational amplifier circuits with passive feedback components, 
1/6 is never less than unity. Therefore, if the amplifier gain rolls 
off at 20dB per decade to unity, the circuit must be stable with 
resistive feedback. 


However, in the transdiode connection, the feedback path, both 
active and nonlinear, may have voltage gain at the higher 
input-current levels, and even purely-resistive feedback (if pos- 
sible) would not insure stability, since the unity-gain crossover 
may occur at a frequency at which the amplifier gain is 
considerably less than unity, accompanied by large phase shift. 
Moreover, the fact that gain is a function of signal level may force 
a choice between stability at high levels and bandwidth at low 
levels. 


The effective feedback admittance, for small changes of the 
emitter voltage, is 


= Pele = Seat (10) 
a4 E 


Since the emitter and collector currents are nearly equal at the 
high end, the resistance looking into the emitter circuit is also 
0.026/Ic. 
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log | GAIN | 
(A, 1/8) 20dB/DECADE 
{6dB/OCTAVE) Lae 
40dB/DECADE ls > 


AMPLIFIER = 
OPEN-LOOP GAIN FUNCTION 


20dB/DECADE 
OdB/DECADE 


GAIN>1 


B<i 


20dB/DECADE 


60dB/DECADE 


GAIN<1 
B>4 
i 


z*! 


Numbers indicate idealized examples. 


AMPLIFIER OPEN-LOOP PHASE 


HDEALIZED EXAMPLES: 
1. Unity gain follower: 90° phase shift at unity gain; Stable 
2. Unitdag rolloff: 180° phase shift at unity gain; Unstable 
3. Same as (2), but with phase lead: 90° at unity gain; Stable 
4. Rolloff, but amplifier has phase lead: 90° at unity gain; Stable 
&. Fast amplifier rolloff + feedback rolloff: 240° at unity 
gain; Unstable 
6. Gain in feedback path (like transdiode}; no feedback rolloffs 
at ail, but phase shift is 250° because of amplifier; Unstable 
7. (6) with rolloff and lead: 90° phase shift at unity gain; Stable 
Figure 5. Bodé-plot stability analysis showing stable and un- 
stable loop-gain (AB) situations. AB = A/{1/B). On log scale, 
loop-gain can be estimated graphically (log AB = log A - 
log (1/8)), 0 dB at crossing. Numbers indicate 


idealized examples. 


The range of rg is quite large: for example, it is 26 ohms at mA, 
and 26 megohms at InA. Therefore, it is impractical to seek to 
stabilize the circuit by the conventional tactic of connecting 
capacitance directly across this feedback element. For example, to 
obtain a break frequency of 1.6MHz at the high end, 0.039yF 
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would have to be paralleled with the log transistor. This means 
that at the low end, the break frequency is 1.6Hz! Furthermore, 
the amplifier might have difficulty driving a 26-ohm load, even if 
to only about 0.6V maximum. (Most op amps are rated for loads 
of 1kQ or more.) 


A simple solution to this dilemma is to connect a resistor Rg in 
series with the amplifier output and the emitter (Figure 6). It 
unloads the amplifier and serves as an attenuator between the 
amplifier output and the emitter. The feedback capacitor C,, 
connected from the amplifier output to the summing junction, can 
now be considerably reduced in magnitude; however, since the 
_ Output is still taken from the emitter (and still servo’d by the 
loop), the circuit will be considerably faster in response. Rp 
should be as large as possible, consistent with the output 
specification of the amplifier. Since the current through it is equal 
to the emitter current plus the load current, and the maximum 
diode voltage is about 0.7V, then, for a 10V amplifier, 


9.3V 
EV Iioth 


ys) 
IR 


(11) 


Rg also protects the junction against excessive values of forward 
voltage. 


Figure 6. Transdiode circuit with stabilizing elements 
Re andCc 


The choice of feedback capacitance depends on the summing- 
point capacitance and the maximum and minimum current levels. 
Its value can be determined from the Bodé plot (Figure 7), 
obtained as follows: 
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The small-signal response of the feedback portion of the loop, 
B = AV;/AE, can be obtained from 


AV. 

a (1 +R,C,p) = (AE, — AV,)C,p + AI, (12) 
where 

AE, AE, * 
AI = = 
cour ©6URe thE 
Solving for B, 
‘ AV, — RR 1+(Rg +r)C,p 13 
OTE, “Rpt lt Rc, + Cp eS) 


If the input is a current source (R, > °%) 


1+(R, +1,)Cp 


= a 14 
b~ Rt) +Cp cca 
At high frequencies (p > jw >> 2nfr) 
= C, 
Se C+C, (15) 
At low frequencies, for the voltage case (R, finite) 
R, 
- R, +1, (16) 


Noting that rg is inversely proportional to Ic (from 10), the time 
constants containing rg, will be proportional to rg for low values 
of I, and constant (=R, ) for high values of Ic. 


*The effect of load resistance can be included by adding reRE/R, to (RE + rg) 
wherever it appears. 
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In order to achieve small-signal stability, the numerator break 
frequency w,=1/(Rg + rg)C, should be at least 1 octave less 
than (i.e., %) the frequency at which 1/8 = 1 + C,/C, crosses the 
amplifier’s open-loop gain plot, at the highest value of Ic. 


For example, if Rg = 2.2kQ, w,= eu rad/s, C; = 10pF, rg (@1mA) 
= 262, 


Sane eee (17) 
2200C, “ 21+G IC, 


¢ 


Solving for C, gives: 88pF; hence, 100pF would be a reasonable 
value. 


a) Model for stability analysis 


log A.B AMPLIFIER 
OPEN-LOOP GAIN 
20dB/DECADE 


4 
(Re + re) Cg 


Rs (C, +Cc) \<t— >> 20dB/DECADE 


(Re + te) (Cy + Ce) 


b) Bodé magnitude plot 


Figure 7. Bodé plot stability analysis of transdiode circuit 
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PRACTICAL CIRCUITS 


The basic circuits that we have considered so far are of little 
practical value because of their temperature sensitivity. Also, the 
output level depends on the value of the reference current, 
alps, which differs from device to device, and is in any event 
quite sensitive to temperature, approximately doubling for each 
10°C increment. The scale factor, kT/q, changes in proportion to 
absolute temperature, 0.33%/°C in the vicinity of room tempera- 
ture (27°C). 


For two matched transistors (Vg_, match for constant collector 
current and temperature) the ratio of the alg, terms tends to be 
constant with temperature. For this reason, log transistors are 
nearly always used in pairs, in order to compensate for variations 
of al; with temperature. Compensation is achieved by perform- 
ing the subtraction: 


kT, | xr, & _xrl,4 alps 
ip oe 1 =X | ins 1n—22] C18) 
q “lp 4 Oleg, 4 L oles, 


The error term is a constant very nearly equal to 1n(1) = 0; if it 
cannot be ignored, it can be biased out by a fixed value of voltage 
or current in a subsequent stage. 


The subtraction may be’performed with a subtractor, as in Figures 
8 and 9, or by connecting the log elements in series opposing, as 
shown in Figures 10, 11, and 12. 


In Figure 8, the outputs of Al and A2, shown with NPN 
transistors, 


(19) 


are subtracted in the circuit of A3 to obtain the output 


_R kT 
Boos R4 > (in + + const.) const. 70 (20) 
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Figure 8. Log ratio circuit with temperature-compensated IES 


Performance of this log ratio circuit is now independent of Ig, if 
the transistors are adequately matched. For a single input, I, , the 
ratio reference I, may be fixed at whatever value is desired to 
normalize I, . That is, if 1, =1,, In(I,/I,) = 0. 1, may be set, for 
example, at the upper or lower end of I,’s range, or at the 
geometric mean, for symmetry. 


Since kT/q is not usually considered a convenient value of voltage, 
R,/R, can be scaled to provide an appropriate value of gain. If, 
for example, it is desired that the output of the circuit have a scale 
factor of 1V/decade 


E, = K log,o(I, /I,) = 1.0 log, (1, /I) (21) 


then R,/R, =q/(kT 1n10) = 16.903 at 25°C. 


If the temperature sensitivity of this circuit (0.33%/°C) is too 
great for the desired stability and range of temperature variation, 
it may be followed by a gain stage having an equal-and-opposite 
temperature coefficient. In Figure 9, the unity-gain subtractor is 
followed by a follower-with-gain circuit. The resistor Ryc is 
chosen so that the gain equation 


G=14+5~> (22) 


Ry 


R, 
Cc 
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has a sensitivity of -0.33%/°C. For example, if G= 16.9, and Ryc 
= 1kQ at 25°C, R, = 15.9kQ, and the temperature coefficient of 
Rrco & +0.35%/°C. 


For the convenience of the circuit-designer, the Model 751 
logarithmic circuit element contains a pair of matched transistors 
(751P: PNP’s, 751N: NPN’s) and a resistive divider designed to 
provide a temperature-compensated gain in log transistor circuits 
(See Chapter 4-1). 


h 


Figure 9. Log ratio circuit with compensation for both IES 
and k T/q 


The circuits of Figure 8 and Figure 9 were shown without the 
dynamic stabilization elements Rz, and C,, for clarity in presen- 
tation. However, they would be used in the manner of Figure 6 in 
the circuits of both Al and A2. 


While the circuits of Figures 8 and 9 are workable, they tend to be 
expensive to implement and are rarely used by designers of 
constant-reference logarithmic converters. The circuits of Figures 
10 and 11 are somewhat more representative. With minor 
modification, they can be used for antilog operations. They differ 
from the circuits of Figures 8 and 9 in that they perform the 
subtraction by a series-opposing connection of the log diodes. 


Figure 10 demonstrates the principle. I, is the input current; it 
may be furnished by a current source, or it may be developed 
through an input resistor Rjy by an input voltage V;y. I, is either 
a reference or a second input current furnished by a current 
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source. The emitter-to-base voltage of Q1 is s-kT/q In (I, lols 5). 
Assuming that Q2 has high hp, (and that the base current is 
therefore negligible), the emitter-base voltage of Q2 is -kKT/q In 
(1, /alg 5 >). 


Vin Ra 


Figure 10. Temperature-compensated log circuit 


Inasmuch as the base voltage of Q2 is E, Rrc/(Rz + Ryc), the 
base voltage of Q1 is 0, and both emitters are at the same voltage, 


kT 1, kT I, 
v, -SL in i i ee eee (23) 
& a als, q ales, 


R, R [aT , | es 
E = jl +s35—/] V, =- jl +s) ~— In]= —! 24) 
7 Ric} ? Ric | 4 I, ales, 
The “bootstrap” connection of V, to the reference input of A2 
ensures that the collector-base voltage of Q2 is held at zero, since 
the negative input of A2 follows V,. However, it also requires that 
I, be furnished from either a current source, a voltage source 


referenced to V2, or a high voltage source in series with a large 
value of resistance. 


The resistive divider compensates for the temperature variation of 
Mg and provides a magnified scale factor. If (1 + R,/Rrc) 
= 16.9, at 25°C, 
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I 
, (25) 


E, = _ 1V > 10849 1, 


Figure 11 shows a similar circuit, with a fixed current reference, 
for accurate log conversion of a single current or voltage input 
signal (or sum). The reference current is equal to Vz 1 /R3. 


I V 
IN IN 
E = Klog,. -— = Klog,,. = (26) 
2. 10 TREF 10 Ener 


where 


and 


Figure 11. Temperature-compensated log circuit with internal 
current reference 
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Resistor R6 allows the high end of the dynamic range to be 
extended beyond 1ImA; its negative-resistance effect tends to 
cancel the voltage drop of the bulk resistance of Ql]. It is 
calculated by the formula of (27) 


(27) 


where Rg = Bulk Resistance. 


INVERSE OPERATION 


If the positions of the input resistor and the log element are 
interchanged, the same basic circuit configuration may be used to 
obtain the antilog 


-V,4/K 
= IN/* _ 
E, = —Eper € = 


N' 10 


(28)* 
In Figure 12, assuming that Q2 operates with a value of reference 
current sufficient to ensure logarithmic operation unaffected by 
base-voltage variations of +600mV, 


or, to base 10, 


_ E, agg 
= -(In 1 O)log9 Rha “ales, (31) 


*EReF = Iper Ry 
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If alps, = Alps,» and 


az + | In 10=K,, 


q Ric 
then 
—V,.,/K 
E.= Ri do)) (31) 
Eo 
Vin 
Eo = Ri Iner (10) “"N/* 
\ WHERE k=Zin 10 [1+ =e | 
Figure 12. Antilog (exponential) circuit 
LOG MODULES 


The circuit of Figure 11 is similar to the circuit used for Models 
755 (N and P) and 752 (N and P). The principal difference 
between the two families is that the 755 is a complete, self- 
contained log circuit, including output amplifier Al, with fixed 
choices of K (2/3, 1, and 2) and fixed (but modifiable) Ipgp, 
specified for operation over 4 decades of voltage and 6 decades of 
current, while the 752 has a 7-decade range of input current, 
requires an external amplifier, and has an approximately 10:1 
range of adjustment for both K and Iprp (Figure 13). Since the 
major source of error in the 755 at the low end is the amplifier, 
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the 752 can be used with a choice of operational amplifiers to 
obtain a wider current or voltage range. It also permits greater 
flexibility of parameter choice and can be used in complementary 
pairs to assemble sinh or sinh™! (“bipolar log’’) functions. 


O K=2v 
LOG FEEDBACK 
oR 
ANTILOG INPUT 
(CONN! 
TOGETHER FOR 
«= 2/3) 


LOG INPUT 
R 


ANTILOG FEEDBACK 
Vin © 


TRIM Eos 


Figure 13. Comparative block diagrams of log/antilog 
modules {simplified} 


NOMENCLATURE AND CHARACTERISTICS (N vs. P) 


For all logarithmic devices that offer a choice between an ““N” and 
a “‘P” version, N signifies that an NPN transistor is used as the 
basic log element; P signifies a PNP transistor. 


For N versions (Figure 14), 

® Input voltage or current for the log connection is always 
positive. 

® Output voltage for the antilog (exponential) connection is 
always positive. 

_@ Output voltage for the log connection is negative for Vin > 
ErEerF or lin > IREF> positive for Vin <EREF or In < 
IREF- 

@ Output voltage for the antilog connection is more positive 
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than Epp with negative inputs, less positive than Ep pr with 
positive inputs, equal to Ep pp for zero input. 


@ In the log connection, output approaches positive limits as 
Vin Or jy approach zero. 


®@® In the antilog connection, output approaches zero when the 
input has large positive values. 


OUTPUT VOLTS 


8 
MODEL 755P MODEL 755N 
—INPUT CURRENT ~1 +INPUT CURRENT 
LOG OF CURRENT 


1 OUTPUT VOLTS 


MODEL 755P MODEL 755N 
—INPUT VOLTS +INPUT VOLTS 
Gone 


LOG OF VOLTAGE 


Figure 14. Output vs. input of Model 755N & 755P 
in log connection (log input scales), showing voltage, 
and polarity relationships 


For P versions, 


@ Input voltage or current for the log connection is always 
negative. 


® Output voltage for the antilog (exponential) connection is 
always negative. 
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® Output voltage for the log connection is negative for Vjy > 
ErREF* or lin > IREF> positive for VIN < EREF or lin < 


IREF- 
® Output voltage for the antilog connection is more positive (less 


negative) than Eppp with negative inputs, less positive than 
Ep EF With positive inputs, equal to Ep gp for zero input. 


@ In the log connection, output approaches negative limits as 
Vin Or yy approach zero. 


@ In the antilog connection, output approaches zero when the 
input has large negative values. 


SPECIFYING LOGARITHMIC DEVICES 


Errors of logarithmic devices may be referred to either the input 
or the output. Since it is a useful property of the logarithm that 
equal ratios of input produce equal output increments (for a given 
scale factor) we may translate percentage errors at any level of the 
input to millivolt-level changes at the output, or vice versa. For the 
purpose of specifying log devices, it is conservative to assume that, 
if the direction of an error is unknown, it be considered to reduce 
the magnitude of the argument (i.e., log 0.8, 20% low, is —0.097, 
while log 1.2, 20% high, is only 0.079). The following tablef relates 
percentage input errors (low) to millivolt output increments for 3 
commonly-used values of K. K is in volts/decade (volts per 
change-by-a-factor-of-ten). 
TABLE OF EQUIVALENT ERRORS 


Output error (mV) 
Error R.T.L Error RTO =—-K logy ql = RTI/1 00) 
% low K=1V K=2V K=2/3V 

0.1 0.43 0.87 0.29 
0.5 2.18 4.35 1.45 
1.0 4.36 8.73 2.91 
3.0 13.2 26.5 8.82 
4.0 17.7 35.5 11.8 
5.0 2253 44.6 14.9 

10.0 45.8 91.5 30.5 


*i.e., Vpyq more positive or less negative than Eppp 
tSee also Table 4, Chapter 4-1 
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For intermediate values, linear interpolation is quite adequate. 


It is not considered good practice to state (log) output error in 
percent unless it is clearly stated that the error is in percent of . 
nominal K or of full-scale (= 7K) or of some other such measure. 


When applying devices such as the Model 755 (used as our 
example here), a firm understanding of the error sources associ- 
ated with log amplifiers is beneficial for achieving best results. The 
principal error sources are of two kinds: 


1. Parametric errors, due to tolerances and changes in the 
constants of the ideal log equations, including offsets. 


2. Log conformity error, the error that remains when all 
parametric effects have been removed by nulling and cali- 
bration. 


Parametric errors are stated separately for voltage and for current 
operations, as defined in the equations 


Vi4—- E 

= IN ‘os 
pom —-K log, 9 Ene 

and 

L,,-I 

IN Os 

E. = -Klog,, ———— (32) 

- 10 Ter 


Scale Factor (K) is the voltage change at the output for a decade 
(i.e., a 10:1) change at the input, when connected in the log mode. 
Error in scale factor is equivalent to a change in gain, or slope, and 
is specified in percent of the nominal value. K is positive for “N” 
types and negative for “P” types. Its specification for Model 755 is 
1% maximum tolerance and 0.04%/°C maximum change with 
temperature (0°-70°C). 


Offset Voltage (E,,) depends on the operational amplifier used for 
the log operation. Its effect is that of a small voltage in series with 
the input resistor. For current logging operations with high- 
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impedance sources, its error contribution is negligible. However, 
for voltage logging, it modifies the value of Vj x. Though it can be 
adjusted to zero at room temperature, its drift over the tempera- 
ture range should be considered. In the 755, E,, is zero +400uV, 
with a maximum drift of +15uV/°C. 


Reference Voltage (Epp) is the effective internally-generated 
voltage to which all input voltages are compared. It is related to 
the internally-generated reference current Ip¢p by the equation: 
Egger =IperRin, where Ryy is the value of input resistance. 
Typically, Ip gp is considerably less stable than R,y; therefore, 
practically all the tolerance is due to Ip pp. In the 755N, Epgr is 
nominally +0.1V + 3% (3mV max), with a maximum temperature 
coefficient of 0.1%/°C. In the 755P, Eppp =—0.1V, same 
tolerances. 


Offset Current (I,,) is the bias current of the amplifier, plus any 
stray leakage currents. This parameter can be a significant source 
of error when processing signals in the nanoampere region. For 
this reason, it is held to within 10pA (doubling per 10°C increase) 
in such devices as the 755. 


Reference Current (ppp) is the internally-generated current 
source output to which all values of input current are compared. 
Ip gr tolerance errors appear as a DC offset at the output. For the 
755N, Ipgep is t10uA + 3% + 0.1%/°C max (polarity of Ipgr is 
negative in 755P). From the table, +3% tolerance of this input 
parameter corresponds to +13.2mV at the output, an offset that is 
independent of input signal and removable by adjusting the 
reference current (where possible), adding a voltage to the output 
by injecting a current into the scale-factor attenuator, or simply 
by adding a constant bias at the output’s destination. 


In addition to the parametric errors, log-conformity error must be 
considered. When the parameters have been adjusted to compen- 
sate for offset, scale-factor, and reference errors, the output will 
be found to still deviate from ideal logarithmic behavior (princi- 
pally at the extremes of the range). Since the behavior of an ideal 
log device is linear on a semi-log plot, log conformity error is the 
deviation from a straight line on a semi-log plot over the range of 
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interest. For Model 755, the best linearity of the log relationship is 
found in the middle 4 decades of the current range (10nA to 
100uA). For this range, the log-conformity error is +0.5% RTI or 
2.18mV RTO (K = 1). 


It should be obvious that the large number of degrees of freedom, 
both parametrically, and in terms of the user’s variables, would 
make it difficult to summarize a log devices’s specifications in one 
overall number. As an alternative, sufficient information is 
provided to calculate performance to fit the desired range. While 
the Model 755 specifications were cited for the sake of example, 
the reader should naturally seek to acquaint himself with the 
properties of devices available at the time he initiates a design 
effort, via data sheets, the A D Product Guide, and other media. 
Complete specifications of the 755 are listed at the end of this 
chapter, to aid the reader’s understanding of device behavior. 
Applications information about specific devices is available in 
great detail on their data sheets. 


LOG AND ANTILOG DEVICES 


In logarithmic circuits of the type we have been discussing, we can 
view the causal explanation of what basically happens as follows: 


1. Current is applied at the input of the circuit, developing an 
amplifier input voltage. 


2. The amplifier output voltage changes in the opposite direc- 
tion. 


3. The amplifier output voltage, applied to the input (Vp_) of 
the log diode, causes a collector current to flow that balances 
the amplifier’s input current, and holds the input voltage at 
zero. 


4. The amplifier’s output is proportional to the log of the input 
current; but the log diode’s output current is proportional to 
the antilog of its input voltage. 
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Thus, we can consider any log device as consisting of an 
operational amplifier and an antilog (exponential) circuit. As 
noted earlier, if we interchange the input resistor and the feedback 
element, we will therefore have a circuit that develops an antilog 
input current at the summing point, and a corresponding antilog 
voltage at the output.* 


In the antilog connection, the same sources of error are present 
and can be considered in the characteristic equation 


Vin /K 


E, = Eppp(10) +8, (33) 


Errors appearing as constant increments of input will give rise to 
constant percentage errors at the output. 


The 755 can be connected for either log or antilog operation. The 
752 can be connected for either log or antilog operation when 
used with an external operational amplifier. The chart (Figure 15) 
compares the operating ranges of the 752, with a variety of op 
amp types, and the 755, subject to the constraint of +2% error 
over a +10°C range. A chopper-stabilized amplifier (233J) maxi- 
mizes the voltage range; a low-bias-current FET (42J) maximizes 
the current range; a general-purpose FET (40J) minimizes cost. 


LOG MODULE 752 OPERATING WITH OP AMP 
2335 425 405 
Op Amp Type —>>- internal-High Chopper Electrometer Economy 


Performance FET Stabilized FET FET 


Input Range for 
42% Error, Over +10°C 


Vin’ 3.5mV to 10V 500xuV to 10V 37.5mV to 10V 25mV to 10V 
Es Drift 150uV 10nV 750nV 500nV 

lin 1nA to IMA 3.5nA to IMA 50pA? to mA 5nA to mA 
log + log Drift 20pA 70pA 1pA 100pA 


Lowest.cost 
for a complete 
log amplifier 


Extends lower 
limit of current 
range 


Extends lower 
limit of voltage 
range. Minimum 
drift and offset 
errors, long term 
stability 


Relative Costs (1-8) 


1 Values selected are consistent with a 10kS2 input register. 
2 Log conformity error restricts the lowest input signal to 100pA. 


Selection Criteria Complete log 
amplifier, high 
performance, 


trimmed internally 


Figure 15. Comparison of capabilities of 755 complete log/ 
antilog module and 752 log/antilog transconductor 


*It is also possible to consider the log diode as a current follower, isolated from the 
amplifier’s output voltage by Rp, that develops the log voltage as an output (by-product) 
across TR. 
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For applications calling for a variable reference, or the log of a 
tatio, the 756 has been designed. It has log ratio conformity of 
1%, typically over 7 decades (4 decades of numerator change, 3 
decades of denominator). Figure 16 shows typical % error, referred 
to the ratio, as a function of In, for 4 values of Ip . 


ERROR —% 
REFERRED TO INPUT 


T0nA 0.1uA in = 1nA 10pA 0.1mA 


Ip = 1002A ---—— 10nA WA —-.—__ B.1pA 


Figure 16. Log-conformity errors of Model 756 log-ratio module 


DYNAMIC ERRORS 


Speed and frequency response of logarithmic devices depend on 
scaling, the signal level and the direction of change. Typically, 
above luA, the response is dominated by the integrator time 
constant, changing little with signal level. Below IpA, rgC, 
dominates the response, reducing speed in proportion to the input 
current. A tabulation of typical 755 response time follows. It is 
interesting to note that response time is shorter for increasing 
signal magnitude than for the same decreasing increment, because 
the new current value determines the speed. 


Ln (increasing) Time lin (Decreasing) Time 
InAto 10nA lms 10nAto InA 4.5ms 
10nAto100nA 100us 100nAto 10nA 400us 
100nAto IlypA Tus 1pA to 100nA 30us 
lpAto I1mA 4us ImAto lyA 7 ps 


The logarithmic response will of course distort wide-ranging 
sinusoids, as will the asymmetric and nonlinear delay times. 
Frequency response is therefore given in terms of small-signal 
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response at differing current levels. Typical frequency response 
(—3dB) of the 755 is 


Ly —3dB frequency 
InA 80Hz 
1A 10kHz 
10pA 40kHz 
imA 100kHz 
TESTING LOG DEVICES 


The following equipment (or its equivalent) will be found useful in 
performing the basic tests to be discussed. 


Picoampere Current Source Keithley 261 

Precision de Voltage Standard Electronic Development Corp. 100N 
Function Generator Hewlett-Packard 3310A 

Digital Voltmeter Hewlett-Packard 8300A 
Oscilloscope Tektronix 543B 


with Type 1A5 preamplifier 


In this section, circuits and techniques will be discussed for the 
evaluation of some of the basic log-device parameters, such as 
Scale Factor, Log-Conformity Error, Reference-Current accuracy, 
Response Time, Bandwidth, and Input Offset (to the degree that 
they apply to a given log device). For the 755, which is a 
complete, self-contained “black box,” all of these parameters 
apply; they will be discussed in the context of measurements of a 
T55. 


For brevity, pin-number connections will be referred to. The 
relationship between pin connections and circuit functions can be 
seen in Figure 17, a simplified functional diagram of the 755N. 
The principles, however, are applicable to all similar devices. The 
results will depend on the care with which measurements are 
performed. 


Scale Factor (K) has been defined as the change in output voltage 
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COM -15V 


Figure 17. Connection diagram of model 755 


for a decade (10:1) change at the input, when connected in the log 
configuration. It is the slope of a semi-log plot of the output. 


Scale factor is most-easily measured using a current source (Figure 
18). Apply a value of current I, to pin 5 (input summing point) 
and measure the output. Increase the current by a factor of 
exactly 10 to 10I, and again measure the output. The scale factor 
K is simply the difference between the two measurements. 


CURRENT 


10 tina 1K1=|Eo1-Eoz! 
OR 
1/10 tind 


hin2 = 


(a ed 
SUPPLY 


Figure 18. Scale-factor measurement with current input (shown 
fork = 1) 


If it is desired to measure scale factor in the voltage mode, it is 
first necessary to carefully adjust the input voltage offset to a 
value near zero. A sensitive adjustment can be performed using the 
circuit of Figure 19, with the voltage input (pin 4) grounded. 
Using an external 100kQ 10-turn trim pot, the output is adjusted 
(K = 1) to a value between +4V and +5V, for N-type devices. (For 
755P, the value would be between —4V and —5V.) Since Ep gf is 
107'V, an output voltage between 4V and 5V, with the input 
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grounded, indicates that E,, is between 4 and 5 decades lower, or 
1—10zV. 


After adjusting the offset voltage, the scale factor can be measured 
in the same way as for a current input (Figure 18), by taking the 
difference between the outputs for successive values of input 
Vin : and 10Vyy . applied to pin 4. 


SUPPLY 


Figure 19. Trimming Egs in the log mode 


Reference Voltage is the input voltage at which the ratio of 
input-to-reference becomes unity; the log output at that value 
should be zero. The value of reference voltage for a given unit is 
thus measured by empirically applying precisely-determined 
voltage to the input (4) in the neighborhood of Eprr (0.1V for 
755N), and adjusting for zero output. The reference voltage can be 
modified either by connecting an external resistance of appropri- 
ate value to the current input (5) and using it as the input resistor, 
by modifying the current reference, or by adding a constant in an 
external summing amplifier at the output. In any of these 
instances, the new value of reference voltage can be calibrated by 
applying precisely the value desired at the input, and adjusting for 
zero output. 


Reference Current is the value of input current at which the ratio 
of input-to-reference becomes unity; the log output at that value 
should be zero. It is measured similarly to reference voltage, by 
applying a precisely-measured adjustable input current and adjust- 
ing for zero output. Ipgp for 755N is about 10uA. Ipgp can be 
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modified by adding a constant in an external summing amplifier at 
the output or by modifying the reference source. It is an input 
variable in the 756 log ratio unit, adjustable in the 752 log/antilog 
transconductor, and fixed in the 755. However, it can be modified 
in the 755 by applying a current from a current-source to an 
unused K pin (1 or 2). The value of current required is 664A per 
decade of shift. If it is required for correction only, 0.29uA per 
1% change is the approximate sensitivity; for small shifts, the 
current may be developed by voltage in series with a high value of 
resistance (= 2.2MQ). 


Log Conformity error is the difference between the actual output 
voltage and the output voltage predicted by the log transfer 
equation, with the effects of offsets, reference shifts, and scale 
factor either nullified or taken into account. A plot of output vs. 
input on semi-log paper should be a straight line. Any deviation 
from a straight line is log conformity error. (Output is measured 
on the linear scale, input on the log scale.) Apply enough input 
voltage or current values over the range of interest to allow a 
smooth curve to be drawn connecting the plotted values of 
output. The input should be accurately determined, the output 
accurately measured, and the paper sufficiently large to permit 
tolerances of the magnitude of interest to be observed. A “‘best 
straight” line may then be drawn; the deviations from it represent 
log-conformity error. 


A more sensitive way of plotting is to subtract the expected value 
of output from the actual value and plot that result (the total 
error) on the linear scale vs. input on the log scale. A “‘best straight 
line” will then show the average slope and offset error, and the 
deviations from it the log-conformity error. Output error may be 
referred to the input via the Table of Equivalent Errors (p. 188). 


Dynamic Measurements are performed by observing small changes 
from or about an appropriate bias level. The current input may be 
used to sum a dc bias and a voltage input (in series with a large 
external resistance) for incremental changes (Figure 20). 
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For example, to measure the response time for I, increasing from 
10nA to 100nA or decreasing from 100nA to 10nA, apply 10nA 
to pin 5 (of the 755N). Through a 1OM® resistor, apply a 0.9V 
square pulse, starting from OV. This will produce an incremental 
current step of 90nA, and an overall input swing of 10-100nA. 
Assuming that the pulse is of adequate width, response to both 
increasing and decreasing steps can be seen at the same time. At 
the output (K = 1), the increasing-input step response will swing 
from +4V to +3V; the decreasing-input response will swing from 
+3V to +4V. 


FUNCTION 
GENERATOR 


OR APR 


oc 
CURRENT 
SOURCE 


Pcie mee 


ee RK 
ee 


— 
AL = ——— = 90nA 


s bal to 100nA 


Figure 20. Performing incremental response measurements 


Frequency response is measured typically by using a +5% 
sinusoidal deviation about a fixed input value. For example, at the 
1A level, the deviation will be +50nA. Apply IuA dc to the 
current input (5), and sum it with 100mVp-p through a 1MQ 
resistor. The output swing at low frequencies should be 
43.5mVp-p. Increase the frequency, maintaining the input ampli- 
tude constant, until the output amplitude is 30.5mVp-p. This is 
the frequency at which the output amplitude is down 3dB from its 
low-frequency value. 


3-1 LOGARITHMIC CIRCUITS 199 
CONCLUSION 


Logarithmic devices have been summarized in Part 1, and 
applications have appeared throughout Part 2. This chapter has 
discussed the basic properties of logarithmic devices, techniques 
for obtaining thermal and dynamic stability, some commonly-used 
circuits, specifications and definitions, and means of adjustment 
and test. Chapters 4-1, 4-2, 43, “Aids for the Designer,” will 
provide further information, as well as guidelines for selection and 
use of devices for log, log ratio, and antilog applications. 
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APPENDIX TO CHAPTER 3-1 - 
COMPLETE SPECIFICATIONS OF A TYPICAL LOG/ANTILOG 
MODULE (MODELS 755N & 755P) 

(typical @ +25°C and +15VDC unless otherwise noted) 


TRANSFER FUNCTIONS DYNAMIC RANGE OF INPUT 
Log of Current 120dB 
eee Tin logs InA to 1mA (755N) 
° cee Ca ~InA to —1mA (755P) 
Log of Voltage 80dB 
aa Ein ~ Fos ImV to 10V (755N) 
° S10 “iB = —ImV to —10V (755P) 
Antilog of Voltage 
E =Eppp 10!  £E -2<E, /K<2 
‘o.~=6 REF ~ “Os Sin 
TRANSFER FUNCTION PARAMETERS 
Symbol Value Tolerance Drift Note 
K 2/3,1,2V. 1% max +0.04%/°C max 1,2 
ER EF 0.1V 3% max +0.1%/°C max 2 
Iper 10uA 3% max +0.1%/°C max 2 
Eos O+tol. | +400unV +15uV/°C max 3 
log 0+ tol. +0,-10pA max 2x/10°C 
LOG CONFORMITY ERROR REFERRED TO INPUT 
Input Current Conformity Input Voltage Conformity 
Range Error Range Error 
inA to 10nA +1% max 
10nA to 100uA +0.5% max ImV to 1V +0.5% max 
100uA to lmA +1% max 1V to 10V +1% max 
1nA to imA (Total Range) +1% max 
RESPONSE TIME 
I, , Gincreasing) Time I, , (decreasing) Time 
inA to i0nA lms 10nA to InA 4.5ms 
10nA to 100nA 100us 100nA to 10nA 400yus 
100nA to lvA Tus 1A to 100nA 30us 


IpA to ImA 4us ImA to lvA Tus 
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SMALL SIGNAL FREQUENCY RESPONSE 


Tyy(Level) 3dB Down At 
InA 80Hz 
1A 10kHz 
10uA 40kHz 
imA 100kHz 


NOISE REFERRED TO INPUT, 10kHz BANDWIDTH 


Noise Voltage 2uV rms 

Noise Current 2pA rms 
RATED OUTPUT (Note 4) 

+10V, +5mA 


POWER REQUIREMENTS (QUIESCENT) 


+15V, regulated 1%, 7mA 
TEMPERATURE 
Operating 0°C to +70°C 
Derated ~25°C to +85°C 
Storage —55°C to t125°C 
MECHANICAL 
Case Size 1.5” X 1.5” X 0.4” 
Weight 38.1 X 38.1 X 10.2 mm 
1 oz. (28.3g) 
PRICES 
(1-9) $55.00 
(10-24) $49.00 
NOTES: 
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1. Use terminal 1 for K = 1V, terminal 2 for K = 2V, terminals 1 and 2 (shorted 


together) for K = 2/3V. 
. Parameter is + for 755N, — for 755P. 
. Externally adjustable to zero. 
. No device damage due to any pin being shorted to ground. 
« Specifications subject to change without notice. 
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Multipliers 
Chapter 2 


An analog multiplier is a device that produces an output voltage 
or current that is proportional to the product of two or more 
independent input voltages or currents 


E, = V,V,/V, =K VyVy (1) 


The proportionality constant, 1/V,, has the dimension V~!. V, may 
be identifiable with a specific voltage or current in the circuit, or 
it may be independently determined. It is usually fixed at 10V. 


The operating range of a multiplier may be defined in terms of its 
inputs. For two inputs, and a possibility of two polarities for 
each input, there are four combinations of polarity. They can be 
visualized as the four quadrants of the X-Y plane (Figure 1). 


Saree: eeeeeenel 


Vy MIN 
Figure 1. Multiplier operating coordinates 
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A pair of inputs within the operating region uniquely determines 
the multiplier’s output voltage. A multiplier that can accept all 
four combinations of inputs and provide outputs of appropriate 
polarity is referred to asa ““4-quadrant multiplier.” “Two-quadrant” 
multipliers respond to a + signal at one input and a unipolar 
signal at the other. For instance, if a multiplier responds to +V,, 
but only +V,, will it operate in the half-plane of quadrants I and 
IJ, indicated by shading. 


One-quadrant multipliers respond to unipolar inputs in a single 
quadrant only. If both V, and V,, are limited to positive values, 
the multiplier operates in the first quadrant: Occasionally, one 
will find a multiplier that responds to the appropriate number of 
quadrants, but with inverted output polarity. Its equation is 
E, = -KV,V,. A multiplier that responds to one or more of its 
inputs in a single quadrant can be used for multiple-quadrant 
operation by being preceded by an absolute-value circuit, and 
followed by a sign-magnitude output circuit, with output polarity 
determined by input polarity (a procedure almost as cumbersome 
as it sounds but typical of such devices as some multiplying D/A 
converters). Multi-quadrant operation can also be achieved by 
offsetting the inputs and output (see Figure 21). 


TECHNIQUES OF MULTIPLICATION 


At present, the two most-common means of performing electronic 
analog multiplication are variable-transconductance and pulse- 
width, pulse-height modulation. A third method, log-antilog, is 
gaining in popularity, particularly for low-speed high-accuracy 
calculations. 


The circuit design, and the factors affecting overall performance 
of these three types of multipliers will be discussed in detail in 
this chapter. 


Many other types of multipliers and modulators have been, and 
still are, used in analog-computing, communications, and instru- 
mentation circuits. Examples of these are quarter-square, diode- 
ring, FET, and magnetic (e.g., Hall effect). The design of these 
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types will not be covered here; however, much of the discussion 
of specifications and testing could be applied to them. 


CHARACTERISTICS OF MULTIPLICATION 


Since the algebraic properties of multiplication are the determining 
factors in the design and specification of analog multipliers, a 
review of a few of these properties and their correspondence to 
physical multiplier performance will aid understanding. 


One of the most salient properties of multiplication, with direct 
implications for design and characterization, is the fact that the 
product is zero for three kinds of input pairings. 


Input Theoretical 
State Output Error Parameter 
0-0=0 Offset 
2 0-Y=0 Y-Null, or Y Feedthrough 
3 X:-0=0 X-Null, or X Feedthrough 


Another important property is the relationship of the magnitude 
of the product to the inputs. If we assume that both products 
are always less than V, (i.e., V, is full scale), as is the case for most 
popular multipliers, then the product is always less than or equal 
to V, 


4 0<IV,, VyI < V, Input Constraint (2) 


5 IV, ° V,/V, <V, Output Constraint (3) 


If the two inputs are not equal, the product will be less than the 
smaller input, if the conditions of (2) are met, i-e., if 


IV1< [Vy (4) 


and 
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IV, V,/Vi1< V, (5) 
then 

IV, V,/ViI < Vx (6) 


Equations 2-6 illustrate that the output of an ideal multiplier is 
well-behaved for small inputs: the output goes to zero as either 
or both inputs are reduced to zero. The arialog multiplier circuits 
discussed in this chapter come surprisingly close to following this 
ideal behavior, assuming that the first-order (or linear) errors are 
adjusted to zero. The reason for this is that the nonlinear com- 
ponent of error (f (V,;Vy)) is a continuous function of V,, and Vy 
that goes to zero as V, and V, are decreased to zero. The foilow- 
ing sections, describing the sources of multiplier errors, and the 
relationship to circuit design, will show why this is so. 


The multiplication function can be represented by a surface in 
three dimensions embodying the equation 


Z=XY (7) 


The shape of the surface can be outlined in terms of the follow- 
ing characteristics 


1. Output (Z) is zero along the X and.Y axes (zero feedthrough). 


2. If one input is constant, then the output is linearly propor- 
tional to the other input, with a slope (“Gain”) determined 


by the constant input. 


3. If the two inputs are equal (X = Y, or X =-Y), then the out- 
put is proportional to the input squared. This produces two 
tangent parabolas of opposite polarity at right angles corres- 
ponding to the diagonals in J-ITI and I-IV. 


The surface that fits these requirements is the hyperbolic para- 
boloid, or “‘saddle-surface,”’ as sketched in Figure 2. The parabolic 
branches correspond to the intersections of the surface with verti- 
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cal planes through the diagonals and parallel to the diagonals (con- 
dition 3). The straight-line elements correspond to the intersec- 
tions of the surface with vertical planes parallel to the X and Y 
axes (condition 2), and the surface passes through the X-Y plane 
along the X and Y axes and their intersection of 0 (condition 1). 


\ 


er, 
i’ 
' 


Figure 2. Four quadrant multiplier — input/output surface 


Horizontal planes intersect the function in hyperbolas. That is, a 
contour map would show a family of right hyperbolas climbing 
hills along diagonal I-III and sinking into valleys along diagonal 
I-IV (Figure 5). 


208 NONLINEAR CIRCUITS HANDBOOK 


The corners of the surface labeled 1, 2, 3, 4 in the figure represent 
the maximum outputs of the multiplier in the respective quadrants. 
These maxima occur at the four combinations of +X and +Y. 


To some, the thought of a multiplier as a nonlinear device may 
seem paradoxical, despite the fact that it is clearly nonlinear. 
After all, any practical measurement of a multiplier’s gain charac- 
teristics, performed at constant values of X or Y, will yield a 
linear output-input relationship, that is, the multiplier acts as a 
linear amplifier with gain KX. In fact, one thinks of a “linear” 
multiplier as one that obeys the ideal relationships of (1). 


Clearly, with one input fixed, the multiplier is indeed a linear 
device and could, in concept, be replaced by a fixed-gain amplifier. 
The signal input can not cause the gain to vary, so it will be 
linearly reproduced at the output. 


If both inputs are varied, the response is indeed nonlinear. For 
example, if the same input is applied to both X and Y, the output 
will be proportional to the square of the input. This is clearly 
nonlinear behavior, fitting neither the proportionality nor the 
superposition criteria for linearity (see p. 1). 


If Vin = Vy Fuge kVy (8) 
If Vin = V2 | ad Oe (9) 
If Vin = V, + V2 Four # K(V,? + V7) (10) 


The geometrical interpretation is that the hyperbolic paraboloid 
is a developed surface, a curved surface that can be constructed 
from straight-line elements — like the cylinder or the cone. 


That the ideal analog multiplier is a linear device, if one input is 
maintained at a constant value, is a useful fact, one that makes it 
easy to characterize, adjust, calibrate, and measure the behavior of 
real multipliers in linear terms despite their inherently nonlinear 
nature. 


3-2 MULTIPLIERS 209 


ERRORS IN PRACTICAL ANALOG MULTIPLIERS 


The output of a practical multiplier will differ from the theoretical 
product of its inputs by a generally unpredictable amount, e, as 
defined in the equation ; 
E, =K V,V, + e(V,, Vy) (11) 


It will be quite helpful in discussing multiplier circuit properties 
to expand the error indicated symbolically in (11) into terms 
directly related to error sources in the circuit. There are four 
primary sources of static (or dc) error in an analog multiplier 
(dynamic errors are discussed later, in the section on multiplier 
specifications) 


Error Symbol 
1. Input Offsets Xos5, Yos 
2. Output Offset Los 
3. Scale Factor AK 
4. Nonlinearity F(X, Y) 


The influences of these errors can be applied as follows 
E, = (K + AK) {(v, # Xo) (Vy + Yes) Zo, A/G (12) 
Multiplying out and combining terms 
E,= KV, Vy +AKV, Vy + (K+ AK) | Vy Yost VyXost YoXost Zot (XY 
TT ee 


e(X,Y) (13) 


This lengthy array of error terms can be untangled by considering 
each separately: 


Term Description Dependence on Input 


KV, Vy True Product Goes to zero as either or both 
inputs go to zero 


AKV, V, Scale-Factor Error Goes to zero at V,, V, =0 
x"y y 
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Strictly speaking, the following terms are multiplied by K + AK, 
but the effect of AK can be ignored, since the product of AK and 
another error is a second-order error, and hence negligible. 


VS Yoe Linear “X”’ Feedthrough Proportional to V,, 
Due to Y-input dc Offset 
Vy Xos Linear “Y” Feedthrough Proportional to V, 
Due to X-input dc offset 
os Vos Output Offset due to Independent of V,,V, 
X,Y Input Offsets 
Zos Output Offset Independent of V,,,V, 
F(%Y) Nonlinearity Depends on both Vx : 
V,- Contains terms 
dependent on V,,Vy, 
their powers and cross- 
products, 


The error of a practical analog multiplier, e(X,Y), can be visualized 
as a surface representing the difference between the actual multi- 
plier output and the theoretical value. The error surface will be, 
in general, warped, twisted, and not level, much like a section of 
hilly countryside. Figure 3 shows a hypothetical error surface for 
a four-quadrant multiplier. The elevation, or Z coordinate of the 
graph, represents the error, e(X,Y) defined by 


e(X,Y) = E,(actual) — KV, V, = E, — V, Vy/V, (14) 
where 
E, = measured value of multiplier output voltage 
V,, = X input voltage 
V, = Y input voltage 
KV, V, = Ideal output voltage 


e(X,Y) is the measured voltage corresponding to the sum of the 
error terms in (13). 
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Verron 


Verror =Eour measureD — Va 


XreepTHRouGH 


-, 
me 
~m 


YreepTHROUGH 


XNONLINZARITY. 
Vy = FULL SCALE 


YNONLINEARITY + 
Vy = FULL SCALE 


Figure 3. Multiplier error plane 


Using an error surface to describe the static error of an analog 
multiplier may seem awkward, but it is the easiest way to visualize 
the whole three-dimensional effects of the individual error com- 
ponents in (13).* 


For example, consider the effect of “linear” X feedthrough V, Y,,. 
Assuming that Y,, is a small positive quantity, then as V,,.increases, 
the output of the multiplier will increase in proportion. As Vx, goes 
negative, the output will go negative. This effect is clearly indepen- 
dent of the Y input, since equation 10 shows Vx Yo; as an additive 
error. The result of the linear X feedthrough is to tilt the plane about 
the Y axis, as shown in an end-on view of the XY plane, Figure 4. 


Similarly, the effect of X offset (“‘linear’” Y feedthrough) is to 
tilt the whole error plane about the X axis. The effect of dc off- 
set, X,Y), + Z,;, is to move the whole plane up or down on the Z 
(output) axis. 


*The error surface is primarily an aid to visualization. It, and the 2-dimensional contour 
representation (“iso-vers”: iso-equal, ver(ity)-accuracy), have been used for this pur- 
pose, However, because of wide differences in form of the error function from unit to 
unit, and for a given unit under various stages of adjustment and thermal environment, 
error surfaces are of little use as compact presentations of data for individual devices, 
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Figure 4. Linear X feedthrough, can be viewed as section of 
the error surface at Y =0 


The effect of the scale factor, AK, considered alone, is to create 
an error surface defined by 


e(XY)x = AKV,V, (15) 


Figure 5. ISO-VER representation of 1% positive-scale- 
factor-error surface {all other errors zero), contour inter- 
val: 70mV 
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This is just a scaled-down version of the multiplier output 
V, = KV,V,. Therefore, the scale-factor error surface must be a 
hyperbolic paraboloid, as sketched in Figure 2, but much smaller. 
Figure 5 is a 2-dimensional contour (“‘Iso-ver”) representation. The 
effect of nonlinearity, f (X,Y), is to introduce curvature on the 
nominally-straight-line elements parallel to the X or Y axis. That 
is, a section through the multiplier output surface parallel to the 
XZ or YZ plane is no longer a straight line (Figure 6). 


Zz 


Figure 6. X nonlinearity can be viewed as section of the 
error surface at any value of Y 


To summarize, a two-input analog multiplier has 4 sources of 
“trimmable”’ static error. Referring to (13), these are 


1 X-input offset (Linear Y feedthrough) 
2.  Y-input offset (Linear X feedthrough) 
3. Output offset 
4 


Scale-factor error 


The effects of these four errors can be reduced to zero by intro- 
ducing equal and opposite offsets for errors 1, 2, 3, and by precise 
adjustment of the scale factor, or gain, for 4. After the four errors 
are adjusted to zero, the remaining error will be due to the inherent 
nonlinearity of the multiplier, f(X,Y). The nonlinearity is generally 
irreducible; however, in certain cases, a large percentage of it can 
be cancelled, as will be described in the transconductance multi- 
plier section. 
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TRANSCONDUCTANCE MULTIPLIERS 


The variable-transconductance multiplier is the simplest type of 
analog multiplier, at least in concept. One input variable controls 
the gain (transconductance) of an active device, which amplifies 
the other input in proportion to the control input. 


A wide variety of active devices, such as transistors, FET’s, vacuum 
tubes have been used, with varying degrees of success, to make 
“transconductance” (or “‘transresistance’’?) multipliers and modu- 
lators for analog computing or communications signal-processing. 
However, almost all of the “transconductance” multipliers avail- 
able today use silicon junction transistors as the active elements, 
because of the transistor’s linear and consistent relationship 
between collector current and transconductance, given by equa- 
tion (16) 


=— | (16) 


where 


I, = collector current in amperes 

Ve = base-emitter voltage, in volts 

q = unit of electronic charge = 1.60219 X 10-19 coulombs 
k = Boltzmann’s constant = 1.38062 X 10-23 joules/°K 

T = absolute temperature, degrees Kelvin = °C + 273.15° 
q/kT = 1/(25.69mV) at 25°C 


The multiplicative property can be seen for sufficiently small 
increments AI,, AV,, (Figure 7) 


Al, = pr k * AV be (17) 
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Figure 7. NPN transistor nomenclature 


Equation (16) is derived by differentiating the simplified junction 
equation* 


TL, =aylgg (eo 1 (18) 


ay = charge transport factor = 0.99 
Iz = emitter saturation current, 10-!2 to 10-14 A @25°C 


with the assumption that the collector-base voltage of the tran- 
sistor is zero, 
I, 
=- >>I, 

les 
yet the current levels are low enough so that ohmic resistances 
(e.g., base spreading resistance, emitter contact resistance, and 
bulk resistance) are negligible. For a typical monolithic dual tran- 
sistor, this means collector currents of 100A or less. At 100uA, 
the transconductance is about 1/260mho at 26°C; parasitic resis- 
tances of about 30, typical of monolithic transistors, reduce the 
transconductance by about 1%. 


A simple, 2-quadrant variable-transconductance multiplier can be 
constructed from a pair of transistors and a few resistors, as shown 
in Figure 8. If the output of this multiplier is considered to be the 
difference between the collector currents of Q1, Q2, then equa- 
tions 19 and 20 define the output-input relationship for this cir- 
cuit 


; ee Vy + 0.6 03 
hy hy “Ale “aT az xaos 1 Me (19) 
Al, = 8.3 X 106 (V, +0.6)V, at 25°C (20) 


*See equation (6), Chapter 3-1. 
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4.7kQ 


Vy (NEGATIVE) 


i 


Figure 8. Simple 2-quadrant variable-transconductance multiplier 


As (20) shows, the output collector-current difference is propor- 
tional to the product of the input voltages, V,, V,, with the 
following limitations: 


1. 


The Y input has a 0.6V offset due to the assumed (constant) 
Vgr’s of QI and Q2. Thus, the most-positive value of V, that 
can be accepted is -0.6V. Also, Vi. is not constant. The 
Vpe Of QI, Q2 increases as |V,| increases, introducing non- 
linearity on the Y input. Both problems can be fixed by 
using a more-elaborate voltage-to-current converter to replace 
the Y-input resistor. 


The scale factor is a function of temperature, decreasing at 
~0.33%/°C near 25°C. This might be fixed by using temper- 
ature-compensating resistors on the X input, but it is hard to 
get precise compensation. 


The X input is nonlinear, due to the exponential relationship 
between collector current and base-emitter voltage (18). The 
1000:1 attenuator on the X input reduces the +10V range to 
+10mV between the bases, so that the actual X signal is less 
than the junction constant kT/q (25.69mV @ 25°C). How- 
ever, even this small signal can result in 7% nonlinearity for 
X-input signals. The nonlinearity can be decreased by increas- 
ing the X-input attenuation, but at the cost of decreased 
signal-to-noise. 
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For the above reasons, the differential pair is not particularly use- 
ful or attractive as a high-level analog multiplier. However, it is 
quite effective as a mixer in RF applications, where the incoming 
signal is already quite small (millivolts or less). 


There is a good, inherently simple solution to the nonlinearity, 
limited-dynamic-range, and temperature-coefficient problems of 
the simple differential pair!. Gilbert’s circuit has rapidly gained 
universal acceptance, because of its low errors (~1%), wide band- 
width (>100MHz possible), and relative simplicity. In fact, it 
has become synonymous with “transconductance” multiplication. 
The basic circuit, shown in Figure 9, uses the logarithmic pro- 
perties of diodes (or diode-connected transistors) to compensate 
for the exponential nonlinearity on the base inputs (hereafter 
labeled ““X” input, for convenience) of the differential pair. 


The balanced X input currents, Ip,, Ip,, flow through diodes D1, 
D2, establishing voltages V,, V3, which are proportional to the 
log-of-current (ay = 1) 


I 
kT Dy 
V, =— In — 21 
1 ‘ad ~~ Ies, me 
2a ks, 


Figure 9. Linearized 2-quadrant multiplier (principle) 


lea New Wide-Band Amplifier Technique,” by Barrie Gilbert, IEEE Journal of Solid- 
State Circuits, December, 1968, Volume SC-3, No. 4, pp. 353-365, 
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Since the collector currents of Q1 and Q2 are exponential func 
tions of their base-emitter voltages (18) or the differential input 
voltage (Vez, — Vgz.,), it is reasonable to assume that the loga- 
rithmic input voltages provided by D1, D2 will cancel some, if 
not all, of the exponential nonlinearity of Q1 and Q2, resulting 
in a linear relationship between Ip, Ip., and lo, ; Ic, In fact, the 
linearization is perfect in theory, and almost perfect i in practice, a 
surprising and useful result that can be demonstrated as follows: 


Assumptions: 


1. Pairs Q1, Q2 and D1, D2 have zero differential offset voltage 
if Ic, = Io, and Ip, ad Ip,- 
2. QI, Q2, D1, D2 obey the ideal junction equation (18) 


The sum of the voltages V, to V, around the loop from the 
cathode of D1 to QI, Q2, and the cathode of D2, must be zero 


V,—-Vt+¥—V\ =0 (23) 
Wea y Ay, (24) 


The base-to-emitter voltages of QI, Q2 are proportional to the 
logarithms of their collector currents 


I 
=v =k? Cy 
Vea Vs Me (25) 
I 
ee _kT Cy 2 
VBE, - V4 = In TEsa, ( ®) 


Substituting for V1 through V4 in (24) 


Ip Ip Ic Ic 
AT in pt Sn = En SE aa 
q ES, 4 ‘es, 4G  Igsq, 4 lesa, 
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Cancelling the kT/q terms and rewriting the differences of logs as 
logs of ratios 


Ip les, a Ic, lesa, ‘oi 
Ip les, Ic, lesa, 


The constants will all be equal if the transistors and diodes are 
matched, as has been assumed 


Ine— = In —— (29) 


by _ | (30) 
b, ky 


This important result states that the ratio of the “output’’ currents 
Ic,, Ic, is linearly proportional to the ratio of the input currents, 
Ip; Ip,, irrespective of temperature or the magnitudes of the 
currents! In other words, the linearization is ideally perfect, and 
the input-output transfer of X is constant with temperature. 


The multiplier relationship can be derived directly from (30). The 
X input is assumed to be a difference 2AI, between the two diode 
currents Ip, and Ip,. The Y input controls the emitter currents 
Iggr- The multiplier output is the difference 2A, in the collector 
currents of Q1 and Q2. 


Ip, = Ie + AI, (31) 
Ip, =k — Ak (32) 
—I, <AI, <i, (33) 


Ic, +Ig, = alpeF = I, (a = 1) (34) 
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Ql, Q2 and D1, D2 are assumed matched, and Q1, Q2 have high 8 
(> 100, a = 1). 


Icy = Ty/2 + Alc/2 (35) 
Ic = Iy/2 — Al/2 (36) 
-ly/2<AlIg<Iy/2, Iy>0 (37) 


Substituting for I, and Ip in (29) 


Ix +Alx _ Iy/2+Alc/2 Bs 


with a little bit of algebra, 


Al, === (39) 


The output current is proportional to the product of the X input 
difference current AI, and the Y input current, and inversely 
proportional to the X static current I,, which can be seen to 
determine the scale factor as a linear 2-quadrant multiplier (bi- 
polar AX input and unipolar Y input). The circuit can also func- 
tion as a two-quadrant divider, with I, constant, a unipolar 
denominator (I,,), and a bipolar numerator (AI,). This linearized 
multiplier (Figure 9) has outstanding performance, and it repre- 
sents a great improvement over the simple differential multiplier 
in the following ways. 


1. Wide bandwidth: the circuit is basically “current-mode.” At 
current levels of several mA, bandwidths over 1OO0OMHz can 
be obtained. At the lower current levels (< 1mA) normally 
used in multipliers, bandwidths of 1 to 10 MHz are readily 
achieved. 


2. Excellent linearity: (39) indicates that the input-output rela- 
tionship is exact for multiplication. In practice, there are 
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some small errors, < 1%, that will be discussed later. Never- 
theless, it is greatly improved over the unlinearized multiplier. 


3. Excellent temperature stability: (39) indicates that the input- 
output relationship is independent of temperature. In a prac- 
tical circuit, there will be some slight temperature dependence 
due, in part, to the change in 8 of transistors with tempera- 
ture (we have assumed 8 effects negligible in arriving at (39)). 
Changes in gain with temperature can be held to 0.02%/°Cor 
less — more than an order-of-magnitude improvement over the 
simple differential multiplier (0.3%/°C). 


4. Wide dynamic range: Since the X (base) input is linearized, 
the ratio of X input currents can be varied over a range almost 
equal to -I, < Al, < |, allowing much greater input signals 
than the differential pair. 


As a consequence of these advantages, the linearized “gain cell” 
has become almost universally accepted as a general-purpose multi- 
plier building-block. With slight modification, it can be used 
directly as a 2-quadrant multiplier circuit. 


Two-Quadrant Multiplier 


The circuit of Figure 10 is an example of a workable 2-quadrant 
multiplier. The differential X input current is obtained from a 
differential pair Q6, Q7 with emitters coupled by resistor R1. 
Constant-current sources Q8, Q9 provide the I, bias to the emitters 
of Q6, Q7. The 100kQ emitter resistor R1 determines the differ- 
ential X current, Al,, per volt of input, V,. 


The X input current drives the emitters of the diode-connected 
transistors Q2A-B, rather than the collectors (or anodes) as in the 
circuit of Figure 9. This “inverted” connection is much easier to 
drive, since the emitters present low impedance and readily accept 
the current from the X input stage, Q6, Q7. The only practical 
difference between the “inverted” circuit and the basic current 
cell is that the output will also be inverted (i.e., “180° out of 
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phase with the input’’). This is easily corrected by proper phasing 
of the output amplifier. 


The Y input current is derived from the closed-loop controlled 
current source A1-Q5. If Q5 has very high 8 (> 400), then the 
_ collector current of Q5 will be V,/Ro; with negligible error. Diode 

D1 protects the base-emitter junction of Q5 from breakdown, in 
the event of positive Y input voltage. The differential output 
current (between the collectors of QIA-QIB) is converted to a 
single-ended voltage by the dynamic bridge R3, R4, R5, R6, and 
A2. The resistances must be very closely matched (0.1%) to mini- 
mize output voltage errors due to changing common-mode input 
voltage with the Y input signal. 


Ai,A2 AD741d 

Q,,Q, AD8&18 
ALL RESISTORS 

6TO £1% 1/8W METAL-FILM 


GAIN 


TO +10V 


pa | 


-15V 


Figure 10. Practical 2-quadrant variable-transconductance 
multiplier 


The two-quadrant multiplier is especially useful where very low 
feedthrough on one input is required. With the Y input at zero, 
the output is effectively disconnected from the input, providing at 
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least 80 dB attenuation of any X input signal. Along with this 
advantage goes a disadvantage: as the Y input is reduced in magni- 
tude, the current in Q1A and Q1B decreases, and the bandwidth of 
the circuit is reduced. 


Four-Quadrant Multiplier 


The basic two-quadrant linearized multiplier circuit can be 
extended to operate in 4 quadrants, accepting bipolar signals on 
either the X or Y inputs. This is accomplished by adding a second 
differential pair, Q3A-B, with bases connected in parallel with the 
bases of QI, as shown in Figure 11. The collectors of the added 
pair are cross-connected to the collectors of Q1A-B. The single- 
ended Y current source of the 2-quadrant multiplier is replaced 
by a differential current source, Q10, R2, Q11, identical to the X 
current source. 


Figure 11. 4-quadrant variable-transconductance multiplier 
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One output of the paired Y current source is connected to the 
emitters of QJA-B, the other to the emitters of Q3A-B. V, now 
varies the ratio of the currents through the differential pairs, 
QIA-B, and Q3A-B, and therefore controls their relative gains. 
For example, if Y = 0, then I, = [,, and the gains of the two 
pairs are equal. Since their collectors are cross-coupled (bases in 
parallel), the outputs subtract, so there will be zero net gain fora 
signal on the X input. In this “balanced” condition, the X input 
experiences null suppression 


Es = Ve *0=0 (40) 


if V, = 0. 


If a non-zero voltage is applied to the Y input, then the currents I, 
and I, will be unbalanced 


I, =I,9 + Vy/Ro (41) 


This unbalance allows an X input signal to appear at the multi- 
plier output, since the gains of pairs QIA-B and Q3A-B no longer 
cancel. For a positive Y input, I, will be greater than I,, and the 
gain of Q1A-B will predominate; this will produce a positive out- 
put voltage (for positive X). On the other hand, the gain of Q3A-B 
predominates for negative Y inputs, causing a negative output 
voltage for a positive X input, or a positive output voltage for a 
negative X input. 


The signal transfer operation from Y input to output is analogous 
to that in the 2-quadrant multiplier. If the X input is zero, and 
transistor pairs Ql, Q2, Q3 are matched, there will be zero output 
for any value of Y, since the change in currents I, and I, will 
divide equally between the sides of Q1A-B and Q3A-B. 


E,=0*V,=0 (43) 
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The overall output-input relationship of the multiplier can be 
developed from (39) as follows (I, =I,). The output of QIA-B 
is 


ALI 
Alc, = as (44) 
Similarly, for Q3A-B, 
AI, 
Ig as L (45) 


Since the collectors of QIA-B and Q3A-B are cross-coupled, the 
output currents will subtract. The difference is AI,: 


AI, =Alc, Alc, (46) 
AI 

Al, =~ dy - 13) (47) 
— 


Substituting for I, and 1, from (41) and (42) 


AI 
Alc = a (yo + Vy/Rz — Ig9 + Vy/Ro) (48) 
(9) 
Since lho =. I39 


Alc = 2 Six . Vv (49) 
Io R2 


The net differential output current will be converted to a single- 
ended output voltage by Al and R3, R4, RS, R6, just as for the 


two-quadrant multiplier 


Eo = Alc R3 (50) 
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(50) can be reduced to 


The 


2R3 


Boe Vey 
OT RIR2I9 | * CY 1) 
-I,R, < Vy <I,R, (52) 
-I,R, < V, <1,R, (53) 


scale factor of the ays is set by R3/R,R,I,, which 


has the required dimension of V~}, 


Performance of the 4-Quadrant Transconductance Multiplier 


The overall performance of the variable-transconductance multi- 
plier is excellent, making it the most popular type of electronic 
analog multiplier. The reasons for the success of the Gilbert 
linearized multiplier are threefold: 


1. 


Good accuracy: Overall error of less than +1% of full scale 
(100mV in 10V) is easily achieved. Errors are proportional 
to input levels and tend towards zero as the inputs go to 
zero (except for dc offsets, which can be adjusted to zero). 
In fact, the “nonlinear” errors can be bounded by a simple 
linear equation 


€,. 
e(X,Y) = —— V, + —~ Vy » 54) 
where 


€, = specified % nonlinearity on X input 


€, = specified % nonlinearity on Y input 
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2. Wide bandwidth: up to 10MHz for voltage-output multipliers, 
over 1O00MHz with current output. Bandwidth is independent 
of signal level or input path (X or Y), for bandwidths 
< 10MHz. 


3. Relative simplicity and low cost: The variable-transconduc- 
tance multiplier can be constructed using “discrete” com- 
ponents, or it can be made in “monolithic” form. In either 
case, the inherent simplicity and consistency of performance 
of the circuit make it less expensive than any other four- 
quadrant multiplier. We will discuss each of these factors in 
more detail, to relate them to the practical circuit and limita- 
tions of the components. 


Factors Affecting Accuracy of the Transconductance 
Multiplier 


So far, in our discussion of the variable-transconductance multi- 
plier, we have assumed that the transistors obey the ideal junction 
equation, are perfectly matched, and have infinite current gain. 
We also assumed that all currents in symmetrical paths are equal, 
except for differences caused by injection of signals. In a practical 
circuit, the transistors and resistors are not “ideal” and are never 
(well, hardly ever) perfectly matched. These mismatches and 
departures from “‘ideal’’ behavior give rise to linear errors (input 
and output offsets, scale-factor errors) and nonlinear errors (2nd 
and 3rd harmonic distortions). 


The linear errors can be theoretically adjusted to zero, and prac- 
tically adjusted to negligible levels, as discussed in the introduction 
to this chapter. Four trim points are indicated in Figure 11: 


1. X Offset: used to adjust linear Y feedthrough to zero 
2. Y Offset: Adjusts linear X feedthrough to zero 
3. Output Offset 


4. Scale Factor, or “gain” 
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Nonlinear Errors 


The primary source of nonlinearity in the variable-transconduc- 
tance multiplier is current unbalance or offset-voltage mismatch 
between the two differential pairs, Q1A-B and Q3A-B. A 500uV 
mismatch between the offsets of these pairs will cause 1% (of 
full-scale) nonlinearity and feedthrough on the X input. This non- 
linearity will be proportional to Ve as illustrated in Figure 12. 
Fortunately, since it is possible to ‘‘match-up”’ pairs in a discrete 
circuit, or lay out “identical” transistors in an integrated circuit, 
for an average offset mismatch less than 500zV, the X nonlinearity 
is usually less than 1%. 


X NONLINEARITY 
20mV/DIV. 


X=+10 x=0 X=-10 


Figure 12. Parabolic X nonlinearity 


Because the second-order X nonlinearity is relatively independent 
of the Y input signal amplitude, the X? nonlinearity can be signi- 
ficantly reduced by cross-coupling a fraction of the X input signal 
into the Y input, as will shortly be described. 


Another source of potential X? nonlinearity is unbalance of the 
currents through the diode-connected transistors, Q2A, Q2B, when 
V, = 0. The currents can be equalized by using closely-matched 
resistors in the X current sources. 


The X input can exhibit considerable third-order (S-shape) non- 
linearity under some conditions, as Figure 13 illustrates. The 
cubic distortion is caused by an ohmic component of emitter 
resistance in the differential pairs Q1A-B, Q3A-B. The ohmic (or 
constant) resistance decreases the transconductance from the 
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theoretical value of qI,/kT and thus causes nonlinearity. Since 
high-speed multipliers are operated at high current, these ohmic 
nonlinearities will be seen to force a speed-vs.-accuracy tradeoff. 


The Y input of the transconductance multiplier has relatively 
low nonlinearity, typically +0.1% to +0.2%. The offset-voltage 
mismatch in the differential pairs, QIA-B and Q3A-B, and the 
initial Y input currently unbalance have negligible effect on the Y 
nonlinearity and feedthrough, so it is consistently low. 


o- | AGAR Se 

a, 
Oe 

eee 


X=+10 ) X=-10 


X NONLINEARITY 
20mv/DIV. 


Figure 13. Cubic X nonlinearity 


The X and Y input-voltages to differential-current converters can 
introduce nonlinearity if the emitter resistors are not large com- 
pared to kT/q!, (269 at I, = ImA, T = 300°K). 


Dynamics of the Transconductance Multiplier 


The transconductance multiplier has wide bandwidth and fast 
transient response, since it is basically a current-mode circuit. 
Current-output bandwidths of 100MHz and greater can be obtained 
by operating the multiplier transistors at emitter currents of 10mA 
or more. However, circuits designed for the best de accuracy 
operate at much lower currents: 10uA to 1mA, with bandwidths 
of 1 to 1OMHz. The bandwidth limitation is primarily due to the 
output amplifier, which converts the difference of the collector 
currents to an output voltage. 


The bandwidth of the 4-quadrant variable-transconductance multi- 
plier is the same for the X or Y input, and is independent of 
signal level, except for the slew-rate limit of the output amplifier. 
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Linearizing the Transconductance Multiplier 


The 4-quadrant variable-transconductance multiplier circuit, Figure 
11, has predominantly second-order nonlinearity and feedthrough 
on the X input, for the reasons discussed above. The nonlinearity 
on the Y input is usually negligible compared to the “X”’ distor- 
tion. If all of the first-order errors — linear feedthrough, output 
offset, scale-factor error — are adjusted to zero, then the multi- 
plier input-output relationship can be closely approximated by 


E, =KV,V, + 5Vz f(Vy) (55) 


If the nonlinear term, 6V2 f(V,) isindependent of (or not strongly 
influenced by) V. y? then Hie 6v2 nonlinearity could be cancelled 
by adding or subtracting a BOrtign of the X input signal to the Y 
input, as shown in Figure 14. 


Fortunately, the 6X? nonlinearity is not a strong function of the 
Y input (i.e., f(Y) is nearly constant), so the cancellation scheme 
works reasonably well in practice. Usually, the X* component of 
feedthrough (Y = Q) can be reduced to less than 0.1% of full 
scale (60dB null suppression), and the X nonlinearity (Vy = 10V) 
can be reduced by a factor of 2, with a corresponding reduction 
of overall error. 


MULTIPLIER 


Eo 


Eo aK X(Y-3-X) + 5X2 

=KXY~-5 X27 45 xX? 

=sKXY 
Figure 14. Improving linearity by cancelling second-harmonic 
distortion 


A method of applying the X linearization to a multiplier is shown 
in Figure 15. This approach relies on fairly low source resistances, 
100Q or less, and the availability of both + and - (differential) Y 
inputs. On many multipliers (e.g., all Analog Devices multipliers of 
this type), the Y, trim terminal can be used as the -Y input, for 
the linearization circuit (but not always with the same sensitivity). 
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K Vx (Vy1 -Vy2) 


Eo =KXY 
Yo +Y; t5Vx2 
= B Eo, ¥=0 
SELECT Rg IF 5Vx? ISPOSITIVE ~—m» x 
Eo, Y=0 
SELECT R, IF Vx? ISNEGATIVE ——@» x 


Figure 15. Applying linearization to a multiplier 


Figures 16 to 18 show the results of applying the linearization to a 
multiplier. Note especially the reduction in both low-frequency 
and high-frequency feedthrough. 


The cross-coupling linearization technique could be applied to the 
Y input, but the Y nonlinearity is generally already so low that 
“diminishing returns” sets in. 


435 

X NULL 
20mV/div 
{VERTICAL) 
2V/div 
(HORIZONTAL) 


435 

X NULL 
20mV/div 
(VERTICAL) 
2v/div 
(HORIZONTAL) 


b. After 


Figure 16. Effect of X-linearization of a transconductance 
multiplier X = +£710V, Y = 0, 20mV/div. vertical scale 
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XNON LINEARITY 
Y =+10V 
20mV/div 
(VERTICAL) 


2V/idiv 
(HORIZONTAL) 


Xow INEARITY 
Y =+10V 
20mV/div 
{VERTICAL) 
2V/div 
(HORIZONTAL) 


b. After 


Figure 17. Effect of X-linearization of the same multiplier 
as Figure 16. X = £10V, Y = +10V, 20mV /div. vertical scale 


Y =-10V 
5, 


(VERTICAL) 
2vidiv 
(HORIZONTAL) 


Xnonainearity 
Y =-10V 
20mV/div 
(VERTICAL) 
2Vidiv 
{HORIZONTAL} 


b. After 


Figure 18. Effect of X-linearization of the same multiplier 
as Figure 16. X = £10V, Y = —10V, 20mV/div. vertical scale 
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The cross-coupling linearization technique can be applied to any 
multiplier that has second-order nonlinearity on one or both inputs. 
The amount of reduction of overall error will depend on the 
degree to which the nonlinearity on one input is independent of 
the signal level at the other input. 


In general, complete cancellation of the second-order nonlinearity 
on one input will occur for only one value of the other input. For 
example, the second-order component of X feedthrough (X = +F.S., 
Y = 0) may be completely cancelled, but the second-order X 
nonlinearity will be partially cancelled, or may even increase under 
some circumstances. 


LOG-ANTILOG MULTIPLIERS 


The log-antilog multiplier is an electrical analog of the C and D 
scales on a slide rule, since it forms the product of two or more 
variables by addition of their logarithms 


X-ya trey (56) 


The accuracy and temperature-stability of log-antilog multipliers 
is excellent, approaching the performance of the more-complex 
pulse-modulation multipliers. Errors of less than 0.25% of full- 
scale, with drifts of 0.01%/°C are readily achieved. Although 
operation of the basic log-antilog multiplier is restricted to one 
quadrant (typically the first quadrant), it can be offset to operate 
in four quadrants, as will be explained later. (The offsetting tech- 
nique, or absolute-value-sign-magnitude technique mentioned ear- 
lier, can be applied to any 1-quadrant multiplier.) ‘ 


Circuit Description 


The log-antilog multiplier circuit is closely-related to the transcon- 
ductance multiplier circuit, in that it relies on the logarithmic pro- 
perties of silicon-junction transistors. 
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The basic building block of the log-antilog multiplier is the Pater- 
son diode, or “‘transdiode” log amplifier, described in detail in 
Chapter 3-1. This circuit makes the best use of the log properties 
of the transistor (especially at low currents) and is also the easiest 
to combine into more-complex circuits, such as an analog multi- 
plier. 


The operation of the basic transdiode log amplifier, Figure 19, 
will be reviewed here for convenience. 


R 


Vin 


Figure 19. Basic transdiode log amplifier 


If we assume that operational amplifier Al has zero offset current 
and voltage, then the collector current of Q1 will be V;,,/R. The 
output of Al drives the emitter of QI, so that the emitter-base 
voltage of Q]1 is 


(7) 


Ing = emitter saturation current, ~107!4A 


Let ay leg = 1, 
The output of Al is therefore proportional to the logarithm of the 
input voltage, and also variable with temperature, both through 
kT/q and through I,. The temperature-dependence will be can- 
celled when the log amplifier is used in a multiplier circuit. 


A schematic of a two-input log-antilog multiplier can be seen in 
Figure 20. The two inputs, V,, Vy drive two independent trans- 
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diode log amps, A1-Q1IA and A2-Q2A. The base of Q2A is at 
ground potential, while the base of QIA is tied to the emitter of 
Q2A. Therefore, the voltage at the emitter of Q1A will be propor- 
tional to the sum of the logs of V, and Vy» as follows 


kT vy 
Vex. === i (58) 
V 
Va. See (59) 
1A q Ryloa 
V;=V,,+V2, : (60) 
| V V 
-v,= "2 fm —* +n 4 (61) 
? Roa YO 
V,°V. 
V,=- kT in —— (62) 
eae 5 Oe 


Vx Q 


{R,) GAIN 
10k Vaur 


REF. 


PS 1002 «OFFSET 
a 


1N914 OR EQUIVALENT 
RESISTORS 10% 1/4W CARBON 
¥*1% 


Yos © SOppm METAL FILM 


Figure 20. Log-antilog multiplier 
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The next step is to take the antilog of V,, in a way that will cancel 


the temperature-dependence. Note that V3, appears across the 
base-emitter circuits of the ““B”’ sides of Q1 and Q2 in series. 


V3 = Vepia + Vepoa = Vipin + Vepop (63) 


Assuming a constant reference input, Vprp 


i 
Vepop = kT In — (64) 
ro 
2B 
Solving (63) for Vepiz 
Vepip = Vepia + Vepoa — Vepop (65) 
VV_R I 
kT X "yY “rT “Oop (66) 


= —. jn —_——— 
EB1B 
: q Veer R RyTo toy 


For Vipin > 100mV, the collector current is exponentially related 
to the base-emitter voltage, 


: : 
oe EBIB/ET | (67) 


Tor = ae 
Combining (66) and (67), 
kT ViVeg R, 1 | 
lop =1o,. xPY—, — In ———————$_ (68) 
1B kT q Varr Ry R, I, f, * 
I R 
I a Cn; a) x y f (69) 
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If transistors Q1 and Q2 are monolithic duals, the I, terms cancel 


°1B ° 2B | 70 

eS ie) um 
O1A ee 

The output amplifier A4 and feedback resistor R4 will convert 

Iuyp to a voltage 


E,=Ry slop (71) 
R,R VV 
| 4 : xX 'y (72) 
R 
Pe y. VREF 


Thus, the circuit of Figure 20 will multiply and divide with a scale 
factor that is independent of temperature (to the degree that the 
resistances track, which can be excellent). The output-input transfer 
function is also independent of the transistor current gains (8). 


Performance of the Log-Antilog Multiplier 


The actual performance of a practical log-antilog multiplier closely 
approaches the ideal as given. The static accuracy error and tem- 
perature drift are very low. The primary sources of static errors in 
the log-antilog multiplier are: 


1, Transistor log conformity errors: For X or Y inputs near 
full-scale, the current in the log transistors, QIA, Q2A, is 
about 100uA. At this current level, the effects of ohmic 
emitter resistance become noticeable and will result in about 
0.1% nonlinearity. Limiting the full-scale current to 100uA 
prevents greater nonlinearity. 
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2. Input current and offset voltage of the operational ampli- 
fiers, A1l-A4 introduce “offset” errors at the X, Y, and refer- 
ence inputs and signal outputs. Of the order of about 5mV, 
these offsets can be easily trimmed to less than 0.1mV by 
offsetting the reference (i.e. “‘+’’) inputs of amplifiers A1-A4. 


3. Resistance tolerance: this causes an error in the scale factor, 
which can be adjusted by the “gain” pot. 


4. Offset voltages in transistor pairs Q1A-B, Q2A-B cause scale- 
factor error of 4% per millivolt of offset. Gain-trim removes 
this error. 


The temperature stability of the log-antilog multiplier is excellent. 
The scale-factor drift will be about 0.01%/°C with SOppm resistors 
for R,, R,, R,, and R,. The input and output offset drift is deter- 
mined by the op amps, and so will be about 20uV/°C for 
Veer = 1OV. For lower values of Vppp, the input offset drift will 
be multiplied by 10/Vpp, at the output. 


As is true for other log circuits, the bandwidth of the log-antilog 
multiplier is proportional to the magnitudes of the inputs. This 
effect is due to decreased loop gain, with a corresponding increase 
in loop time constant, at reduced currents. Typically, the multi- 
plier will have 100kHz bandwidth for 10V inputs, decreasing to 
1kHz at 0.1V. 


The total error of the log-antilog multiplier will be less than +10mV 
(out of 10V) when the input and output offsets and scale factor 
have been adjusted. The error will decrease with decreasing inputs 
and will typically be less than 0.1% of output, plus a fixed output 
offset, over the 0 to +10V output range. 


Offsetting a 1-Quadrant Multiplier for 
Operation in 4 Quadrants 


Any 1-quadrant multiplier may be made to operate in 4 quadrants, 
by properly offsetting the inputs and output. The multiplier 
itself remains a 1-quadrant device, operating about a bias point 
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centred within its usual unipolar range. The offsetting scheme 
can be developed by considering the effect of an offset on the X 
and Y inputs. 


E, = K,(V, +X,,) (V, + Y,,) (73) 
E, = K, WN, + aay a VX og i X5¥ os) ; (74) 


The effect of the input offsets is to introduce an output offset 
Xys%o; and two linear feedthrough terms, X,.V, and V_Y,.. If 
Xe. > |Vglmax and Y,, > 1V,lmax> then V, and V, can be either 
positive or negative, and E, in (74) will still be positive. If the 
undesired terms — those other than K, V, Vy — are subtracted 


from (74), then E, can be positive or negative: the desired result. 


os” OS 


E, KV,V, * K, (XV, a VV os +X ¥ os) -Ky a KV, -KY 
(75) 


If Ky =K, XYoy Ky = KY 


‘Os OS? os? 


and K, =K,X_,, then 


1**os? 
E, = K VA Vy (76) 


for V, and Vy of any polarity. 


The offsetting and input coupling are shown in the block diagram, 
Figure 21. This offsetting scheme can be used with the log-antilog 
multiplier shown in Figure 20. It adds considerable complexity to 
the initial adjustment of the multiplier, and the reference voltage 
(Veg) must be constant, or the “feedthrough” and offset will not 
stay cancelled. In addition, the 4-quadrant log-antilog multiplier 
will be slower for negative X and Y inputs (less current in the log 
transistors) than for positive inputs, making the scheme less effec- 
tive for waveforms symmetrical about zero. 


In spite of these shortcomings, the offset multiplier can be adjusted 
for errors of 0.1% of full scale, with nonlinearities of the order of 
0.05%. 
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Ko =- Ky Xos Yos 


Vout = K Vx Vy 


1Vx 1+} Xos | Vx’ MAX 

Yos IVy 1+] Yos |< Vy’ MAX 
-Xos <Vx <+Xos, 0 Vx<Vx MAX 
-Yos ©Vy S+Yos. g< Vy! <Vy MAX 
Vout’ <4Ki Xos Yos 


-Xos Yos < Vout “+ Xas Yos 


Figure 27. Offsetting 1-quadrant multiplier for 4-quadrant 
operation. Scale factor change in multiplier produces out- 
put offset and feedthrough shift at summed output. 


PULSE-MODULATION MULTIPLIERS 


The pulse-modulation multiplier operates on the principle that 
the area under a rectangular pulse is proportional to the product 
of the pulse amplitude and pulse duration (Figure 22). 


AMPLITUDE 


AREA=Aer 


TIME 


Figure 22. Basic principle of pulse modulation 


It then follows that the average magnitude of a train of rectangular 
pulses is proportional to the product of the pulse amplitude and 
ratio of on time to period (duty cycle). (Figure 23). 


A multiplier may be constructed using this technique. One input 
is used to control the amplitude of the pulse, the other the duty 
cycle. The resulting pulse train is low-pass filtered, yielding the 
average value, which is proportional to the product of the two 
inputs. A block diagram of a simple, two-quadrant pulse-modula- 
tion multiplier is shown in Figure 24. 
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AMPLITUDE 


Figure 23. Average value of train of square pulses is 
proportional to product of amplitude and duty cycle 


Vx © 05 


K Vy Vx 


Vy an 


Figure 24. Two-quadrant pulse-modulated multiplier 

block diagram 
The Y input controls the duty cycle of a pulse train, which in 
turn drives a switch S1. The switch alternates between the input 
and ground, dwelling at the input for a time proportional to the 
duty cycle. The output of the averaging filter will be proportional 
to the product V, Vy. The X input can be either positive or nega- 
tive, but the Y input is limited to positive values, since the duty 
cycle, r/T, cannot be “negative.” 


The pulse-modulation technique can be extended to four-quadrant 
operation by using a “balanced” switching and duty-cycle gen- 
erator, so that a zero Y input results in a 50% duty cycle, as the 
block diagram in Figure 25 illustrates. 


Performance of the Pulse Modulation Multiplier 


Pulse-width-pulse-height modulation is inherently the most accurate 
method of performing analog multiplication. Errors of less than 
0.1% of full scale and nonlinearities of 0.02% can be readily 
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Eg =K Vx Vy 


T 
= -KV, 
Ws K Vy 


> tVx« 
T T 
Eo = (Vx) (> - Ky) + Vx (> + Ky) 
a came 
-Vx 


Figure 25. Four-quadrant pulse-modulation multiplier 


achieved. The high accuracy is the result of using the nonlinear 
elements (FET’s or transistors) as switches, rather than relying on 
the exact relationship between their “gain” and input voltage. 


Though the pulse-modulation multiplier is ideally 100% accurate, 
there are several sources of error that limit the accuracy of prac- 
tical multipliers. Most of the limitations arise from the non-ideal 
behavior of real switches and duty-cycle generators. However, 
there is one limitation inherent in the modulation technique 
itself: the signal frequency must be much less than the averaging 
frequency to allow sufficient averaging time. Analog averaging 
will always leave a finite (but usually negligible) ripple component 
on the output. Generally, the carrier/frequency should be at least 
10 to 100 times the signal frequency. 


The carrier frequency is in turn limited by component-determined 
errors: 


1. Capacitance between the switch-control terminal and the 
signal path, e.g., gate-to-channel capacitance of a FET. This 
capacitance couples a charge into the signal path each time 
the switch is turned on or off, resulting in an offset voltage. 
The offset may change with signal level, resulting in a non- 
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linearity. The “dumped charge” effect can be minimized by 
using low-capacitance switches or lower carrier frequency to 
reduce the average charge (current) coupled into the signal 
path. 


On-off resistance of switches: FET or CMOS switches (even 
reed relays) have measurable on and finite off resistance. As 
long as the ratio of off to on is high (> 10,000), errors from 
this source will be small. If the ratio is low, then some of the 
input signal will leak into the output when the switch is off, 
increasing the feedthrough. 


Linearity of the duty-cycle generator: The variable duty- 
cycle pulse generator is potentially the most significant source 
of nonlinearity. The controlling input, ice., Vy> must deter- 
mine the ratio of on to off time precisely, over a fairly wide 
range, especially in a 4-quadrant multiplier. As the duty cycle 
is reduced, any fixed timing errors, e.g., delays, become a 
more-significant portion of the on time, as shown in Figure 
26, introducing nonlinearity. 


x at DUE TO DELAY 
1 


| 
! \ 
\ 
T T 
Figure 26. Nonlinear error produced by fixed delay 
asymmetry in duty-cycle-generator-plus-switch. ST is 


the same whether 7 is large or small, a deviation from 
proportionality. 


The nonlinearity of the duty-cycle generator can be reduced to an 
arbitrarily-low level by using a closed-loop circuit, illustrated in 
the block diagram of Figure 27. 


The input voltage, V,, is compared to the average value of a 
chopped reference voltage. The output of the comparator controls 


244 NONLINEAR CIRCUITS HANDBOOK 


the on to off time of the chopper, so that the average value of the 
voltage out of the chopper will equal V, in the steady-state. 


Vy 


TO “X” SWITCHES 


STABLE 
VOLTAGE 
REFERENCE 


Figure 27. Closed-loop duty-cycle generator 


The relationship between duty cycle, r/T, and comparator output 
voltage is not important, as long as it is single-valued. The linearity 
of the overall system is determined by the threshold accuracy of 
the comparator and the averaging time. Nonlinearities of less than 
0.01% can be achieved by this approach. 


MULTIPLIER SPECIFICATIONS 


Perhaps the best way of gaining an understanding of multiplier 
specifications and their dependence on multiplier circuit design is 
to review the specifications as set forth in a multiplier data sheet. 
The accompanying comparative table lists specifications for 
modular multipliers using the three techniques discussed in this 
chapter: transconductance (432, 429), pulse-modulation (427), 
and log-antilog (434). 


The 432 is a low-cost 4quadrant transconductance multiplier, 
with 1%2% error, good bandwidth, and small size. It is com- 
parable to the integrated-circuit AD533 with external trims, draw- 
ing a little more power than the internally-trimmed AD532. 


The 429 is a fast (1OMHz), 4-quadrant transconductance multi- 
plier with low error (0.5%) and low nonlinearity. It is a no-com- 
promise discrete design that uses monolithic dual transistors in the 
multiplier section and a fast discrete-component output amplifier. 


The 427 is a high-accuracy (0.25% error) pulse-modulation 4- 
quadrant multiplier. The use of a high-frequency carrier (3MHz) 
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allows a signal bandwidth of 100kHz, 100 to 1000 times greater 
than the usual bandwidth for pulse-modulation multipliers. 


The 434 is a 1-quadrant log-antilog multiplier that combines high 
accuracy (0.25% error) and versatility, since both multiplication 
and division can be performed simultaneously. 


SPECIFICATIONS (pp. 246-247) 


The first four lines of the comparative-specification table* sum- 
marize the salient features of the multiplier, to guide the reader 
immediately to the ones most likely to fill the needs of his applica- 
tion. The “Aids for the Designer,” Chapter 44, provides consider- 
able detail on multiplier selection, so it will not be covered here. 


MULTIPLICATION CHARACTERISTICS 


This block of specifications deals with overall static errors from all 
sources that are covered in detail in the succeeding Specification 
blocks (Offset, Scale Factor, Nonlinearity, Feed-through). 


Output Function: Defines the ideal functional relationship between 
the two input voltages, V,-Vy, the output voltage E,, and the 
scale constant, V,. All errors are defined as deviations from this 
transfer function and are specified as percentages of full scale, 
10V. A typical transfer function is 


V,V, 
E,=~—— 
°  10V me 
For V, = V, = 10V, 
10 X 10 
= = 10V 78 
. 7 (78) 


*This table is an abbreviated example involving a few contrasting modular multiplier 
types, with information valid as of Summer 1973, For further information on these or 
the many more types available within each class, as well as the many IC types, it is sug- 
gested that the reader consult the most recent edition of the Analog Devices Product 
Guide or supplements. 
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MULTIPLIERS/DIVIDERS (Discrete) 


SPECIFICATION SUMMARY (Typical @ 25°C and +15VDC unless otherwise specified) 


MULTIPLICATION TECHNIQUE 
Model? 


Price * 1-9 
Price 10-24 


Full Scale Accuracy? 
Divides and Square Roots 


Multiplication Characteristics 
Output Function 
Error, Internal Trim (+) 
Error, External Trim (+) 
Accuracy vs. Temperature (+) 
Accuracy vs. Supply (+) 
Warm up Time to Specifications 


Output Offset (+) 
Initial 
Average vs. Temperature 0°C to +70°C 
Average vs. Supply 


Scale Factor (+) 
Initial Error 


Non Linearity (+) 
X Input (X = 20V pp, Y = +£10VO0C) 
Y tnput (Y = 20V p-p, X = 10VDC) 


Feedthrough 
X=0, Y = 20V p-p 50Hz 
with external trim 
Y =0, X= 20V p-p 50Hz 
with external trim 
Feedthrough vs. Temperature, each input 


Bandwidth 
~3dB Small Signal 
Full Power Response 
Slew Rate 
Small Signal Amplitude Error (+) 
Small Signal Vector Error (+) 
Settling Time for £10V Step 
Overload Recovery 


Output Noise 
5Hz to 10kHz 
5Hz to SMHz 


Output Characteristics 
Voltage at Rated Load (min) 
Current (min) 
Load Capacitance Limit 


input Resistance 
X/V/Z Input 


Input Bias Curgent 
X/Y/Z Input 


Maximum Input Voltage 
For Rated Accuracy 
Safe Level 


Power Supply (V,) 
Rated Performance 
Operating 
Quiescent Current 

Temperature Range 
Rated Performance 
Operating 
Storage 

Package Outline 
Case Dimensions 


TRANSCONDUCTANCE 
Economy Accurate Wideband 
4323 (432K) 429A (429B) 
$29 ($45) $109 ($139) 
$27 ($43) $104 ($129) 
2% (1%) 1% (0.5%) 
YES YES 
XY/10 XY/10 
2%(1%) max 1%(0.5%) max 
1.0% (0.6%) 0.7% (0.3%) 
0.06%/°C (0.04%/°C) 0.05%/°C (0.04% /°C max) 
0.1%/% 0.03%/% 
1 min 1sec 


20mV (25mV max) 
amVv/C (1mv/°C) 
10mV/% 


1%(0.5%) 


0.8% (0.6% max} 
0.4% (0.3% max) 


OmV (50mV) p-p max 
30mV p-p 
120mV (100mV} p-p max 


700kHz 
45V/usec 
1% @ A0kHz 
1% @ 10kHz 
dpsec to 2% 
3ysec 


600uV rms 
3mV rms 


+10V 
t5mA 
0.0014F 


10M2/10k2/36kQ 


2uA each 


+10.1V 
tVs 


+15V 
412 to +18V 
+4.5mA 


0°C to +70°C 
=25°C to +85°C 
~55°C to +125°C 
ac-2 
1.17 X 1.1" X 0.4” 
28 X 28 X 10.2mm 


20mV (10mV) max 
amV/C (imV/°C max) 
imvV/% 


0.5% (0.25%) 


0.5% (0.2%) max 
0.3% (0.2%) max 


25mvV (10mV) p-p max 
8mV (SmV) p-p 
50mvV (15mV) p-p max 
35mV (10mV) p-p 
amV ppc 


10MHz 
2MHz min 
120V/usec min. 
1% at 300kHz min 
1% at SOKHz min 
O.5usec to 1% 
0.15yusec 


500uV rms 
2.5mV rms 


+11V 
t11mA 
0.014F 


10k2/11kQ/27kQ 
+100nA/+100nA/t20nA 


+10.5V 
t16V 


214.7 to £15.3V 
+14 to £16V 
£12mA 


-25°C to +85°C 
-25°C to +85°C 
-55°C to +125°C 
FA“ 
1.5" X 1.5% X 0.6” 
38.1 X 38.1 X 15.2mm 


*Summer, 1973. Price is listed here as a measure of relative cost, not primarily as a com- 
mercial inducement. Those interested further should consult recent Product Guides or 


PULSE TYPES 


High Accuracy 
4275 (427K) 


$159 ($210) 
$143 ($189) 


0.25% (0.2%) 
YES 


XY/10 
0.25% (0.2%) max 
0.15% {0.1% max} 
0.02%/°C max 
0.02%/% 
1 min 


SmV 
0.2mV/°C (0.2mV/°C max) 


1mvV/% 
0.1% (0.05%) 


0.08% (0.04%) max 
0.08% (0.04%) max 


20mV p-p max 
4mV pp 

20mV p-p max 
5SmV p-p 

0.2mV p-p/°C 


00kHz 
30kHz 
2V/usec 
0.1% at 4kHz 
1% at 700Hz 
20psec to 0.1% 
10ysec 


50uV rms 
imV rms 


£10.2V 
£7mA 
0.01pF 


10k2/10k92/33kQ 
£3pA/43pA/£10pA 


£10.5V 
+16V 


+£14.8 to £15.3V 
+14.8 to t16V 
t16mA 


0°C to +70°C 
-25°C to +85°C 
-55°C to +125°C 


D-2 
71.6" X 3.0" X 0.6” 
40.6 X 76.2 X 15.2mm 
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LOG-ANTILOG 


434A (4348) 


75(87) 
69(77) 

0.5% (0.25%) 
YES 


Y2Z/X 
0.5% (0.25%) max 
0.3% (0.1%) 
0.02% (0.02%/°C max} 
0.02%/% 
1 min 


2mV (2mV max) 
amV/°C (ImV/°C max) 
ImV/% 


0.2% (0.1%) 


0.2% (0.1%}2 
0.2% (0.1%) 


+2 mV Peak Max 


+2mV Peak Max 


100kHz> 
30kH2z 
2V/usec 


40sec to 0.1% 
20usec 


300nV rms 
ImV rms 


+11V 
+5mA 
0.01nF 


100k 2/90k82/100kQ. 
10nA/100nA/10nA 


4+10.5V 
t16V 


£14.4 to $15.6 
£10V to + 18V 
+10mA 


-25°C to +85°C 
-55°C to +125°C 
55°C to +126°C 


1.5X1.5X 0.6 
38.1 X 38.1 X 15.2mm 


NOTES: 


‘tParentheses indicate specification for 
the high performance (K version} model 
of each multiplier when it differs from 
the J or A version. For example, order 
Model 427J for 0.25% accuracy, 

Model 427K for 0.2% accuracy. 
2434 is a one quadrant device: specs are 
for inputs between 0 and +10V only 
3gandwidth depends on level of input. 
Specs given for 10V 


price lists, or the nearest Sales office, since prices are subject to change. Sée also Table 2 


in Chapter 3-3. 
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A scale factor (1/V,) of 1/10/V is almost universal at present, but 
others, such as 1/V, 1/5/V, or 1/100/V have been used. The scale 
factor can also be adjustable (or even variable over a wide range, 
as shown for the 434 log-antilog multiplier). Where the scale factor 
is adjustable or variable, the multiplier specifications are usually 
given for a 1/10/V scale factor, and deviations from these limits 
are elaborated as a function of scale factor. 


Actual error (V) and percentage error (of 10V F.S.) are related as 
follows: 


VV, 
€= Vidatored a ae (79) 
% Exror = 100 a =10-e (80) 


Error, Internal Trim: the maximum difference between the multi- 
plier’s actual and ideal output values for any pair of dc input 
voltages within the multiplier input range at 25°C without the 
intervention of any external adjustments. The error is expressed 
as a percentage of full scale (80); thus, 1% error is 0.01 °-10V=100mV. 


The maximum error almost always occurs for full-scale inputs 
(+10V), as discussed in detail under nonlinearity. The error includes 
offset, feedthrough, nonlinearity, and scale-factor errors. This 
specification characterizes the “‘accuracy”’ of the multiplier. 


Asa practical matter, the measurement is made at the “end-points” 
of the four quadrants, (V,, Vy) = (+10V, +10V), (-10V, + 10V), 
(-10V, -10V), (+10V, -10V). 


The maximum error for the 432J is +2%, which implies that full- 
scale output may be between +9.8V and 10.2V; the 427K has 
one-tenth the maximum error of the 432, ie., +0.2% or +20mV 
(untrimmed). 


Error, External Trim: the error remaining after the X and Y feed- 
throughs and output offset have been nulled out using external 
potentiometers or voltage dividers. This is a measure of the irreduc- 
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ible component of error, approximately equal to the nonlinearity 
(see also scale factor and nonlinearity). 


Accuracy vs. Temperature (Error vs. Temperature): The rate at 
which the error, as defined above, changes with temperature. It is 
expressed as a percentage of full scale (10V) per degree centigrade. 
This coefficient includes the effects of output offset drift, feed- 
through drift, and scale-factor drift, and so can be used to predict 
the maximum error expected over a temperature range as follows 
(e.g., Ty > 25°C) 


A(% error) 
ae 


Exror(V) = ~ tr eror| |, + | = aso} (81) 


For example, the 429B has an error of 0.5% maximum at 25°C, 
and an error drift of +0.04%/°C(max). To calculate the maximum 
error at 70°C: 


1 
ee = ip {o.s + 0.04 (70 — 25) (82) 
€zo°c = 0.1(0.5 + 1.8) = 0.23V = £230mV (83) 


The error calculated in this fashion represents error at or near 
full-scale output, where error due to scale-factor drift predom- 
inates. If both inputs are less than 1/3 of full scale (1/10 full-scale 
output) the drift is considerably less, since output offset drift 
predominates. 


Accuracy vs. Supply (Error vs. Supply): the sensitivity of the 
multiplier output voltage to changes in power-supply voltage, 
expressed as %(full-scale)/%(supply-voltage change). It includes the 
effects of scale factor, feedthrough, and offset vs. supply at dc. 
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Example: for the 432, this error is specified at +0.1%/%AV 


. 
0.1% (full scale) = 10mV 
I%ZAV, = 150mV 


Therefore, the output of the 432J will change 


10mV 


———— = +0.067 = 67mV/V 
is0mvV +0.067V/V = 67mV/ | (84) 


Another way of looking at power-supply rejection is to recognize 
that the multiplier’s internal reference circuit attenuates changes 
in the power-supply voltage. This ranges from a power-supply 
rejection ratio (PSRR) of 15:1 (PSR = 23dB) for the 432 to 
75:1 ( 38dB) for the 427K. In general, the more accurate the 
multiplier, the less sensitive it is to supply changes. 


Warmup Time to Specifications: The time elapsed after the dc 
power is applied to the multiplier, before the errors are expected 
to be within the specified limits. While this does not include the 
time required for the multiplier to stabilize completely, it does 
indicate how long it will be before changes in output due to 
warmup will be small compared to the specified error. 


In general, most modular multipliers are operating at their rated 
specifications within a few milliseconds after turn-on, since their 
internal temperature rise is only a few °C. Also great care is taken 
in the design and packaging to minimize the temperature coeffi- 
cients and internal thermal gradients. 


OUTPUT OFFSET 


Initial Output Offset: the output voltage for V, = V, = OV. This 
specification gives the maximum offset at 25°C with no external 
adjustment. In all cases, this offset can be adjusted to zero with an 
external potentiometer or voltage divider. Offset is the principal 
error when the output is less than 1V. 
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Initial offset has a non-zero value due to shifts in encapsulation 
and tolerances of internal trims. The higher the accuracy rating 
of the multiplier, the less the initial offset. 


Average Offset vs. Temperature: the dependence of the output 
offset on temperature. Unlike operational amplifiers, the average 
offset vs. temperature in multipliers is independent of the initial 
offset. 


Example — 429B: Offset =+10mV max untrimmed 
Offset vs. temperature = +1mV/°C max 


To calculate maximum offset at 70°C, 


AE,, ° ° 
Eys70° = [Eosos%c] + GX (70°C — 25°C) (85) 
E,570°c = 1OmV + 1(45) = #55mV max (86) 


Average Offset vs. Supply: the sensitivity of output offset to. 
changes of supply voltage, expressed as millivolts per % change 
of supply voltage at dc. Like the total error vs. supply, this 
quantity can be expressed in volts/volt, inversely as power-supply 
rejection ratio (PSRR) for offset, and in log (dB) form: PSR = 
20log;9>PSRR. For example, the 429 and the 427 have offset 
sensitivity of ImV/1%AV,, or 1mV/150mV. The offset PSRR is 
thus 150, and the PSR is about 43dB. 


SCALE FACTOR 


Scale Factor — Static, or low-frequency — The difference between 
the average scale factor and the ideal scale factor of 1/10/V. Errors 
due to this factor are expressed in % of output signal; that is, a 
0.5% scale-factor error will cause a SOmV error at E, = 10V, anda 
SmV error at E, = 1V. The scale-factor error includes only the 
average linear gain error (i.e., the error in the slope of a “best 
straight line” through the range of output for one input constant, 
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the other swinging through its range). The nonlinear component 
is discussed under nonlinearity. 


The scale-factor error can be adjusted to zero at any one point. 
However, the nonlinearity makes it impossible to adjust the 
scale-factor error to zero over the entire X-Y operating range. 
The average scale-factor error can be adjusted for minimum error 
over limited regions (e.g., one or two quadrants), or for the best 
compromise over all values of input. 


NONLINEARITY 


Nonlinearity: the irreducible component of error. The specifica- 
tion represents the peak difference between the multiplier output 
and the theoretical output with the average scale-factor error 
adjusted to zero under the specified test conditions. Schemes for 
testing nonlinearity will be found in Figures 40, 46, and 47 at the 
end of this chapter. Since the output and input waveforms should 
have the same shape (one input constant), the test circuit displays 
the difference between the multiplier output voltage and an input 
that swings over the entire range, while the other input is held 
constant. The average scale-factor error (slope) is adjusted out. 


Typical nonlinearity curves for the 432 and the 427, measured in 
this way, can be seen in Figures 28 a-d, for one polarity of constant 
voltage. For each of these curves, corresponding curves exist (not 
necessarily of the same shape) for the opposite polarity. Note 
that the curves are smooth and without discontinuities at the 
origin. The parabolic shape of the 432’s X nonlinearity indicates 
that the X input has primarily second-harmonic distortion (proper- 
tional to X*). The S-shaped 427 nonlinearity curves indicate pre- 
dominantly cubic distortion. 


FEEDTHROUGH 


Feedthrough. Ideally, the output of the multiplier should be zero 
if either input is zero, independently of the signal applied to the 
other input. Actually, a certain fraction of the non-zero input will 
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a. Model 432 X-input nonlinearity 
for =10V input signal, 
Y = 10V, vertical scale: 20mV/div. 


c. Model 427 X-input nonlinearity 
for £f0V input signal, 


Y = 10V, vertical scale: 10mV/div. 


b. Model 432 Y-input nonlinearity 
for £10V input signal, 
X = 10V, vertical scale: 20m V/div. 


ie 


d. Model 427 Y-input nonlinearity 
for =10V input signal, 
X = 10V, vertical scale: 10m V/div. 


Figure 28. Typical nonlinearity curves 


“feed through” and appear at the output. The feedthrough signal 
is composed of two components, one linear, the other nonlinear. 
The linear component is the product of the voltage on the varying 
input and the effective offset voltage of the “zero” input. This 
can be trimmed to zero by introducing an equal and opposite 


offset at the trim input (X,, Y,). 


The nonlinear component, which cannot be reduced by zero by 
an offset adjustment, is due to the nonlinearity of the multiplier 
circuit. Graphically, it is the intersection of the nonlinearity sur- 
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face with the XZ and YZ planes (Figures 3 and 4, this chapter). 
Figures 29 (a-d) show typical X and Y feedthrough waveforms for 


coe 

Cee 

Ce 

emanate 
eee 
OIE 
Ce 

a. Model 432 X Feedthrough, b. Model 432 Y Feedthrough, 

X=+70V, Y = 0, vertical Y¥Y =+70V, X = O, vertical 

scale: 50m V/div. scale: 50mV/div. 


CO 

c. Model 427 X Feedthrough, d. Model 427 Y Feedthrough, 
X =1+10V, Y =O, vertical Y =210V, X = 0, vertical 
scale: 10mV/div. scale: 10mV/div. 

= 1000 pro aro 
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Figure 29. Typical feedthrough curves 
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the 432 and the 427. Note that the 432 has pronounced parabolic 
X feedthrough, which greatly resembles the nonlinearity at the 
extremes. 


Feedthrough vs. Frequency. Feedthrough increases with frequency, 
due to capacitive coupling between the inputs and the output 
stage. Figure 29e is a plot of both X and Y feedthrough vs. fre- 
quency for the 429. 


BANDWIDTH (High-Frequency Dynamic Parameters) 


Bandwidth, -3dB Small-Signal: The output frequency at which 
the scale-factor of the multiplier has decreased to 0.7 times its 
dc value. “Small” signal usually means an output of less than 
5% of full scale, e.g., 1 Vp-p for a +10V(FS) multiplier. Bandwidth 
is usually measured with a full-scale dc voltage on one input, a 
1Vp-p sine wave on the other. It can be seen on the chart that the 
two transconductance multiplier types have wider bandwidths 
that either the pulse-modulated or log-antilog types. 


The term “output frequency” is significant. For example, the 
low-frequency output of a multiplier connected as a squarer 
(X = Y), for sine-wave input, is a double-frequency sine wave 
with an amplitude of one-half the square of the input amplitude, 
biased by a like amount. The output amplitude will be down 3dB 
for an input of lower frequency than for the dc X sine case, 
because of the frequency doubling. On the other hand, the “‘dc” 
component of the output can remain unaffected up to considerably 
higher frequencies. 


Full-Power Response: the maximum frequency at which the multi- 
plier output can product full-scale voltage at rated current, with- 
out noticeable distortion. This is measured by applying 10Vdc 
to one input and a 20Vp-p sine wave to the other (and vice 
versa). Again, the transconductance multipliers are much faster 
than the pulse-modulation or logarithmic types. 
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Slew(ing) Rate: the maximum rate of change of output voltage 
for large signals. It is measured with one input at 10V, the other 
a step swing of 10 or 20V. A typical 429 step response, showing 


the slewing rate, is shown in Figure 30. The approximate relation- 
ship between slewing rate and full-power bandwidth is 


S =A 2 Tt fp 
where 


S = Slewing rate, in volts/microsecond 
A = Peak sine-wave amplitude, in volts 


fp = Measured frequency for full output, in MHz 
For example, the 429 has f, = 2MHz(min). For A= 10V, 


S=10X 27 X 2=126V/us (88) 


Figure 30. Step response, showing slew rate of Model 429. 
Voltage scale: 5V/div; time scale: 200ns/div. 

V, = 20V p-p 400kHz square wave 

Vy =+10.0V 


Small-Signal Amplitude Error. This is the frequency at which the 
amplitude response, or scale factor, is down by 1% (0.1%, for 
high-accuracy types), measured with a “small” signal, e.g., 10% 
of full-scale. If, for a given type, this frequency turns out to be 
1/3 or less of the full-power frequency, then signals as large as 
full scale fit the definition of “small signals.” For example, fy 
for both the 429 and the 432 is less than 1/6 of fp; therefore 
f_1% applies to any signal in the whole +10V range. 


ee 
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The 1% error bandwidth is related to small-signal bandwidth and 
the rolloff rate (depending on the number of poles in the transfer 
function). For responses governed by a single pole, the -1% error 
bandwidth occurs at about 1/7 of the -3dB bandwidth 


1 


|A] = 0.99 = (89) 


whence (w/w 9) = 1/7 


It is interesting to note that the output bandwidth or speed of 
transconductance and pulse-modulation multipliers is essentially 
independent of signal level (except for slewing rates), or of choice 
of input (X or Y). And, of particular interest, the measured band- 
width is independent of any dc bias level added to the measuring 
“small” signal. 


Vector Error: the frequency fy at which the instantaneous, or 
vector difference between an input signal and the output, of the 
same frequency, becomes equal to 1%. For a-single-pole rolloff 
(first-order lag), it is the frequency at which the phase shift 
becomes 0.01% of a radian, or 0.57° — 1/100 of the -3dB fre- 
quency. Vector error is due primarily to phase shift, since the 
attenuation of magnitude at fy is only 0.05% (Figure 31). 


AMPLITUDE 
ERROR — 0 


oe [~— INSTANTANEOUS ERROR 


NeuTt VECTOR ERROR = E sin 0 
outeut an 


INPUT 


Figure 31. Vector error (at unity gain), a measure of 
instantaneous error 
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Settling Time for +10V Step: the time required for the output 
voltage to approach within a specified percentage of its final value, 
in response to a 10V (full scale) input step. The time is measured 
from the instant the step is applied, until the output has entered 
the specified error band (for the last time), and therefore includes 
transport delay, slewing time, and linear-settling time. 


_ Overload Recovery: the time required for the output of the multi- 
plier to return to within its linear region, after a 50% over-voltage 
(where permissible, 15V for 10V-scaled devices) has been removed 
from the input. 


OUTPUT NOISE 


Output Noise: The rms value of the noise at the output of the 
multiplier, in a 5Hz to 10kHz bandwidth, measured with both 
inputs at zero. Noise is not appreciably affected by input voltage, 
so the specified value can be applied to any input level in the 
operating region. Peak-to-peak noise is usually taken to be about 
6.6 times the rms level for Gaussian noise (see Figure 14, Chapter 
2-3); multiplier noise can usually be safely assumed to be 
Gaussian. 


Wideband Noise: For low-bandwidth multipliers, this includes any 
out-of-band effects, such as carrier leakage to the output of pulse- 
height-pulsewidth types (like the 427). The variable-transconduc- 
tance types have fairly constant noise spectral density over their 
bandwidth, with no out-of-band components. 


OUTPUT CHARACTERISTICS 


Output Voltage at Rated Load: the minimum output voltage 
range at dc with the multiplier supplying the specified load current. 


Output Current: The minimum current available from the multi- 
plier output at full-scale output voltage. 
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Load Capacitance: The maximum value of capacitance that can be 
connected to the output, with no oscillations resulting, in the 
multiply mode. 


INPUT RESISTANCE 


The resistance between the input terminal and power common. 
This may be an actual resistor, or the effective input resistance of 
an input-amplifier circuit. Typically, input resistance is in the 
10kQ to 100kQ range, a reasonable level, since multipliers are 
usually driven from low-impedance sources, such as closed-loop 
op-amp outputs. 


INPUT BIAS CURRENT 


The current flowing into or out of the input terminal with zero 
volts at the input. This is due to the bias current of the internal 
circuit, e.g., base current of input transistors. 


MAXIMUM INPUT VOLTAGE 


For Rated Accuracy: the maximum voltage that, when applied to 
either or both inputs, will produce an output voltage within the 
specified error limits. Usually, it provides a slight overrange 
capability. The multiplier will work with higher inputs, as long as 
the product of the inputs is within the output voltage range. 


Safe Level: The Maximum Voltage that Will Not Damage the Input 
Circuit, The notation +V, means that the input can be no greater 
than the supply; if the supply is zero (or disconnected), the input 
must be zero (applicable especially to IC multipliers and the 432). 
For the other types, it is stated as an absolute-maximum voltage; 
ie., the 429 will be safe with +16V in and zero or rated supply 
voltage. 


POWER SUPPLY 


V, for Rated Performance: the power-supply voltage at which 
all min/max error specifications are guaranteed; normally +15V, 
42%. 
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Operating: the range of power-supply voltages over which the 
multiplier will operate normally, but with increased error, as 
calculated from the power-supply-rejection coefficients. Over this 
range, the multiplier will accept +10V inputs and provide +10V 
output. For some multipliers, graphs of input and output voltage 
swing vs. V, are provided. 


Quiescent Current: the current drawn from the +V, supplies, with 
the inputs and outputs at zero volts. Under full-output conditions, 
this current will increase by an amount approximately equal to the 
load current, since most multipliers have Class AB output stages. 


TEMPERATURE RANGE 


Rated Performance: the range over which the temperature coeffi- 
cients apply, and other parameters remain within min/max limits. 


Operating: the temperature range over which the multiplier will 
operate, with generally slight degradation of specified temperature 
coefficients. 


Storage: the maximum temperature extremes that the multiplier 
can withstand, without power applied. 


PACKAGE OUTLINE 


This refers to a standard Analog Devices drawing, showing the pin 
configuration and mechanical dimensions; since multipliers vary 
widely in size and pinout, it is a good idea to check this out. 


Case Dimensions (self-explanatory). The higher-accuracy, pulse- 
modulation types (427) are at present larger than the transcon- 
ductance or log types (429, 434). The smallest modular case is 
the transconductance IC type, such as the 432. IC’s are available 
in TO-116 hermetic 14-pin dual in-line and TO-100 10-pin metal- 
can packages. 


3-2 


MULTIPLIERS 


CHECKLIST OF MULTIPLIER PARAMETERS 
A. Static or Low-Frequency Errors (Accuracy) 


1. 


“vw P YS 


Output Offset Voltage 
X and Y Feedthrough 

X and Y Nonlinearity 

Total Error 


Changes of Above Parameters with Temperature or Power- 
Supply Voltage 


B. Dynamic Performance 


1. -3dB Small-Signal Bandwidth 


12. 


Phase Shift vs. Frequency 
Full-Output Bandwidth 

Slewing Rate 

Rise Time 

Settling Time 

Frequency for 1% Vector Error 
Frequency for 1% Amplitude Error 
Nonlinearity vs. Frequency 
Feedthrough vs. Frequency 
Differential Phase Shift 


Overload Recovery Time 


C, Input and Output Characteristics 


NDA RY D 


Input Resistance 

Input Current 

Output Voltage 

Output Current 

Output Resistance 

Input and Output Voltage Limits vs. Power-Supply Voltage 


Quiescent Current 
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TESTING 


TEST EQUIPMENT 


Depending on the parameters to be measured, and the number of 
multipliers to be tested, the equipment used to test multiplier 
characteristics can range from a self-contained multiplier test set 
to a simple arrangement of ordinary laboratory instruments. 
Some of the most-useful test equipment is listed below: 


1. 


Digital Voltmeter — essential for measuring dc offsets, and 
input and output voltages for determining “accuracy” of 
multipliers. 4%-digit resolution, with <+0.02% error is 
adequate for most measurements. 1Vdc and 10Vdc ranges 
will be the most used. 


Precision dc Voltage Reference — to supply input voltage 
for “‘accuracy”’ measurements, stable reference for non- 
linearity tests. Should be capable of supplying both plus and 
minus 10.000V at 1mA simultaneously, adjustable in 100mV 
steps down to zero volts. 


Function Generator — provides low-frequency sinusoidal 
input signal for crossplot tests, and square waves or pulses 
for dynamic tests. Generator output voltage should be 
adjustable from zero to 20Vp-p into 1kQ over frequency 
range of 1Hz to 1MHz (5 or 10MHz is desirable for testing 
the faster multipliers). 


Variable dual 15-volt Power Supply, 50mA output current, 
with adjustable current limit. A variable supply is useful for 
measuring multiplier input and output voltage limits as a 
function of supply voltage. 


Oscilloscope — for crossplots and dynamic tests. Calibrated, 
dc-coupled vertical and horizontal inputs are required for 
crossplots. Vertical deflection factors of 5mV/cm (for testing 
“high-accuracy” multipliers) to 5V/cm are most useful. 
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Horizontal deflection factors of 0.5V/cm to 5V/cm are 
adequate. Bandwidth of 100kHz on both axes is sufficient 
for “static” error measurements. 


A wideband oscilloscope — at least 1OMHz bandwidth — is 
essential for dynamic tests 


6. Precision adder/subtractor — for measuring nonlinearity. 
This can be constructed according to the schematic Figure 


32. 

Vq tf 

Vs 

W290 Eg = Vy +V2-V3-Va 

Vig 

Rs ay 
Ry TO Re: 10k2 PRECISION RESISTORS, TOLERANCE +£0.1%, 
TEMPCO < 50ppm; ratio-match Ry AND Rz TO R3 AS CLOSELY 
AS POSSIBLE, DO THE SAME FOR Rg, AND Rg TO Rg. 
Figure 32.High-precision adder subtractor 
TEST CIRCUITS 


The crossplot is one of the most powerful and useful techniques 
for performing sensitive adjustments and measuring multiplier 
errors, for example feedthrough and nonlinearity, by plotting such 
quantities as a function of the input variable. This is most easily 
done by displaying the error on the vertical axis of the oscilloscope 
and using the multiplier input signal to drive the horizontal input. 


A crossplot test setup for measuring X feedthrough is shown in 
Figure 33. In this case, the X input of the multiplier (an X-Y 
plotter could be used in place of the oscilloscope, to obtain a 
large-scale permanent record) is driven by a 20Vp-p 10Hz sine 
wave, and the Y input is grounded. The output of the multiplier 
is connected to the vertical channel of an oscilloscope with 
sensitivity of 20mV/cm, direct-coupled. The sinusoidal X drive 
signal is connected to the horizontal input of the oscilloscope, 
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sensitivity 2V/cm direct-coupled (+10V F.S.). The oscilloscope 
trace is centered on the screen (zero input and zero feedthrough 


is at the Origin). 


20V p-p 


10Hz 
SINE WAVE 


Figure 33. Cross plot test setup connected to measure X 


OSCILLOSCOPE 


HORIZONTAL 


VERTICAL 


feedthrough. For Y feedthrough exchange X and Y inputs. 


A photograph of the X feedthrough of a transconductance multi- 
plier produced with the aid of this test setup is shown in Figure 
34. The symmetrical parabolic shape indicates that the nonlinear 
component of X feedthrough is proportional to X?. The peak 
value of X feedthrough is 50mV, occurring at X = +10V and 
-10V. Figure 35 illustrates the effect of an additive linear com- 
ponent to the X feedthrough, produced by Y,,. The parabola is 
no longer symmetrical; the +10V end is higher than the -10V 


TABLE: MULTIPLIER TEST MATRIX 


Test 

Offset 

X Feedthrough 
Y Feedthrough 
X Nonlinearity 
X Nonlinearity 
Y Nonlinearity 
Y Nonlinearity 


Full-Scale Errors 


E, 
O+E,, 
Yaa 
—_ 


—<——. 


+10V te 
-10Vte 
+10Vte 
-10Vtie 


Read Error 
On 


DVM 

Scope 
Scope 
Scope 
Scope 
Scope 


Scope 
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end, with a difference of 40mV. This indicates that there is 
20mVp-p of “‘linear’? X feedthrough (that can be cancelled out 
by a Y,, adjustment). 


Figure 34. Measurement of X feedthrough showing nonlinear 
(parabolic) component only, X = +10V. Vertical scale: 20m V/div. 


The Y feedthrough can be cross-plotted by interchanging the X 
and Y inputs on the test setup. 


Figure 35. Measurement of X feedthrough with Y 9, not optimized, 
X = £10V. Vertical scale: 20mV/div. Additive linear term = 40mV 


P-P,; 


Yos = 20mV. 


The crossplot technique can be extended to the measurement of 
nonlinearity, as illustrated in Figure 36. 


Figure 37. 
Figure 38. 
Figure 39. 
Figure 40. 


DC Accuracy (Error), Vout, Ioyz: Zour 
Offset 
Low-Frequency Feedthrough, Crossplot 


Nonlinearity, Crossplot 
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Figure 41. Vector Error, Settling Time 


Figure 42. 


1% Error Bandwidth, Nonlinearity vs. Frequency 


Figure 43. Feedthrough vs. Frequency 
Figure 44. Phase Shift, Differential Phase Shift 


Figure 45. 


Figure 46. Sophisticated Nonlinearity Test 


Figure 47. Multipurpose Multiplier Test Box 


OSCILLOSCOPE 


20V p-p 
10Hz 
SINE WAVE 


10.000V 
pc 
REFERENCE 
Figure 36. Cross plot setup for measuring X nonlinearity 

at Y = 10V. For Y =-10V, summing block should compute 
Eot Vy. Interchange X and Y to measure Y nonlinearity. 


TRIMS 


REQUIRED 


Figure 37. Test setup for measuring DC accuracy, 
output voltage and current range at rated load, output 
resistance. 


Figure 38. Output offset measurement 


fp, f,, Slewing Rate, Overload Recovery, Rise Times 


3-2 MULTIPLIERS 267 


SIGNAL 
GENERATOR 
S50Hz 

20V p-p 


HORIZONTAL 
(2V/DIV,) 


(ZERO-CENTER) VERTICAL 
TYPICALLY 
50mV/DIV. 


INITIALLY; 
REFINE AS 
T NEEDED 


Figure 39. Low-frequency feedthrough crossplot 
é ! 


SIGNAL 
GENERATOR 
10-50Hz 

20V p-p 


Eo + Ks Eg 
(FIG. 32) 


H 


TYPICALLY 
Eo + Ky Eg, Ener <0 SOmV/DIV 


Eo - Ky Eg, Ener > 0 


2v/diV. 


Figure 40. Nonlinearity crossplot 


SIGNAL 
GENERATOR 
10Hz TO 

IMHz 


TIME-BASE 


5002 TRIGGER. 
VERTICAL SET TIME 
BASE AS 
Scare REQUIRED 
dict 4pE 20mV/DIV. 
TYPICALLY 


SIGNAL 
GENERATOR 


10Hz TO TRIGGER 

IMHz 4.99k2 SET TIME 
BASE AS 
REQUIRED 


ADJUST C, TO NULL 
PHASE OR VECTOR ERROR 
COMPONENT 


Figure 42. 1% error bandwidth, X nonlinearity vs. 
frequency (3rd & 4th quadrants) 
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SIGNAL 
GENERATOR 
10Hz TO 

TOMHz 


TRIGGER 


SIGNAL 
GENERATOR 
10Hz TO 

10MHz 


REFERENCE 


FUNCTION 
GENERATOR 
10Hz TO 

1OMHz 


i TRIGGER 
Re VERTICAL: 5V/DIV. 
(f,, SLEW RATE, OVERLOAD) 
= 0.5V/DIV. (f,, RISE TIME) 
Figure 45. Full-power frequency, slewing rate, 


overload recovery; small-signal amplitude response 
and rise time; output current and voltage 


10-50Hz 
CROSSPLOT 


REFERENCE 
MULTIPLIER 
425K 

+0.1% ERROR 


HORIZONTAL 


PRECISION 
SUBTRACTOR 
SCANNING 
SIG. GEN. 
SLOW 1Hz 
Vx Vy Vx Vy 
ERROR =| —75— +) -)—97 ta 
MAY BE SWITCHED 
DECADE-REFERENCE MULT. 
> 0.5% ERROR ae Gere 
RATING pak ‘ : 


Figure 46. Sophisticated X nonlinearity test, using accu- 
rate multiplier as reference. The X input is swept at a 
“reasonable” frequency, and the Y input signal swings 
slowly over its range. The inputs are reversed to check Y 
nonlinearity. If Y is swept continuously, the signal 
envelope is the worst-case error magnitude. 
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Low- 
FREQUENCY 
SIGNAL 
GENERATOR 


FIXED OR 


ADJUSTABLE | 


—S———— —— —- — — ADDER-SUBTRACTOR: AIL — ———— ~—— + 
E 1 7 . 


M.U.T. 


lor. 
| input 
| SIGNAL 


2: (NEGATIVE REF. INPUT ——— - Vin - Eo) = 
3: (POSITIVE REF. INPUT “> -Vin +E) 


Figure 47. Multipurpose test box 


Note: These test circuits are principally designed for testing 4- 
quadrant devices. Testing of single-quadrant devices is in some 
respects similar: however, here are a few differences: 


1. Tests using anegative voltage at one input and passive summa- 
tion of input and output, taking advantage of the negative 
gain of the device in the 2nd and 3rd and the 3rd and 4th 
quadrants, cannot be used. Either precise subtraction or CRO 
differential inputs (if sufficiently accurate) should be used. 


2. Single-quadrant devices generally require half-scale biasing of 
the input signal generator output; peak-to-peak swing is 10V 
(for 0 to 10V devices). 


3. For a complete response picture, logarithmic devices may 
require several sets of small-signal tests, employing small 
signals biased at intervals, e.g., 9V +1V, 0.9V +0.1V, etc. 


Dividers 
(Ratio Circuits) 


Chapter 3 


An analog “divider” circuit produces an output voltage or current 
proportional to the ratio of two input voltages or currents. For 
convenience and clarity, in this chapter, it is to be assumed that 
the inputs and outputs are voltages (unless noted otherwise). 


V. V. 
E,=K-2 =v,—2 (1) 
1°) Vx f V; 


The denominator is denoted V,, the numerator V,, and the 
output E,. The dimensional scale factor K (or V,), is usually 10 
volts. If the ratio of the inputs is unity, the output is equal to K. 
The input/output relationship for an ideal analog divider is 
summarized in Figures 1, 2, and 3. 


Vz O- 2 


Vz 
Ep =K —— 
o= Vx 


K=SCALE FACTOR (VOLTS) = 10V (MOST COMMON) 
K= iV IS USEFUL FOR Vz > Vx 


Figure 1. Block diagram of divider 


The operating region of the variables (quadrants of operation) is 
defined by the polarity and magnitude ranges of the numerator 
and denominator inputs, and of the output. Figure 2 depicts the 
operating region of the inputs of a 2-quadrant divider with normal 
polarity relationships (bipolar numerator, positive denominator). 
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TOP VIEW 


1 QUADRANT {1st) 
OPERATION 


Figure 2. Top view of 2-quadrant divider-function sur- 

face, showing constant-denominator elements. 
If the numerator and denominator are both restricted to a single 
polarity (usually positive), the divider is said to operate in a single 
quadrant, indicated by shading. Generally, the denominator is 
restricted to a single polarity, since the transition from one 
polarity to another would require the denominator to pass 
through zero, which would call for infinite output (unless the 
numerator were simultaneously zero).* 


Besides excluding the vicinity of Vx = 0, the operating region of a 
practical analog divider does not cover an entire quadrant or 
half-plane, because the maximum allowable numerator magnitude 
depends on the denominator magnitude and either the output 
range or the scale factor. 


Ey ax 
Vv =——_— ° Vy (2) 


In the case, where Fom ax = K © 10V), the input region is bounded 
by the 45° line, V, < V,. For small values of V,, the operating 
region is further limited by the minimum value of denominator 


Vimnin that will allow reasonable performance. 


The input-output relationship of an ideal divider can be visualized 
by imagining the three-dimensional surface relating the three 
*It is possible to construct a 4-quadrant divider that accepts bipolar numerator and 


denominator (except for a “forbidden zone” in the vicinity of zero denominator) and 
provides an output with proper polarity relationships, but it has few useful applications. 
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variables. Figure 2 is a top view of the surface, showing the 
constant-x elements; for each value of V,, the output is linear in 
V,- Figure 3a is a view of the surface in perspective. It is a 
developed surface generated by two sets of straight-line elements, 
(1) constant V, and (2) constant E,. Figure 3b is a top view 
showing the contours of constant E,. E, is seen to be equal to 
zero along the V,, axis, equal to K at the intersection of the V, = Vy 
plane and the E, = K plane, and linearly proportional to V, 


Vz 
NUMERATOR 


DENOMINATOR 


a. Two-quadrant divider input-output surface, showing 
constant-denominator elements 


+10V +5V -5V -10V 


b. Contours of equal Eg, 1V contour interval, for 
Eg = 10V2/V x, Vx >0 


Figure 3. Two quadrant divider — input/output surface 
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where it intersects any plane perpendicular to the V, axis. E, is 
inversely proportional to V, where the surface intersects any 
plane perpendicular to the V, axis. The surface approaches 
verticality as V, approaches zero, tending towards + © for positive 
V, and towards — ~ for negative V,; however, it is truncated 
considerably earlier by the intersection of the E, = K plane and 
the V, = V, plane. 


Theoretically, the output will approach the value +K as +V, and 
V,, approach zero together 


lim 
K<™ 


Pama 5 =K 3 
IV,l=V, 70. Vz (3) 


In contrast with the theory, the output of real dividers is generally 
undefined for denominators smaller than some minimum value, 
typically in the range from 10mV to 1V, depending on the 
properties of the device. 


ERRORS OF ANALOG DIVIDERS 


Division has long been the most difficult of the four arithmetic 
functions to implement with analog computing devices. This 
difficulty stems primarily from the nature of division: the 
magnitude of a ratio becomes quite large, approaching infinity, for 
a denominator that approaches zero (and a non-zero numerator). 
Thus, an ideal divider must have potentially “infinite” gain and 
infinite dynamic range. For a real divider, both of these factors are 
limited by the magnification of drift and noise at low values of V,. 


In other words, the “gain” of a divider for the numerator is 
inversely dependent on the value of the denominator (Figure 4). 
On the other hand, if the ratio of numerator to denominator 
remains constant as their magnitudes vary, the quotient is constant 
(Figure 5). 

The output of a practical analog divider will differ from the 
theoretical ratio of its inputs by an amount that is, in general, 
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V; 
8 ~ 
[2] 05 4.0 


NORMALIZED DENOMINATOR 


Figure 4. Divider gain as a function of denominator voltage 


Eo 
70 
“ 
<x 
r 
alx Vz =AVy 
>|> 
x 5 
iy 
= 
2 
im 
E 
2 
; we 
Vx 


DENOMINATOR 
Figure 5. Divider output for constant ratio (A) of numerator 
to denominator 


dependent on the magnitudes of the inputs. The overall error is 
the net effect of several factors, of which the most important are: 


Type of Error Approximate Range of 
Magnitude 
1. Numerator offset, Z,, 1% to 0.001% of Vi max 
2. Denominator offset, X,, 1% to 0.001% of Vy 
3. Output offset, E,, 1% to 0.01% of E, 
4. Scale-factor error, AK 1% to 0.05% of K 


5. Nonlinearity, f(V,, Vx) 5% to 0.05% of V;,, Vx 
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The effects of these errors can be seen more plainly when they are 
introduced into the “‘ideal’’ divider equation 


V,+Z 
E, =K+AK) oS +E t FN, Vy) (4) 
The equation can be rewritten to sort out the effects of the 
combined errors on the output 


(K + AK)Z 
=(K+ AK +———-§ + E.. +/f(V,, V,) 6 
( Tae +X, V,+X,. os 4 tF(V,, Vx) G) 
ee oe —_—” — 
scale- ratio input offset output non- 
factor error referred to stage linearity 
error output offset 
ne 


total output offset 
Considering these terms separately, 


1. The scale-factor error, AK, is independent of the level of V, 
or V,. However, as will be shown, there is an additional error due 
to X,,, which may be viewed either as an additional X-linearity 
error or as a variable scale factor on V,, depending on the 
interpretation of V, and the portion of the range that is used. If 
X,, = 0, the term simply represents the ideal division, with a AK 
error. As X,, becomes more significant in relation to V,, if affects 
the slope of the E,/V, relationship. If X,, is negative, (and V, 
non-zero), as V, approaches the positive value, -X,,, the ratio 
tends to “blow up” (Figure 6). If V, is precisely zero, the output 


GAIN 


DENOMINATOR 


Figure 6. Divider gain error at output as a function of 
denominator X (Xg5 <0) 
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will be limited to K + AK, small comfort, since K is usually full 
scale, and an infinitesimal deviation of V, from zero will drive the 
output into limits. If X,, is positive, the gain will not become 
infinite within the range of V,, but large linearity errors will result 
for small values of V, (Figure 7). In particular, at V, = X,,, the 
gain will have halved. 


Eo 


K 
Vi MNDEAL GAIN) 
x 


GAIN 


\ GAIN = ———__ 
\ Vx + Xos 


Xos > 9 


Figure 7. Divider gain error at output as a function of 
denominator X (Xgs > 0) 


2. The “input offset” error, referred to the output, 


(K + AK) SE Bir se Oe 
V+ Xos Vi + Xo, 


The numerator offset, Z,,, is subjected to a gain K/(V,, + X,,). If 
X,, is zero and Z,, is non-zero, this term tends to “blow up” as 
V,; approaches zero; in any event Z,, will be magnified for all 
V, < K. The value of X,, serves to modify the “blowup point” 
(asymptote): if X,, is negative, the offset error will become 
“infinite” when V, has the positive value -X,,. If X,, is positive, 
the offset error will become high, but not infinite (small comfort 
again!). If Z,, = 0, then the input offset error, referred to the 
output, will be zero (except at V, + X,, = 0, when it becomes 
equal to K). 


3. The output-stage offset is independent of V, and V,, and, 
since it undergoes no magnification, it is generally a negligible 
source of error, compared to the output errors produced by the 
input offsets. Its contribution is most salient in such applications 
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as linearizing, where the dynamic range of the denominator is not 
usually large; for such applications, E,, should be trimmed to 
zero, and the effect of its temperature coefficient should be 
considered. 


4. The output nonlinearity f(V,, V,,) is identifiable in terms of 
the nonlinearity of the straight-line elements (Figure 3), with all 
other errors tweaked to zero. V, (numerator) nonlinearity is the 
departure of E, from proportionality to V, at constant V,. Figure 
8 is a typical plot of numerator nonlinearity, measured by 
subtracting KV,/V, from the output. Nonlinearity as a function 
of denominator (actually as a function of ratio) is defined in terms 
of deviation of the measured ratio from the theoretical ratio as V, 
and iV, are varied together in a constant ratio (the radial 
“spiral-staircase” straight-line elements in Figure 3b). 


v. 
ERROR = Eg -K —= 
Vx 


Figure 8. Nonlinearity as a function of numerator voltage 
(Vz). Denominator = constant ' 


Besides these easily-determined deviations, stated in terms of the 
familiar concept of linearity, it is also possible (but less practical) 
to consider the fidelity to hyperbolic form, comparing the output, 
as a function of V,, (V, held constant), with the ideal output. 
Errors due to denominator offset, numerator offset, and scale- 
factor error are excluded. Generally, the nonlinearity takes the 
form of limited gain at small values of denominator voltage, as 
shown in Figure 9. Gain, K/V,, is plotted vertically against V, 
horizontally, for constant V,. As V, is reduced, the gain increases 
hyperbolically, until, at small values of V,, a peak is reached, then 
the gain decreases to zero at V, = 0. This kind of gross 
“denominator nonlinearity” is fairly common in analog dividers, 
since a zero X-input may correspond to shutting off a current or 
voltage in the circuit, reducing the gain to zero. 
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GAIN 


IDEAL GAIN = aK 
Vx 


GAIN LIMIT 
Guax 


Vx 


Vx MIN 


Figure 9. Gain limit at low values of denominator voltage 
Divider Errors — Summary 


Based on all of the above considerations, a good analog divider is 
identified by the following properties: 


1. Fidelity to the Ratio Function: “Gain” (K/V,,) must vary 
inversely with the denominator over a wide range of denominator 
values. 


2. Numerator and denominator input errors, such as offsets, 
noise, and drift, must be much less than the smallest input signals. 


3. If requirements (1) and (2) are met, the output of the 
divider should be constant for constant ratios of numerator and 
denominator, independent of their magnitudes. For example, 
10/10 = 0.01/0.01 = 1, and 1/10 = 0.001/0.01 = 0.1. 


DIVIDER CIRCUITS 


This section deals with three of the most common divider circuits. 


1. Inverted multiplier 
2. Direct variable-transconductance divider 
3. Log-antilog divider 


The design of these circuits is largely based on the multiplier 
circuits discussed in Chapter 3-2; they are similar in principle, in 
circuitry, and in physical appearance; in fact, some are identical. 
While other techniques for division exist, the three listed above are 
the most popular, and a detailed discussion of their design and 
performance should provide adequate insight into analog-dividers- 
in-general to suit any practical purpose. 
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INVERTED MULTIPLIERS 


The “inverted multiplier” is by far the most commonly-used 
analog divider circuit. Nearly all general-purpose 2-input multi- 
pliers can (and most do) use this technique to achieve division. 
The circuit consists of a multiplier connected as the feedback 
element of an operational amplifier configuration, as shown in 
Figure 10. The forward transfer function of this circuit will be the 
inverse of the feedback function; thus, the multiplication function 
is inverted to form a divider. 


O Vx (iN) 


V2.0 


V1 = Ku Vx Vy 
> Vy = Eg 


IN THE STEADY STATE, THE SUMMING JUNCTION OF A1 
MUST BE NULLED. THEREFORE 
Mi V2 


R R 
Vy = -Vz 
Ku Vx Eo =-Vz 
1 VY, Vv: 
Eg =-— 2 KS 
ts) Ku Vx Vx Vx >0 


Figure 10. “Inverted-multiplier” divider circuit 


In more specific terms, the multiplier, like a voltage-controlled 
potentiometer, controls the loop gain of the negative feedback 
circuit around the op amp. As the X input voltage to the 
multiplier is decreased, the gain from the Y input to the multiplie1 
output is reduced proportionally, reducing the negative feedback 
(and the loop gain). Since the multiplier output must balance the 
Z input, the multiplier Y input must be increased proportionally. 
Since the multiplier Y input is supplied by the output of the 
circuit, the Z input is magnified in the same ratio that X is 
decreased. 


If the X (or denominator) input is reduced to zero, then the 
feedback is zero, and the gain between the Z input and the 
amplifier output will be the open-loop gain of the op amp. If the 
op amp and the multiplier are “ideal,” then the forward gain will 
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be infinite for zero denominator. Of course, real op amps do not 
have infinite gain, and real multipliers always have finite feed- 
through, so real dividers have finite gain for zero denominator 
(however, noise and offset errors tend to render the finite-gain 
question academic, at least for low frequencies, where op amps 
generally have plenty of open-loop gain). 


Any multiplier circuit, whatever its operating principle, can (in 
concept) be made to divide in this manner. But practical problems, 
such as stabilizing the closed loop, incompatible forms of inputs, 
slow response, high cost, etc., tend to narrow the field. Since it is 
the case (as we have shown in Chapter 3-2) that the variable- 
transconductance multiplier offers an excellent overall combina- 
tion of cost, speed, accuracy, and (in I.C. form) size, it is 
reasonable to assume that inverting such multipliers to form 
dividers would be popular as a means of division. 


Performance of Practical Inverted-Multiplier Dividers 


Any multiplier can, in concept, be converted into a divider by 
adding an operational amplifier and two resistors, as shown in 
Figure 10. However, most general-purpose, 4-quadrant multipliers 
include an output amplifier and associated resistors, and call for 
external closure of the output-amplifier loop. They can readily be 
inverted to 2-quadrant dividers by reconnecting the multiplier 
inputs and the feedback resistor, as shown in Figure 11. 


The performance of the inverted-multiplier divider circuit depends 
primarily on the performance of the multiplier, since (except for 
wideband devices) the op amp usually has insignificant errors 
compared to the multiplier. Depending on the desired divider 
performance, variable-transconductance multipliers, with errors 
ranging upwards from 1%, or the more-accurate pulse-modulation 
types, with errors in the vicinity of 0.1%, might be used. 
Characteristics and circuitry of these multipliers are discussed in 
Chapter 3-2. 


A 1% multiplier usually has appreciable offsets and nonlinearity; 
as a divider, the dynamic range of its denominator is limited to - 
about 10:1, i.e., a 10X magnification of error and drift. The lower 
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a. Multiplier connection, showing effective location of 
offset errors 


b. Divider connection, showing equivalent divider offset 
errors 


Figure 11. Relationship of multiplier and divider errors 
in “inverted-multiplier” divider 


errors and drift of the 0.1% multiplier will increase the useful 
denominator dynamic range to 100:1, but the errors and drift are 
still significant beyond a 10:1 range (Figure 12). 


Specified multiplier performance can be used to predict divider 
errors. Their relationship is outlined in Table 1. Equation (5) can 
be rewritten in terms of the multiplier parameters to describe 
divider performance based on multiplier specs: 


E- 1 Nv, 1 E 


Ses +——+—8_ +Y +/f€E,, V, 
: Ky, — AK Vx + Xs Kn Vx + Xos i a o Nx) ©) 


where K,, is the multiplier scale constant = 1/V, 
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Figure 12. Total error vs. denominator for 1% and 0.1% 
“inverted multiplier” dividers 


TABLE 1. RELATIONSHIP OF DIVIDER PARAMETERS TO 
MULTIPLIER PARAMETERS 


Corresponding Divider Principal Output 
Multiplier Parameter Parameter Component of Divider 
A. “Linear” Effects 
1. Output offset, Numerator offset, Zos KE,,/Vx 
Eos 
2. X-Input offset, Denominator offset, Xos5 KVLAV, + Xos) 
Xos 
3. Y-Input offset, Output offset, Eos Yos 
Yos 
4. Scale factor, Scale factor, K = V, Kvl/V, 
Km = 1/V, 
B. Nonlinear Effects (other errors minimized) 
5. X Nonlinearity Nonlinearity of constant (KyVyVy — Eq)/KV (Vy const) 
ratio, Vy = Eg XNL/KmVx 
6. Y Nonlinearity Numerator nonlinearity (KmVxVy — Eo)/KmVx (Vx const) 
YNL/KmVx 


C. Dynamic Error (incremental) 
7. Bandwidth Bandwidth fggpV,/K 
(-3dB frequency) (—3dB frequency) 
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Figure 13 is a graph of incremental frequency response for two 
representative dividers at unity gain (K/V, = 1) and higher gains 
within their respective practical ranges of division. 


SMALL SIGN GAIN: 20 LOG (WEo/aVz} 


IB 
100Hz 1kHz 10kHz 100kHz IMHz 
FREQUENCY (LOG SCALE) 


Figure 13. Small-signal response as a function of denominator 
voltage for two multiplier-dividers connected in the “divide” 
mode 


Since ‘“‘inverted-multiplier” dividers have such limited perform- 
ance, and present many pitfalls to the unwary designer, their use 
(involving low-cost general-purpose IC multipliers, at any rate) 
should be limited to such applications as linearizing, that involve a 
small dynamic range of denominator variation, and where lowest 
device cost is essential. The following guidelines are offered to 
make the best of a “‘bad thing.” 


1. Avoid using an “inverted-multiplier” unless low cost is 
essential and adequate pains can be taken to be sure of best 
results. Be prepared to consider as an alternative a specialized 
internally-trimmed 1- or 2-quadrant divider that has guaranteed- 
maximum error specifications over the expected denominator and 
ambient-temperature ranges. 


2. If a general-purpose multiplier/divider is used as a divider, 
some thought should be given to performance, primarily in the 
areas of bandwidth, accuracy, and drift errors vs. denominator. 
For many applications, a faster or more-accurate multiplier will be 
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found necessary than may have been expected at first. If possible, 
external trims should be provided for input and output offsets, 
and the trim procedure outlined in Testing and Adjusting Dividers 
(later in this chapter) should be followed. The following specific 
points should be considered in applying Guideline 2. 


A. Allow for increased error, at room temperature, as the 
denominator magnitude decreases. Always use preamplification 
for small signals to scale the denominator to 10V full scale; use the 
smallest dynamic range of denominator that the application will 
tolerate. Use a multiplier/divider having higher accuracy than is 
required at full-scale denominator: As a rule-of-thumb, a multi- 
plier used for division will have about 3X larger total error (than 
multiplication) at V, = 1V, if external trimming is used. Without 
external trimming, it will have 10X greater total error. For a 
graphical comparison of divider errors, among a number of 
devices, see Figure 24. 


Example: A system requires a 2-quadrant divider with less than 
1% (of 10V full-scale) error and a 1V to 10V denominator range. 
Choose a multiplier with approximately (1/3)% error (e.g., one 
might consider 427J—0.25% or 426L—0.5%) if trimming is per- 
missible (one objection to trimming might be that it would com- 
plicate field replacement, since each replacement unit would have 
to be “tweaked-in”). If trimming is excluded, a multiplier divider 
with (1/10)% error would be required; stated another way, a 0.1% 
multiplier/divider will have a +1% = 0.1V error in the divide mode 
with a 1V denominator. 


B. Allow for increased offset and scale-factor drift, and increased 
noise, at decreased denominator magnitudes. As discussed earlier, 
the noise and offset drift errors are inversely proportional to 
denominator magnitude. Furthermore, the scale factor will also 
drift, because of the effect of denominator drift on the magnitude 
of the apparent scale factor. 


Example: System requirements dictate a maximum offset of 
+20mV for a 10:1 denominator range and +5°C temperature 
tange. Allowable multiplier offset drift is: 


20mV_ 1V 
X — = 04mv/° 
50¢ * joy Ctmvihc 
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Figures 26 and 29 provide information about the drift of specific 
devices with temperature, as a function of denominator voltage. 


C. Allow for decreased bandwidth as denominator decreases. The 
small-signal bandwidth of all “‘inverted-multiplier’ dividers is 
directly dependent on denominator magnitude. Since most of 
these dividers have -6dB/octave gain rolloff, the bandwidth is 
linearly related to the denominator level: 


en 
K 


c “°max 


where f, is the -3dB bandwidth, and K is the divider scale factor, 
usually 10V. 


Bandwidth vs. denominator data for several dividers are plotted in 
Figures 27 and 28. 


D. Provide adjustments for numerator, denominator, and output 
offsets, if possible. A scale-factor trim may be used, but it is often 
unnecessary, because scale factor can be adjusted elsewhere in the 
system, as a gain adjustment on either input variable or at the 
destination of the output. For best accuracy, trim the divider 
according to the procedure outlined in Testing and Adjusting 
Dividers. If all three offset trims cannot be used, choose at least 
one of the following: 


1. Numerator offset trim (Z,, or E,,) controls the shift in 
output offset with varying denominator. This trim is essential 
when the denominator range is greater than 3:1. 


2. Output offset (Y,, if the feedback is via the Y-input of the 
multiplier) controls the fixed portion of the total output offset. 
The Y,, adjustment can be used to minimize the total output 
offset for a denominator range of 3:1 or less. 


3. Denominator offset (X,, if the X input is the denominator) 
controls the change in apparent scale factor as the denominator is 
varied. The X,, trim can be eliminated if the range of V, is 
expected to be limited to about 3:1 (from full-scale input). 
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2-QUADRANT VARIABLE-TRANSCONDUCTANCE DIVIDER 


The direct variable-transconductance divider is based on the 

linearized variable-transconductance multiplier circuit explained in 

Chapter 3.2. The basic input/output transfer equation for the 
multiplier circuit is 

EB = — x ¥y_ 

° Ky lrer 

If Ipgp is used as an input, then the circuit becomes a 3-input 

simultaneous multiplier-divider. The schematic of the 2-quadrant 

variable-transconductance divider appears in Figure 14, which is 


(7) 


<—— 
200uA FS. 
10uA MIN. 


-15V 


Figure 14. Practical two-quadrant variable-transconductance 
divider 
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quite similar to Figure 10, Chapter 3-2. The current Ipprp 
determines the standby current through the diode-connected 
transistors (Q2). As Ip gp increases, the dynamic resistance of the 
diodes decreases 


kT 
Iz = (8) 
3 QleEF 


The X input voltage produces a division of the total current 
between the two diodes (and hence a greater voltage drop across 
one than across the other). The difference current is 


AI =— (9) 


Clearly, if an increase in Ip¢p produces lower resistance in the 
diodes, the incremental voltage drops across each caused by AI 
will decrease. Conversely, as Ip pr decreases, the change of voltage 
across the diodes, as a function of V, , increases. 


The difference in diode voltage is amplified at fixed gain (assuming 
constant Y input) by the differential pair Ql A-B. Thus, the 
overall gain is inversely dependent on Igrr (as Eq. 7 indicates), 
and the ideal division equation will be followed over a fairly wide 
range of Ip pp, typically 20:1. The dynamic range of response to 
Ip EF is limited primarily by the f’s of the diodes and differential 
transistors, and by the increase in emitter resistance of the X-input 
amplifier as Ip pr is reduced. 


This version of the variable-transconductance divider has very wide 
bandwidth; up to 5MHz can be achieved, and the bandwidth is not 
strongly dependent on the denominator magnitude. For instance, 
the AD531 integrated-circuit multiplier-divider uses just this 
scheme for division — it has a nearly constant bandwidth of 
750kHz for a 20:1 range of denominator. Discrete versions of this 
divider can have 5MHz bandwidth over a 10:1 range of denomina- 
tor. The accuracy of this circuit can be reasonably good, with 
errors of about 0.5% af Ippp = 200A and 2% at Ipgp = 10HA. 
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IMPROVED 2-QUADRANT VARIABLE-TRANSCONDUCTANCE 
DIVIDER 


The accuracy and dynamic range of the 2-quadrant transcon- 
ductance divider described above can be greatly improved by a few 
refinements. The modified circuit can divide accurately over a 
1000:1 (1OmV to 10V) denominator range and can easily achieve 
less than +0.5% error over a 100:1 range without requiring 
external trimming. In addition, the numerator nonlinearity is 
extremely low, +0.05%, and independent of denominator mag- 
nitude. 


The variable-transconductance circuit can also be considered as a 
log circuit and analyzed in terms of the logarithmic behavior of its 
elements, since the slope of the natural logarithm of a number is 
inversely dependent on the magnitude of the number (rg in Eq. 8 
is such a slope). 


ddn x)_1 (10) 
x 
f- 
—dx=Inx+C (11) 
x 


In the variable-transconductance divider, the denominator controls 
the magnitude of x (ppp) and therefore the “gain” for the 
numerator, or V, (in Fig. 14) signal. 


The improved 2-quadrant divider uses a differential log-antilog 
function to directly synthesize the division function. A simplified 
schematic of the divider circuit, similar to that of the Model 436 
Divider, is shown in Figure 15. 


The denominator voltage, V, is applied to two symmetrically- 
arranged transdiode log circuits (see Chapter 3-1), Q1A-Al 
QIB-A2, through R1 and R2. The numerator voltage, V_, 
applied to QIA-Al directly through R3, and inverted ev.) 
through R4 to QIB-A2. 


The numerator, V,, and denominator, V,, voltages are converted 
to currents that are summed at the inputs of Al and A2. Since R3 
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R, =R,*R 
R3 = Rg =2R 


Figure 15. Two-quadrant variable-transconductance divider 


and R4 are 2X RI and R2, the currents in QIA and Q1B are 
proportional to V, + ’V, and V, — ¥%V,. The output voltages of 
Al and A2 are therefore proportional to the logarithms of the 
sums and differences, since 


Ves =-— = (Vip = 0) (12) 


The voltages at the emitters of QIA and QIB are applied to a 
differential antilog circuit, Q2A-Q2B, which operates at a constant 
sum (reference current Ip). The form of the currents to be 
differenced in A4 is 


I, = aylgg(et BE? — 1) (13) 


c 
assuming that Vog = 0. 


The difference of the collector currents of Q2A-Q2B is converted 
to an output voltage 2 AI, R,, by the collector-loading and 
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summing resistors R5 to R8, and amplifier A4. By an analysis 
similar to that for the Gilbert transconductance multiplier in 
Chapter 3-2, it is fairly easy to show that 


I L 
Al, =-5EF «2 (14) 

ne ae 

where’ 

Ve = Vy 

is “a L, = 7 (15) 
_Rihker Nv, 

E, = 5 Ve’ ILI <1, | (16) 


The ratio relationship between V, and V,, is precise to the extent 
that the transistors obey the ideal junction equations, and the 
effects of the op-amp input offset currents (Al, A2) can be 
ignored. Practically speaking, the limitations of the amplifiers are 
more significant than those of the transistors, since (it has been 
shown that) the transistors follow the ideal current-voltage 
relationship from at least 10pA to 100uA (7 decades, or a 
dynamic range of 107), while low-cost bipolar-input amplifiers 
have input offset currents of 0.5nA (AD308) to 5nA (AD201A). 
The dynamic range for 1% error, due to op-amp input current, is 
then 0.01 X 100uA/0.5nA, or 2000:1. 


The symmetrical arrangement of the circuit is essential to its 
operation in two quadrants with low distortion. In fact, all 
currents in symmetrical paths must be perfectly balanced, or 
second-harmonic distortion will be introduced into the numerator 
and denominator. Interestingly, the oscilloscope photographs 
showing numerator nonlinearity, Figures 16 & 17, show only 
third-order (S-shaped) distortion, due to emitter resistance in 
Q2A&B. Matching of the X and Z input resistors, and the balanced 
circuit configuration combine to eliminate second-order distortion 
in the input log amplifiers. 
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Figure 16. Nonlinearity of two-quadrant divider as a function 
of numerator input. Denominator is constant at +70V 
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Vz = +0.1V Vz =0 Vz =-0.1V 


Figure 17. Same as Figure 16, but denominator is 0.1V; 
numerator swing is 0.1V for full-scale £10V output swing 


The bandwidth of this variable-transconductance divider is not 
strongly dependent on the denominator magnitude, as Figure 18 
shows. The reason for this is that the output section, Q2A&B and 
A4, operate at an essentially constant high (200zA) current level, 
while the log amps, Al & A2, operate in a quasi-current mode, 
with very low (~0.3V) output swings and high loop gain. 


TMHz 


100kHz 


-3dB BANDWIDTH (LOG SCALE) 


10V Vv 0.1V 10mVv 
DENOMINATOR VOLTAGE {LOG SCALE) 
OdB +20dB +40dB +60dB 
GAIN iN dB = 20 LOG (K/Vx) 


Figure 18. Small-signal bandwidth (-3dB) of the two-quadrant 
variable-transconductance divider, as a function of denomina- 
tor voltage. 


3-3 DIVIDERS (RATIO CIRCUITS) 293 


To summarize, the wide dynamic range, low errors, and wide 
bandwidth of the variable-transconductance divider are the result 
of four features of the circuit: 


1. Numerator and denominator inputs to summing junctions of 
operational amplifiers ensure lowest-possible input offset, noise, 
and drift. The input errors are still magnified by K/denominator at 
the output, but the input drifts are less than 10uV/°C, resulting in 
an'output offset drift of ImV/°C for V, = K/100. 


2. Fidelity to the Division function: The log-antilog synthesis of 
the linear ratio is theoretically exact for all finite denominators, 
0 <x < &, The only limitation in dynamic range lies in deviations 
from ideal performance of the hardware; the transistors operate 
over 7 decades, the op amps over 3 decades (limited by offsets and 
drift). Errors less than 0.5% of full scale can be achieved over a 
100:1 denominator range. Figure 19 shows the effect of denomin- 
ator voltage on total error. 


aman 
PN TT PTT TT 


50m! Q abe 
10mV Yoomv 10V 


DENOMINATOR INPUT VOLTAGE 
Figure 19. Total error of the two-quadrant variable-transconductance 
divider, as a function of denominator voltage 
3. Low numerator distortion (0.05%): The symmetry of the 
circuit (and available components) permit low distortion, inde- 
pendent of the denominator (Figs. 16 and 17). 


4. Wide bandwidth (500kHz), low output-stage drift: Opera- 
tion of the output section at a constant high current level (200uA) 
produces wide bandwidth and low output-stage offset drift. The 
small internal voltage swings and high loop gain of the input log 
amplifiers reduce the dependence of bandwidth on the denomina- 
tor, as Figure 18 demonstrates. 


ERROR (LOG SCALE) % F.S. 


294 NONLINEAR CIRCUITS HANDBOOK 


Besides all its performance advantages, the concept and circuitry 
of the variable-transconductance divider are relatively simple, com- 
pared to almost any other 2-quadrant-divider approach. 


LOG-ANTILOG DIVIDER 


The log-antilog multiplier circuit discussed earlier (Chapter 3-2, 
Figure 20) also makes an excellent divider. In fact, it is probably 
the most accurate one-quadrant divider circuit available. 


If the Vpepr input of the log-antilog multiplier circuit is used as a 
denominator and relabeled V,, and the X input is relabeled V,, 
the circuit becomes Figure 20 (this chapter), with the transfer 
function 


(17) 


An additional advantage of the log-antilog circuit is that it is a 
three-input circuit that performs multiplication and division 
simultaneously and with equal accuracy, greatly increasing its 
usefulness for a wide variety of applications, such as implicit 
solutions of all types, including square roots, rms, and vector 
equations (see Chapters 2-3, 2-5, and 3-6). For square-rooting, 
with wide dynamic range, one simply connects the output to the 
denominator input; then E, = 10V,/E, =./10V,. 


In effect, the circuit will do the work of two independent 
one-quadrant multiplier/dividers, thus simplifying the implementa- 
tion of equations requiring multiplication and division. 


Circuit Description 


The operation of the log-antilog multiplier-divider circuit, Figure 
20, has been described in detail in Chapter 3-2; only a brief 
summary will be given here. 


The three input variables, X, Y, and Z (V, or I,, Vy orI,, V, or 
I,), are applied to three independent transdiode log amplifiers, 
A1-Q1A, A2-Q2A, and A3-Q2B. The outputs of the log amplifiers, 
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Figure 20. Log-antilog divider-multiplier. Heavy lines 
trace signal paths. 


equal to the emitter-base voltages of the transistors, are propor- 
tional to the logarithms of the input variables. For example, for 
Vv 


Zz 


Vase : (18) 


The sum of the base-emitter voltages around the loop from the 
base of Q2A to the base of Q2B is 


O=Ver2a + Vpeia — Vazip — VBE2B (19) 


Substituting the log relationships between input currents and 
base-emitter voltages, and cancelling matching constants, as 
discussed in Chapter 3-2, 


—In— =0 (20) 
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Since the sum of the logarithms is equal to the log of the product 
of the summed arguments, and the difference of logs is equal to 
the log of the ratio of the arguments, 


fei gy, | Net (21) 
a IV, RR, 
and 
_V2Vy | Re 


I (22) 
clB Ne R, Ry 


R4 in the feedback circuit of A4 converts the collector current of 
QI1B to the output voltage 


_R R, . VzVy V,V. 
eens =K—2~¥ (23) 
RR, Vy Vv. 
Note that the output is independent of temperature, and that the 
scale factor is determined by only four resistors, which can easily 
be matched, both for initial value and for temperature coefficient. 


Performance of the Log-Antilog Divider 


The log-antilog circuit is capable of high accuracy, wide-dynamic- 
range division and multiplication for three reasons: 


1. Very low errors at the signal inputs: The input amplifiers 
Al, A2, A3 can have offsets less than 100uV and input currents of 
5nA or less, with offset voltage drifts of 10uV/°C or less. This 
results in an input error of 0.1% or less for inputs as low as 
100mV. 


2. Use of summation of the logarithms of currents allows a 
wide dynamic range; the Vp, of a log transistor changes only 
about 60mV per decade at room temperature, thus many decades 
may be accommodated without danger of saturation or other 
problems inherent in dealing with wide-dynamic-range signals 
directly. In fact, the dynamic range is limited primarily by the 
offset current of the input amplifiers Al to A3 (0.1nA typically), 
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that sets a lower limit on the input voltage or current in low-cost 
general-purpose devices using bipolar transistors. The high end of 
the dynamic range is limited to 1mA or less (usually 100uA) by 
emitter and base resistances in the log transistors. 


3. Low nonlinearity due to excellent log-conformity of mono- 
lithic dual transistors for currents between 1nA and 100pA: 
Overall nonlinearity of 0.05% can be achieved in a properly 
designed circuit. 


As an indication of the accuracy and dynamic range that can be 
achieved in practice, Figure 21 shows the error (as a function of 
denominator) for the Analog Devices 434 log-antilog divider. The 
434B typically has less than 0.2% error over 2 decades of 
denominator, and 1% or less error over 3 decades — without any 
external adjustment. If the numerator and denominator input 
offsets are adjusted externally, the error can be held to 0.2% over 
three decades: 1000-to-1. 


INPUT OFFSETS 
TRIMMED EXTERNALLY 


NO EXTERNAL TRIM MAX LIMIT 
} Z DAS4A, 
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eee 


0.01V O.1V Vv 10V 
DENOMINATOR VOLTAGE, Vx (LOG SCALE) 


0.5 


02 


ERROR (% F.S.) LINEAR SCALE 
8 


Figure 27. Log-antilog divider: total error as a function 
of denominator voltage 


In common with other logarithmic circuits, the bandwidth of the 
log-antilog divider is dependent on input signal magnitude. For 
instance, if the bandwidth is 100kHz for a 10V numerator input, 
it will be about 10kHz for a 1V numerator input. This is a direct 
tesult of the change in loop gain with signal level in transdiode log 
amplifiers. 
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Using a I-Quadrant Analog Divider in 2 Quadrants 


A one-quadrant divider, such as the log-antilog circuit discussed 
here, will accept only single-polarity numerator and denominator 
inputs. In many cases, it is essential to have a two-quadrant divider 
that will accept a bipolar numerator (e.g., a sine-wave centered 
around zero volts) and a unipolar denominator. 


Any one-quadrant divider will work as a two-quadrant divider if a 
fraction of the denominator input is used to bias or offset the 
numerator input, as outlined in Figure 22. The divider circuit itself 
remains unipolar, with an output offset of % of full scale. The 
offset can be removed by subtraction (Figure 22) or by ac 
coupling (Figure 23) to yield an output centered about zero. 


Vz 
Ey = K—= 
‘0 Ve 


DEN. = Vx “KA BSI Vz + AVx 1S Vu max 
Va = yore pi - A= 1/2 TO BIAS OUTPUT IN 
+ 
v,=K MZtAVx 2 YZ ka CENTER OF OPERATING RANGE 
Vx Vx 
Eg =K vz. 


Vx 


Figure 22. Offsetting a 1-quadrant divider for operation 
in two quadrants 


In general, the performance of the “offset” two-quadrant divider 
will not be as good as the performance of the single-quadrant 
divider, but it will be much better in terms of accuracy and 
dynamic range than the two-quadrant “inverted-multiplier” 
dividers. 


If the log-antilog divider is offset for 2-quadrant operation, the 
performance will be reduced in two areas: 


1. Bandwidth: The bandwidth will depend on both numerator 
and denominator levels. As the numerator swings towards its 
negative extremity, the magnitude of the input to the circuit tends 
towards zero. This reduces the bandwidth and can cause distortion 
on negative half cycles. 


3-3 DIVIDERS (RATIO CIRCUITS) 299 


2. Output offset variation with denominator level: Since the 
zero-output point of the offset divider is really the half-scale point 
of the basic circuit, the nonlinearity of the circuit will cause the 
offset to shift with denominator (a common problem with 
one-quadrant circuits that are offset to provide a semblance of 
2-quadrant performance). 


Measurement of the performance of the 434A log-antilog divider 
in the circuit of Figure 23 typically yields the following results: 


Denominator Output Error -3dB Bandwidth 
Voltage Variation from | (Numerator or 
(V,) value @ V, = 10V Denominator) 
+10 0 55kHz 
+1 +20mV , 5.5kHz 
+0.1 +25mV 550Hz 


PINSIDE VIEW 
434 


V4 Vz + 112 Vx 


Eg = 
‘o = 10 Vx 


Vz 
25 Va +5 


Eo 


c 


(—> AC 
COMPONENT 


2.5V2 


O< Vx <+10V % = VE 
-10V <Vz <+10V 


V2 1S Vx 


Figure 23. Offsetting AD434 for two-quadrant operation 


A one-quadrant divider may be used in two quadrants if it is 
preceded by an absolute-value circuit having polarity sensing, and 
if the output is applied to a sign-magnitude circuit (e.g., Chapter 
3-5, Figure 15) to restore the polarity. While eliminating the offset 
problem, this circuit (using a log-antilog divider) will still have 
bandwidth difficulties, because the signal will slow down each 
time the numerator crosses through zero. 


DIVIDER SPECIFICATIONS 
Analog dividers have not, in the past, been as thoroughly specified 


as analog multipliers. There are at least two reasons for this state 
of affairs: 
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1. Until recently, division existed principally as a form of 
application of a multiplier that could be connected as a divider. 
Most suppliers of modular and IC multiplier-dividers have placed 
primary emphasis on the underlying device, the multiplier. 


2. Until recently, most analog dividers have had poor to fair 
performance, for the reasons discussed earlier in this chapter. 
Since their usefulness was somewhat limited, many manufacturers 
concluded that there was little point to attempting complete 
characterization so early in the game. 


In this section, we shall seek to provide a format that embraces a 
large number of the key accuracy and dynamic specifications, and 
shows their relationship to the denominator voltage. The compara- 
tive specifications of a representative variety of commercially- 
available divider circuits in use as of late 1973 are listed in Table 2. 
They include the errors at maximum and minimum useful denom- 
inator values, and are accompanied by graphs (Figures 24-30) 
which show the errors as functions of the denominator. The 
dividers listed in the table employ all three of the techniques dis- 
cussed in this chapter: 


1. “Inverted-Multiplier” Divider The AD532K IC multiplier 
(connected as shown in Figure 31) is a low-cost transconductance 
multiplier/divider, internally trimmed for multiplication with less 
than 1% error; external trims are essential for best performance as 
a divider. Model 427J (connected as shown in Figure 32) is a 
high-performance pulse-modulation multiplier/divider. Though 
one of the best “‘inverted-multiplier” dividers available, it still 
requires external trim adjustments to make best use of its 
excellent multiplying characteristics in division. 


2. Direct Variable-Transconductance Divider (2-Quadrant) The 
AD531K (connected as shown in Figure 33) uses the basic 
transconductance cell (Figure 14). Its error is less than 1%, and it 
has a bandwidth somewhat less than 1MHz. It is the best IC 
divider available at this writing. Model 436 (connected as shown in 
Figure 34) uses the improved transconductance circuit of Figure 
15 to achieve errors less than 0.5% over a 100:1 dynamic range, 
and 500kHz bandwidth. It requires no external trimming, but 
outperforms all other 2-quadrant dividers. 
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3. Log-Antilog Divider Model 434B (connected as shown in 
Figure 35) has the highest accuracy of any l-quadrant divider 
available at this writing. It operates over a 100:1 range of 
denominator with a maximum error of 0.25%, without external 
trimming. 

INTERPRETING THE SPECIFICATIONS 


Transfer Function is the ideal relationship between the divider 
inputs and output, including the scale factor, which is either fixed 
or set at a nominal 10V. The AD532K can accept a differential 
denominator input (and the AD531K can accept a differential 
“xX” numerator input), but it will be assumed that X, = V,, and 
X, = 0 when considering the performance characteristics listed 
here. The 434B and AD531K can multiply and divide simul- 
taneously, because of the three input variables. The specifications 
listed here will be considered for constant Y input equivalent to a 
10V scale factor. The AD531K is assumed to be connected in the 
circuit of Figure 33, with a voltage input, Vp. 


Quadrants of Operation defines whether the divider will accept a 
bipolar numerator (two-quadrant) or a unipolar numerator (one- 
quadrant). The denominator is limited to one polarity for 
virtually all analog dividers — including these. The denominator 
polarity differs from type to type; its polarity and range are given 
in the “Denominator, X” specification. 


Total Error (accuracy) @ Maximum Denominator specifies the 

error, or difference between the actual and the theoretical output 

of the divider at full-scale denominator and (usually) full-scale 

output. As the denominator is decreased in magnitude from its 

full-scale value, the error increases (AD532K, 427J) or stays about 

the same (AD531K, 434, 436), as Figure 24 shows. As noted by the 

groupings of devices, the AD531K, AD532K, and 427] require 3 

external adjustments to meet the typical figure for total error in 
Table 2 (the adjustment procedure is described in the testing 
section). This requirement is typical for all general-purpose 
multiplier/dividers. In contrast, the two specialized types are - 
internally trimmed, and need no external trimming to meet the 

maximum error specifications listed in Table 2. 
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TABLE 2. SPECIFICATIONS OF DIVIDER cIRCUITS'2 


WITH EXTERNAL TRIM 


Parameter 


Transfer Function 


Configuration (Figure) 

Quadrants of Operation 

Total Error (%), Max. Denominator (V) 
(Figure 24) 

Total Error (%), Min. Denominator (V) 


Small-signal Bandwidth (--3dB, kHz), 
Max. Denominator (V) (Figure 27) 
Bandwidth (—3dB, kHz), 

Min. Denominator (V) 


Output Offset Drift (mV/°C), 
Max. Denominator (V) (Figure 28) 


Output Offset Drift (mV/°C), 
Min. Denominator (V} 


INPUT CHARACTERISTICS 
Numerator, Z 
Voltage Range (V) 
Maximum safe voltage 
Input Resistance (k&Q) 
Input Current (uA) 
Input Offset Voltage {uV) 
Offset Voltage Drift (uV/°C) 


Denominator, X 
Voltage Range to Meet Spec? (V) 
Voltage Range to Meet Spec, External 
Trim (V) 
Maximum Safe Voltage 
Input Resistance (k&2) 
Input Current (uA) 
Offset Voltage (uV) : 
Offset Voitage Drift (uV/°C) 
OUTPUT CHARACTERISTICS 
Voltage Range (V, minimum) 
Current Rarige (mA, minimum) 
Resistance (2) 
Capacitive Load (pF) 
POWER SUPPLY 
Specified Performance (V) 
Operating (+V) 
Quiescent Current (tmA) 
PHYSICAL SIZE (mm) 
PRICE ($ U.S., 1-9) 
NOTES 


’ AD531K 


10(X, — XQ) 
Vp 
33 
2 

1, +10 


3,05 
1000, +10 


1000, +0.5 
1, +10 


2, +0.5 


+10 

2V, 
10MQ.("X") 
8* 

n.s.t 

n.s.t 


n.s.t 
+0.5 to +10 


Vv, 
30 
0.5 
N.S. 
NS. 


+15 

12-18 
4{AD531 only) 
1.C.§ 

45 


AD532K 
10Z 
X, — Xe 
31 
2 

1,-10 


3,-1.0 
1000, —10 


100, —1.0 
1, —-10 


10, —0.5 


N.S.t 
—1 to—10 


4V, 
10MQ 


n.s.t 
—0.1 to —10 


41x 76X 15 
159 


Jan specifications typical at 25°C, +15V supply, unless noted otherwise, circuit connected in divider configuration 


of Figures 31-35 


2 ail errors specified in % are % of 10V Full Scale (1% = 0.1V) 


3External trim not required to meet specs, except as nored 
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WITHOUT EXTERNAL TRIM? 


436 
Zz 
Wy 


34 
2 
0.5, +10* 


0.5, +0.1* 
500, +10 


300, +0.1 
0.3, +10 


1, +0.1 


+0.1 to +10 
5mvV to +10 


38 X 38x 15 
80 (Approx.) 


434B 
Zz Zz 
YT,10 — 
x Xx 
35 
1 


0.25, +10* 


0.25, +0.1* 
100, +10 


1, +0.1 
0.1, +10 


1, +0.1 


+0.1 to +10 
5mV to +10 


+15 +3% 
12-18 
10 


38 X 38 X 15 
87 


* 
Maximum specification 


tNot specified 


KC's may be available in choice of packages and chip form; consult product data sheets 
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AD532K TYP 


i ADS31K, TYP 


436, MAX 
j-— 434B, MAX 


4275, TYP 


Os 


TOTAL OUTPUT ERROR (% F.S.) LOG SCALE 


5 50 
imV 1OmV 100mV W 10V 
DENOMINATOR MAGNITUDE (1.0G SCALE) 


Figure 24. Total error vs. denominator at constant ratio = 10V 
full-scale output, 1% = 100mV 


2 5 
oc 

6 

N 

am 1% 

ro) 

Di ge ADS31K 
= ADS532K 
€ 

Z 0.1% 4273 

2 0.05 

2 0 

2 436, 4348 


5 50 500 5 
ImV 10mV 100mV Vv 10V 
DENOMINATOR MAGNITUDE 


Figure 25. Nonlinearity (at constant denominator) vs. 
denominator, % of numerator (log scales) 


The total error includes the errors from all sources, and so 
represents a worst-case condition. There are six major sources of 
error included: 


1. Numerator nonlinearity (Figure 25) 

2. Denominator nonlinearity 

3. Scale-factor error 

4. Numerator offset, referred to the output 
5. Denominator offset, referred to the output 
6. Output amplifier offset 
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Errors (3) through (6) can be theoretically adjusted to zero at a 
fixed temperature and denominator level, while the input non- 
linearities are inherent and cannot be removed (except perhaps for 
some reduction of second-order error by the “cross-feed” technique 
discussed in 3-2, applied to divider-connected transconductance 
multipliers). Rather than specify each of these six errors individ- 
ually, it is usually easier to measure the overall effect of the errors, 
which is by definition the total error. 


Total Error at Minimum Denominator specifies the error, as just 
defined, at the minimum useful denominator magnitude. This 
represents the worst-case operating conditions for a divider, since 
the errors are at a maximum. The “inverted-multiplier” dividers, 
427] and 532K, show the greatest increase of error at small 
denominator voltages, as might have been expected. The log- 
antilog and variable-transconductance dividers show no increase in 
the specified error, even with the denominator voltage at 1/100 of 
full scale, as one might have predicted from the analysis of these 
circuits. 


The increase of error of the 532K and 427] is caused principally 
by the magnification of the numerator and denominator offsets by 
10/V,, and by the denominator nonlinearity, which causes an 
apparent scale-factor error. The ADS31K maintains error at the 
1% level over a 10:1 range, then the error increases sharply due to 
decreasing current in the X input circuit, causing the gain to go to 
zero (Figure 9). The 436 and the 434B have very small (100uV) 
input offsets and very low nonlinearity; they have relatively ates 
difficulty with small denominator voltage. 


Total-Error Drift (with Temperature) vs. Denominator. The 
change in total error per °C change in ambient temperature 
increases as the denominator decreases, as shown in Figure 26. 
This effect is more noticeable with the inverted-multiplier types, 
4273 and AD532K. The 434B and 436 show a slight increase in 
drift at the low end (100mV denominator). 


*Total-error drift” is the sum of the total output-offset drift and 
scale-factor drift. The numerator and denominator nonlinearities 
are relatively insensitive to temperature. 
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TOTAL ERROR DRIFT (% F.S.°C) LOG SCALE 


ImvV 10mV 100mV Vv 10V 
DENOMINATOR MAGNITUDE (LOG SCALE} 


Figure 26. Total error drift vs. denominator voltage (% 
full-scale/’C) 


Bandwidth (Small-Signal, -3dB) at Maximum Denominator: the 
frequency at which the numerator or denominator input-to-output 
“‘oain”? is reduced to 70% (-3dB) of its dc value. The input must be 
“small,” that is, less than 10% of either full-scale or denominator 
magnitude, to avoid excessive distortion (which would invalidate 
sine-wave analysis). The small-signal bandwidth of the 427, 
AD532K, and 434, are directly dependent on denominator 
magnitude, as the graph (Figure 27) shows. 


1IMHz 


100kHz 


SMALL-SIGNAL BANDWIDTH (-3dB) LOG SCALE 


100Hz 
ImV 10mV 100mV Vv 10V 


DENOMINATOR MAGNITUDE (LOG SCALE) 


Figure 27. Bandwidth (-3dB) vs. denominator (K = 10V) 


3-3 DIVIDERS (RATIO CIRCUITS) - 307 


Interpreting denominator voltage as “‘l/gain,” (Figure 28), the 
436 is seen to be unique, because its bandwidth is essentially inde- 
pendent of denominator; it achieves a 30MHz gain-bandwidth 
product at 100mV denominator! Similarly, the AD531K has 
about 750kHz numerator bandwidth over a 20:1 denominator 
range; it is thus the fastest in terms of absolute bandwidth (over a 
limited range of denominator). (Gain = 10V/V,, = 10/0.1 = 100; if 
bandwidth = 300kHz, Gain-bandwidth = 100 X 0.3 x 106 = 
30MHz.) 


SMALL-SIGNAL BANDWIDTH (-3dB), LOG SCALE 


IDEAL GAIN 20 LOG ra 
Vx 


Figure 28. Bandwidth (-3dB) vs. gain (K/V,) 


Output Offset Drift vs. Denominator: The rate at which the total 
output offset changes with temperature, as a function of the 
denominator. The two components of this drift are numerator- 
input offset drift, multiplied by gain (K/V,,), and output-stage 
offset drift. As Figure 29 shows, the 427, 434, and 436 have drifts 
of about 0.2mV/°C at V, = 10V, while the AD532K drifts at 
about ImV/°C. The drift of the 427 and AD532K increase as the 
denominator is reduced, because the numerator offset drift is 
greater than the output-stage drift; hence the sum is dominated by 
the 1/X relationship. Since the numerator offset drift of the 434 
and 436 is small (about 10uV/°C, compared to the output-stage 
drift of 300uV/°C — the total offset drift at G= 1 or V, = 10V), 
the total output drift increases by only a factor of 2 for a 30:1 
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ADS32K 


ADS31K 
4275 


TOTAL OUTPUT OFFSET DRIFT (mV/'C) 


434B, 436 


ImV 10mvV 100mV Vv 10V 
DENOMINATOR MAGNITUDE 


Figure 29. Total output offset drift vs. denominator voltage 
(log scales) 


change in denominator. The AD531K offset drift is almost 
independent of temperature, but it is not as low as for the 434 and 
436; however, it is much lower than for any other IC. 


The total output offset drift is 


AV,, _ K AZ, AY 


a s 
es = fo 0s 


AT V, AT AT 
Output Noise vs. Denominator Figure 30 shows the relationship 
between the rms value of noise at the divider’s output, in a 


constant bandwidth of 5Hz to 10kHz, and denominator magni- 
tude. The total noise at the output is essentially 


VyN= ; a : + E al + Eye? 
N Nzy Nx v7 N 
Z e. x - ce] 


Ey, = equivalent numerator input noise: Vrms, 5Hz to 10kHz 


equivalent denominator input noise: Vrms, 5Hz to 10kHz 


Ey 9 = equivalent output-stage noise: Vrms, 5Hz to 10kHz 


Ww 
I 


scale factor = 10V 


3-3 DIVIDERS (RATIO CIRCUITS) 309 


OUTPUT NOISE, mV rms (LOG SCALE) 


DENOMINATOR MAGNITUDE, LOG SCALE 


Figure 30. Output noise vs. denominator (5Hz to 10kHz 
bandwidth) 


The 436 has the best overall noise performance, while the 427 and 
434 are quieter for denominator voltage in the range 2V to 10V. 
As a general-purpose multiplier/divider, the AD532K is reasonably 
quiet; the ADS531K output noise is almost independent of 
denominator level. If “peak-to-peak” noise is defined as 6X rms, 
lmV rms = 6mV peak-to-peak. 


Input Characteristics 


These specifications define the input voltage range and errors at 
the numerator and denominator inputs. 


Numerator (Z) Voltage Range is the maximum span of numerator 
voltage for which the error specifications apply. The numerator 
voltage is limited to a magnitude less than or equal to the 
denominator voltage for the dividers described here* (see Figures 
2 and 3). The AD532K, AD531K, 427J and 436 will accept 
positive and negative numerator voltages (i.e., they are 2-quadrant 
devices), but the 434 is limited to positive numerators (1 
quadrant). 


Numerator: Maximum Safe Voltage is the maximum that can be 
applied to the divider input continuously without causing damage. 


*But K may be scaled for <10V for the AD531 and the 434; and the numerator may 
exceed the denominator by the factor Eo ax! K, 
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Numerator: Input Resistance is the effective input resistance 
between the numerator input terminal(s) and power-supply 
common. The input resistance ranges from 10kQ2 on the 436 to 
10MQ. for the AD531K. The resistance of the signal source should 
be 0.1% or less of the numerator input resistance to minimize 
variation of scale factor. 


Numerator Input Current is the bias current flowing into or out of 
the numerator terminal, with V, = 0. Usually, this is a negligible 
source of error, even for the AD5S32K, but it should be considered 
in the choice of the resistance-to-ground for applications where 
the inputs are to be capacitance-coupled. 


Z-Input Offset Voltage: The numerator offset is not specified for 
general-purpose multiplier/dividers (427J, AD531K, and 
AD532K). The 100uV Z-offset of the 436 and 434B will cause an 
error of only 0.1% at 100mV input; the error can be further 
reduced by externally trimming. 


Z-Input Offset-Voltage Drift characterizes the sensitivity of the 
Z-input offset to temperature. It is not usually specified (at this 
writing), but it is nevertheless a useful number, since the 
numerator offset drift is the primary source of output offset drift 
for values of denominator voltage substantially less than full-scale. 
oo. de AZ Gg 4. Abas 
Output offset drift Vv. AT + AT 
Denominator, X, Voltage Range to Meet Specifications (Without 
External Trim) is the maximum span of denominator voltage for 
which the specified accuracy is maintained, with no external 
adjustment of offsets or scale factor. Since the AD531K, 
AD532K, and 427J require trimming for reasonable performance 
as dividers, no limit is specified for them. The 436 and 434B will 
operate over a range of denominator exceeding 100:1 with low 
error. 


Denominator Range to Meet Specifications With External Trim: 
Trimming the offsets expands the dynamic range of the 436 and 
434 to 2000:1, and provides a reasonable dynamic range for the 
427, AD531K, and AD532K. Note that the 427 and AD532K 
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require negative denominators, while the 434B and 436 require 
positive denominators. The AD532K will accept positive denomin- 
ator voltage if the input terminals (X, and X,) are interchanged. 


Maximum Safe Denominator Voltage is the maximum voltage that 
can be applied to the divider input continuously without causing 
damage. 


Denominator Input Resistance: The AD532K has a very high 
input resistance (3MQ), while the other three range between 25 
and 100kQ. All five types should be driven from sources with low 
resistance to minimize source-loading errors. The 3yA typical 
input current of the AD532K partially offsets the advantage of its 
high input resistance for source resistances of 10kQ or more. 


Denominator Input Current is the current flowing into or out of 
the denominator terminal with V, = OV. 


Denominator Offset Voltage is a constant offset voltage effectively 
in series with the denominator input. The low offset of the 436 
and 434 causes minimal change in apparent scale factor over a 
100:1 denominator range: 


104 

Error @ V, = 10V; a 100% = 0.001% 
104 

Error @ V, = 0.1V; cae 100% = 0.1% 


Denominator Offset-Voltage Drift characterizes the sensitivity of 
the denominator offset drift to temperature. The specified 
AX,,/AT of 15uV/°C for the 436 and 434B can cause a change in 
error of 0.7% over a 100:1 denominator range, and 0° to 70°C 
temperature range. 


Output Characteristics 


This group of specifications describe the output terminal proper- 
ties of the divider. 


Voltage and Current Range: The two-quadrant dividers, AD531K, 
AD532K, 427], and 436 will supply a minimum of +10V at+5mA 
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at their outputs. The one-quadrant 434 swings a minimum of 0 to 
+10V at 5mA. Types requiring an external loop closure around the 
output amplifier can employ current boosters “inside the loop” to 
beef up the output for output current beyond 5mA. 


Output Resistance: All five dividers have low-impedance outputs, 
resulting in minimal change in output voltage as load current is 
changed. However, since output impedance is affected by loop 
gain, the general-purpose multipliers used as “inverted-multiplier” 
dividers will suffer an increase of output impedance as denomina- 
tor decreases. 


Capacitive Load is the minimum amount of capacitance that can 
be connected directly between the divider output terminal and 
ground without causing the device to oscillate. 


Power Supply 


Specified Performance: The power-supply voltage and tolerance 
required for the divider to meet its accuracy specifications. The 
design-center power-supply voltage for all five types is +15V. 


Power Supply Operating Range is the range of power-supply 
voltage that the divider will accept and still operate as a divider. If 
external trims are used, the circuit can usually be adjusted to meet 
the same accuracy specifications as for +15V supply. 


Quiescent Current is the current drawn from the power supplies at 
zero output voltage and current. The quiescent current-drain will 
be augmented by the load current, since the output amplifiers 
have “‘Class B” output stages. 


Physical Size: The IC’s (AD531K, AD532K) are by far the 
smallest, and the pulse-modulation multiplier/divider, 427J, is the 
largest. IC types are available in hermetically-sealed ceramic 14-pin 
dual in-line packages, and the AD532 is also available in the 
hermetic TO-100 10-pin metal can; IC types may also be made 
available in chip form for applications requiring hybrid construc- 
tion. 
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Price* The IC’s are the least expensive, but they offer the lowest 
performance (except for speed of the AD531K), and trims are 
required for reasonable performance. Surprisingly, the most- 
expensive multiplier/divider, 427], does not offer the highest 
performance as a divider. The high-performance 436 and 434B 
outperform the 427, at lower cost, but are not as inexpensive as 
the IC types. If one considers the fact that the 436 and 434 have 
excellent performance without external adjustments, and even 


Zz 
Eo = 10 — 
e x 


0.5 > X= -10V 


2.2k 


é 
+Vs -Vs 


~15V 


POTS: 20k 


0.12 Vy 2 -10V 


Figure 32, 427J divider pin connections (inverted multiplier], 
pinside view 


*Summer, 1973. Price is listed as a measure of relative cost, not primarily as a 
commercial inducement. Those interested further should consult recent Product Guides 
or price lists, or the nearest Sales office, since (a) prices are subject to change, and (b) IC 
prices are more so. 
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better performance when “tweaked-up,” and that the 434 
multiplies and divides simultaneously, it may turn out that the 
434 and 436 are less expensive to use than IC’s in many applications. 


O5V <Vp <10V 


O +15V 


Figure 33. AD531K divider circuit — direct variable — 
transconductance (circuit for voltage input to denominator) 


Vx 


Vz 
0.1V < Vy <10V 


Figure 34. 436 divider connections, pinside view (high per- 
formance 2-quadrant variable transconductance) . 


0.1V <Vy <10V 


Figure 35. 434B divider pin connections (log-antilog), pinside view 
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TESTING AND ADJUSTING ANALOG DIVIDERS 


Good test and adjustment procedures are exceptionally important 
for analog dividers, since their performance spans a wide range and 
is often critically dependent on adjustment. For example, a 
general-purpose “2%” multiplier-divider (e. g AD532J) can have a 
worst-case error of 2 volts, or 20%, when used as a self-contained 
divider with a 10:1 denominator range. In contrast, a specialized 
high-accuracy divider (e.g. 434B) can have a worst-case error of 
only 25mV under the same conditions — almost 100 times less 
error than the general-purpose device! The accuracy of the “2%” 
divider can be improved by at least a factor of 3 by the adjustment 
procedure described in this section. 


The tests for divider performance fall into the same three general 
categories as for multipliers 


1. Static accuracy or error 

. Total error 

. Output offset 

. Numerator and Denominator offsets 

. Numerator and Denominator nonlinearity 

. Scale-factor error 

. Dependence of errors on denominator 

. Dependence of errors on temperature and power-supply 
voltage 


Te »)hOomMo G BD 


2. Dynamic errors 
a. Small-signal bandwidth 
b. Large-signal bandwidth 
c. Slewing rate 
d. Settling time 
e. Dependence of the above on denominator 


3. Terminal or interface parameters 
a. Input resistance and voltage range 
b. Output voltage and current 
c. Power-supply voltage and current 


In this section, the principal emphasis will be placed on tests for 
static and dynamic errors, since methods for measuring the 
terminal parameters are straightforward. 
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TEST EQUIPMENT FOR DIVIDER TESTING 


Precision de Reference: Accuracy to within 0.01% of setting, plus 
+100uV, from +10V to OV in steps of 100mV or less. 


Precision Decade Voltage Divider: 0.01% ratiometric “accuracy” 
with output buffer and inverter (see Figure 47). This is essential 
for accuracy measurements on wide-dynamic-range dividers, and 
quite useful for testing ordinary dividers. 


Digital Voltmeter with at least 414-digit resolution, 0.02% accuracy 
error. The 1V and 10V ranges will be the most-frequently used. 


Sine-Wave or Function Generator: Frequency range 1Hz to 
5MHz. Adjustable dc offset is handy for testing 1-quadrant divider 
and applying ac signals to denominator. Output amplitude range 
of 2mVp-p to 20Vp-p is the most useful. A calibrated output 
attenuator will facilitate measurements on wide-dynamic-range 
dividers. 


Dual Power Supply with adjustable output voltage (£15V nomi- 
nal) and adjustable current limit to prevent costly “accidents.” 


Oscilloscope with calibrated vertical and horizontal voltage inputs 
for cross-plot tests. Desirable sensitivity ranges are: Vertical, 
10mV/cm to 5V/cm; Horizontal, 100mV/cm to 5V/cm. Band- 
width of 300kHz is adequate for crossplots. At least 5MHz 
vertical-axis bandwidth is required for dynamic tests. 


Divider Test Socket, with all connections made and trimpots 
included, facilitates the test and adjustment of both modular and 
IC devices. 


TEST AND ADJUSTMENT OF STATIC ERRORS 


Cross-plotting the divider error against the denominator input is 
the most revealing, and also the most efficient method of testing 
the accuracy of an analog divider. This approach minimizes the 
ambiguity and lack-of-feel inherent in a dc point-by-point test or 
adjustment procedure. 
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The crossplot test setup, Figure 36, can be used for testing and 
adjusting any 1- or 2-quadrant divider. The most-important part of 
the setup is the low-frequency (10Hz or less) offset sine-wave 
generator that provides the sweep voltage for the divider and the 
horizontal axis of the oscilloscope. A unity-gain inverter, Al, 
provides a 0 to +10V sweep for dividers requiring positive inputs. 


CALIBRATION PROCEDURE 

1. SWITCH SET TO 2, 

2. NO DIVIDER IN 
TEST SOCKET 

3. CONNECT +10,00V TO “OUT” 
PIN ON DIVIDER SOCKET. 
ADJUST “CAL” POT FOR, 
0.00V ERROR OUT. 


“ZERO” SCOPE SO THAT SPOT 
1S AT RIGHT EDGE, AND 
CENTERED VERTICALLY 


EN VERTICAL 
D 20mV/em = 50mV ERROR 


SCOPE 


3 
0TO+10V HORIZONTAL, Wiem 


SWEEP 


OG Sam DRIVE, FROM 
OSCILLATOR 


INVERTER 


12 
OSCILLATOR wis 


10Hz ov. 
0TO-10v | -5V 
SINEWAVE | -10V 


(BIASED) 


s1 
Switch 
Position 


TEST CONDITIONS Ideat 


Numerator, Z Denominator, X 


ADJUST 


ov 2, = NUM, Y, = OUTPUT OFFSET 
+10V (-10V)_-X, = DEN OFFSET 
-10V (+10V) =—- X. = DEN OFFSET 


Function 


0 to~10V (or +10) 
Oto -10V 6 to —10V (or +10) 
Oto +10V O to -T10V {or +10) 


Numerator & Output Offset 
Denominator Offset, Vz = Vx 
Denominator Offsat, Vz = -Vx 


Figure 36. Divider error crossplot circuit 
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Since the output of the divider should ideally be constant (no 
slope or curvature) with the sweep-test conditions used in this 
setup, it is only necessary to subtract an ideal constant from the 
actual divider output to determine the error, as a deviation from 
zero on the display. The example given below is for devices 
requiring negative denominator voltage: 


ideal 
Test Inputs Output Subtract 

1. Numerator offset V,=0, V,=0 to -10V OV Ov 
2. Output offset Vz, =0, Vy = 0 to —10V OV OV 
3. Denominator offset — |v,] = V,,= 0 to -10V +10V +10V 
4. Denominator offset (1st V,=—-V,, V, = 0 to —10V —i0V —10V 

quadrant of 2-quadrant 

dividers) ; 
5. Scale factor -1Vx |= V, = 0 to —10V +10V +10V 


The subtraction is accomplished via a simple resistive divider R1 
and R2, R3, referenced to the power supply. A more precise 
reference voltage, and a more sophisticated subtractor could be 
used, but the simple approach is adequate for testing the majority 
of general-purpose multiplier-dividers. If a good supply is used, 
and the R1-R2, R3 network carefully adjusted, the test circuit will 
be accurate enough for testing the specialized dividers, such as the 
434. 


Using the Divider Crossplot Tester 


The easiest way to understand the operation of the crossplot tester 
is to follow through the adjustment of a typical two-quadrant 
divider, such as that illustrated in Figures 37 through 42. The 
procedure applies to any type of divider circuit, whether “inverted 
multiplier,” log-antilog, transconductance, etc., and whether in 
modular or IC form. The sources of the errors, (for example, 
numerator offset) for the various divider types have been discussed 
earlier in this chapter. At any rate, these errors can be treated ina 
“‘black-box’’ fashion, as the procedure illustrates. 


Proper adjustment of the “offset” errors dramatically reduces the 
divider’s errors at room temperature, as Figures 37-38 and 40-41 
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illustrate. However, with changes in temperature, the errors can 
increase to values comparable to the untrimmed values, particu- 
larly for divider-connected general-purpose “multiplier/dividers.” 
The temperature-drift effects can be easily monitored with the 
sweep-test circuit if the divider itself is placed in a temperature- 
test chamber (along with any adjustment circuitry that is to be 
subjected to ambient temperature variations). The circuit is 
adjusted for minimum error at 25°C, then the change in error over 
_ the temperature range of interest (say, 0° to 70°C) is observed. 


(CONDITIONS: Vz =0, Vx =0 to —10V, €=Vour 
TEST SET FUNCTION SWITCH SET TO 1.) 

The scope trace will be sharply curved up or down at 

the right edge of the screen, as the denominator, Vy, 
approaches zero. Notice that the total output offset is 
400mV or 4% of Full Scale at a denominator of —2 volts. 


Vx =—10V Vy, =—5V Vx = 8 


CONDITIONS: Vz = 0, Vx = 0 to —10V, € = Vor 
TEST SET FUNCTION 1. 


Adjust the Z9 potentiometer to flatten the scope 
trace -- note the dramatic reduction in offset as. 
Vx + 0. The error trace will not necessarily be 
centered on the “0” line -- this will be adjusted 
in the next step. 


Vy = —10V Vx =—5V Vx =0 
Figure 38. Numerator offset, 2, adjustment test 


CONDITIONS Vz = 0, Vx = 8 to —10V 
TEST SET FUNCTION 1. 


Adjust the Yq potentiometer to align trace with 

center 0 error line. Note the increase in noise as 

Vx - 0. This indicates the increased input-to-output e€=100mvV - 
gain of the divider, which approaches infinity as the 


denominator approaches zero. The total output offset e=0- 
is dramatically reduced from the initial value in 
Figure 37. 
1 qv ' 
Vx! = —10V Vx =—-5V Vx =0 


(CONDITIONS: Vz = Vx = 8 to —10V 
TEST SET FUNCTION 2.) 


The scope trace will curve up or down as V, - 0. 
The increase in error is due primarily to denominator 
offset, since numerator offset was adjusted in Figure 38. 


Figure 40. Total output error vs. denominator test 
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(CONDITIONS: Vz = Vx =0 to —10V 
TEST SET FUNCTION 2.) « = 200mV 


Adjust Xo potentiometer to flatten trace, 


= 100mV | ery 
which will usually not be aligned with “0” : " a 
Ea SEs were: Pa 


error line, due to scale factor error. 


; 
Vx = —10V Vx =—5V Vx = 0 


Figure 41. Denominator offset, X, adjustment test 


(CONDITIONS: Vz = 9 to +10V, Vx =0 
to 10V, TEST SET FUNCTION 3.) 


Readjust Xp potentiometer if necessary to 4 = 100mV Coe 


flatten trace; switch back to conditons of 
Figure 41 and check for best compromise in ©=0 
flatness as Vx - 0. If a scale factor trim is 
provided, adjust it for minimum difference ¢=—100mV 
between error trace and zero error line for : 
input conditions of Figures 41 and 42. Vy = -10V 


Figure 42, Denominator offset, Xg, and scale factor 
adjustment test 


Measuring Denominator Frequency Response 


Figure 43 shows a test setup for measuring the frequency response 
of the divider’s denominator input as a function of denominator 
level. The denominator input of all commonly-available analog 
dividers is restricted to a single polarity: plus or minus (or, with 
differential inputs, either), so the signal generator must be offset 
to maintain V,,;, and V,,,, Within the denominator input limits. 
The difference (i.ec., p-p amplitude) may be maintained at a 
considerably smaller level (typically 10% of the offset) to 
minimize waveform distortion: if the ac test signal spans an 
appreciable fraction of the dc offset, the output will be noticeably 
distorted, since it is proportional to K/(Vp¢ + Vac). 


A square-wave can be used to determine denominator rise time, 
slewing rate, and settling time. In general, the time response will 
be slower for signals going toward zero denominator, and faster 
for signals approaching full-scale denominator. 


Measuring de Accuracy- and Temperature-Drift 


While the sweep test, or crossplot technique, for measuring divider 
accuracy, is the fastest and the best way to get an overall picture 
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MONITOR DC OUTPUT 
TO BE SURE DIVIDER IS 
10k WITHIN OPERATING REGION 


USE BATTERY-POWERED OR 
FLOATING SINE WAVE GENERATOR. 
IF NOT AVAILABLE, ONE MAY 
USE TWO PRONG AC POWER PLUG 
(CAREFULLY) TO ISOLATE SINE 
GENERATOR FROM POWER GROUND. 
GENERATOR SHOULD HAVE LOW D.C. 
RESISTANCE, AMPLITUDE OF TEST 
SIGNAL SHOULD BE LESS THAN D.C. 
DENOMINATOR LEVEL FOR SMALL 
SIGNAL BANDWIDTH TESTS, 

Vac pp < Voc 

10 

SET NUM LEVEL 
FOR DESIRED D.C. 
LEVEL OUT OF 
DIVIDER. LEVEL WILL 
STAY CONSTANT AS 
MAGNITUDE OF DENOM— 
INATOR IS VARIED. 


Figure 43. Test setup — denominator frequency response vs. 

denominator magnitude 
of error as a function of denominator, it is difficult to measure the 
absolute error precisely (as necessary for calibration) with this 
technique. If the crossplot circuit is carefully calibrated, it can be 
used for absolute measurements. However, it tests the divider at a 
constant ratio of numerator to denominator, and so does not 
readily show numerator (constant-denominator) nonlinearity. 


Furthermore, since the numerator and denominator are swept over 
their ranges, and spend a relatively-short time at low levels, errors 
due to thermal effects may not be visible. The sweep can be 
slowed, or a low-frequency square-wave can be used, but they are 
not as revealing as a dc test. 


Measuring Numerator Nonlinearity 


Numerator nonlinearity is measured by comparing the divider 
output with the numerator input at constant denominator voltage, 
with typical results as shown in Figure 44. Since the gain or 
attenuation through the divider is inversely dependent on the 
denominator level, the input or output must be linearly amplified 
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8.1% of 10V = 10mV 
Vx = +10V 
Vz = 20V p-p 5Hz 


PHOTO SHOWS 
ERROR = Eg — Vz 


4 ] 
Vz =+10V Vz=8 Vz=-10V 


Figure 44. Two-quadrant divider, numerator nonlinearity 


or attenuated to facilitate the input/output comparison. The 
easiest way to accomplish this for dividers with gains potentially 
greater than unity is to attenuate the numerator signal by a factor 
y, equal to X/K, and then to compare the divider output to the 
input of the attenuator: 


E, — E, Gideal) =K ats -—V,' 
>. 

If a precision attenuator and an accurate dc reference are used, the 
denominator nonlinearity can be estimated from this test: the 
difference between the divider output and the numerator input 
will have an average slope equal to the “‘gain” error, or departure 
of the gain from the ideal value K/X. The scope photo, Figure 44, 
shows the nonlinearity of a 436 divider, measured with the test 
setup of Figure 45. 


20V p-p SHz SINEWAVE 


DIVIDER 


SINE 
GENERATOR 
20V p-p 

SHz 


ATTENUATOR 


SET TO 
VERT = 5mV/cm 


10V p-p t5VDC 10V 8 
OFFSET FOR Vv -20dB = 0.1%/em of 10V 
1 QUADRANT DIVIDERS 6.1V = _-40dB 

6.01V -60dB HORIZ = 2V/cm 


CENTER = 0V 


REFERENCE 
10mV to 10V 


Figure 45. Test setup for numerator nonlinearity 
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DC Measurements of Accuracy and Temperature Drift 


The dc error of the divider can be easily measured with the test 
setup of Figure 46. A precise voltage divider (e.g., Figure 47), is 
the most important piece of test equipment, since it provides a 
numerator voltage that is a precise fraction of the denominator 
voltage, independently of the absolute calibration of the dc 
voltage reference. 


ESSENTIAL FOR 
MINIMIZING ERROR 
DUE TO REFERENCE 


PRECISION 
" DECADE 

v 
hd VOLTAGE O 


DIVIDER ne 
& BUFFER 


ADJUSTABLE FROM 
+10V TO 210mV 


Figure 46. Divider DC accuracy test setup 


TRIM POTS 
AS REQUIRED 


DVM 
44 DIGIT 


10V to 1V RANGES 


o.c. 
REFERENCE 


Vier 


TO PIN 7. +15V 


(741K) 
t1nF/20V 
ct—~ COM 
— +1uF/20V 
TO PIN Pan haley: —15V 


(741K) 


MATCH TO 0.01% 
“aT! 


At OFFSET 


NOTE: SET DIVIDER 

SWITCH TO ZERO, ADJUST 

OFFSET OF Ai FOR 0 t.i1mV 

AT +OUT, THEN ADJUST A2 OFFSET 
FOR 10.1mV AT — OUT 


R= Tk, 10ppm 1k, 5% 
RATIO MATCH 
TO 0.01% 


Figure 47. Decade divider and buffer 
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Since the divider (ideally) takes the ratio of the numerator and the 
denominator inputs, small errors (<1%) of setting) in the 
calibration of the absolute magnitude of the dc reference will have 
negligible effect on the accuracy of measurement if the numerator 
is a precisely-known fraction of the denominator. It is convenient 
(and desirable) to have available a dc reference with good 
resolution (e.g., ImV steps); it is especially useful for testing the 
high-performance log-antilog dividers. 


The dc error-test procedure is straightforward. For example, for a 
2-quadrant divider (such as the 427), set the reference to the 
desired denominator voltage (e.g., -10V), then step the numerator 
voltage divider through l-volt steps from -10V to OV. Then, 
reverse the polarity of the numerator and step the attenuator to 
+10V. The divider output at each step can be read on the DVM, 
and then written down and compared to the theoretical value. The 
same procedure can be followed, with the divider operating at 
different ambient temperatures, to determine the temperature 
coefficient of divider error. Table 3 is a sample temperature-test 
form that includes the minimum number of measurements 
necessary to determine the offset and overall accuracy drift of a 
2-quadrant divider over the 0° to 70°C operating range. 


Measuring Numerator Frequency Response 


This test is straightforward for a 2-quadrant divider, and is not 
very involved for a 1-quadrant divider. The test setup, Figure 48, 


DC OFFSET 
AS REQUIRED 


DIVIDER 


TIME 
BASE 


50ms/em 


SET GEN 
TO 20V pp 
FOR FULL 
OUTPUT 
TESTS, 

1V p-p FOR 
SMALL SIGNAL 
BANDWIDTH TESTS 


ImV -80dB 
DC REF. Sia 
tImV — +10V 
DENOMINATOR — {HIGH 2jy) 
+ OR — AS REQUIRED 


Figure 48. Test setup — numerator frequency response vs. 
denominator magnitude 
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TABLE 3. TEST CHART FOR ACCURACY AND OFFSET DRIFT VS. 
TEMPERATURE FOR A TWO QUADRANT DIVIDER 


Ey Measured 


Denominator | Numerator | Theoretical 


x +70°C . 


Vv. 


—10.000V ~10.000V | +10.000 
—10.000V +10.000V | —10.000V 


—10.000V 0.000V 0.000V 
(Offset) 


— 1.000V — 1.000V | +10.000V 
— 1.000V + 1.000V | —10.000V 
— 1.000V 0.000V 0.000V 


Absolute Error = VmMeAs. — VTHEO. Fs re) 


% of Full Scale Error = _§ .190=%FS = 105 
10V 


56% FS 


%/°C DRIFT = 
To-T 


Measurements should be made at smallest expected denominator. 1V was picked for this 
example since it is the minimum useful denominator for most general—purpose two 
quadrant “inverted multiplier” dividers. 


illustrates the basic scheme. A signal generator with a continu- 
ously-variable output-amplitude control may be used instead of 
the constant-amplitude source and calibrated attenuator. However, 
it is important to remember that the signal on the numerator input 
must have peak amplitude less than the magnitude of the 
denominator for dividers with a 10V scale factor (constant K or 
variable Vy). One-quadrant dividers require a dc offset for the 
numerator proportional to that of the denominator; so the 
numerator offset will have to be adjusted at each denominator 
level. 


The bandwidth test procedure is 
1. Set the dc reference to the desired denominator voltage. 


2. Set the oscilloscope vertical sensitivity to 5V/cm for 
large-signal tests; use dc coupling so that the total output voltage is 
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displayed — this will make saturation and offset effects more 
noticeable. Set the oscilloscope sensitivity to 0.5V/cm or less for 
small-signal tests. AC coupling will be required for 1-quadrant 
dividers, since their output will be “offset” due to the dc bias 
required on the numerator input. 


3. Set the amplitude and offset of the signal generator so that 
the divider output, as displayed on the scope, is within the 
required limits, e.g., 1 Vp-p, at a frequency at least a decade below 
the expected -3dB frequency. 


(The numerator dc offset can be most easily adjusted by con- 
necting a DVM to the divider output, as indicated in Figure 48. 
The offset is then adjusted so that the dc output is at the desired 
level within the operating range of the divider — for example, +5V 
for full-output frequency tests on a 434 one-quadrant divider.) 


4. Sweep the generator up in frequency until the divider’s 
output amplitude falls off — or peaks — to the 3dB (30%) point, 
or there is noticeable distortion at the output. Repeat this 
procedure at several denominator voltages within the expected 
operating range. 


A square-wave input can be used to determine slewing rate, rise 
time, and settling time in the same manner as for a multiplier or an 
operational amplifier. 


Nonlinear IC’s 


Chapter 4 


“The Analog Art shows no signs of yielding to the 
Dodo’s fate. The emergence and maturation of mono- 
lithic processing finesse has perhaps lagged a bit behind 
the growth of the Binary Business. But whereas digital 
precision is forever bounded by bits, there is no limit 
excepting Universal Hiss to the ultimate accuracy and 
functional variety of simple analog circuits.” 


Barrie Gilbert, January, 1973 


Although a great majority of configurations and performance 
classes of the devices to which this book is devoted are principally 
available in the form of modular discrete—-circuit assemblies, a sea~ 
change is occurring. 


Having thoroughly saturated the linear-function area of analog 
circuits with a plethora of general~ (and special-) purpose opera- 
tional amplifiers, integrated-circuit technology has now turned 
to the development of nonlinear-function circuits. 


An increasing number of non-linear functions, previously available 
only in module form, are becoming available as integrated circuits. 
Except for comparators (which combine op-amp and digital 
characteristics), the greatest progress made by analog IC’s to date 
has been in circuits that perform the basic functions of multipli- 
cation, division, squaring, rooting, and multiplying D/A conversion. 


SIMILAR BUT DIFFERENT 


For the most part, the similarities between the IC and the module 
approaches are straightforward: they both perform similar circuit 
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operations and can be generally applied to solve the same system- 
design problems. The differences fall into two categories: generic 
differences between IC’s and modules, such as cost and size; and 
technological differences, which affect circuit design and perfor- 
mance, bringing both advantages and limitations. 


The most salient difference is cost. Not only are costs of com- 
parable IC devices competitive at the time they are introduced, but 
the trend is inexorably down, especially as usage increases to large 
quantities — a powerful incentive to the system designer to use 
them for new applications. Not long ago, modular multipliers with 
<2% overall error were sold in the $25 to $30 price range. Now, 
_ equivalent IC multipliers (AD533JH) sell for less than $6 in hun- 
dred lots! The next few years will see “garden-variety” IC multi- 
pliers selling at prices not much higher than those of today’s 
general-purpose IC op amps. 


Other generic differences are small size and high reliability. The 
small IC packages (both the hermetically-sealed ceramic dual in- 
line package and the hermetically-sealed TO-100 can) offer signi- 
ficant savings of space in all applications, some of which would 
not even be possible using the modular discrete-component pack- 
age. (Such devices as the AD532, needing no external trims or 
other components, offer the ultimate in small size). The increased 
potential reliability of monolithic assembly techniques, relative to 
their equivalent modular functions, has been amply documented. 


Because discrete-circuit modules are not limited in either circuit 
complexity, physical configuration, or package size, they continue 
to offer performance advantages over their IC counterparts, but 
the gap has already narrowed to negligible proportions for general- 
purpose moderate-bandwidth 1-2% devices. Where state-of-the-art 
accuracy, speed, stability, and/or ease-of-use must be obtained, 
modules are still (at this writing) the first — and perhaps the 
only — choice. 


Modules using discrete circuitry can employ pulse-modulation cir- 
cuits to obtain errors less than 0.1%, while present IC devices, 
using variable transconductance, are limited to +0.5%, with exter- 
nal trim. (“Cross-feed” trims can reduce this by a factor of 2, as 
explained in Chapter 3-2.) The pulse-modulation technique, inher- 
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ently more accurate, is difficult to employ in integrated-circuit 
form, because of the stringent demands it imposes on circuit com- 
ponents produced on a monolithic chip. However, new approaches 
to IC multiplier designs hold considerable promise for the future. 


Discrete designs can also take advantage of monolithic matching of 
selected elements as building blocks, providing combinations that 
are difficult to come by with reasonable yield on a single mono- 
lithic chip, at today’s state-of-the-art. On the other hand, auto- 
matic laser trimming of IC multipliers, on the chip, can help make 
IC multipliers more competitive in price/performance/convenience. 


In the area of dynamic performance, IC transconductance cells 
are inherently wideband (as incomplete current-to-current devices). 
Complete monolithic multipliers are generally limited to a few 
MHz of bandwidth because of limitations on the speed of lateral 
PNP transistors used in the level-shifting output amplifier. Incom- 
plete current-output devices (so-called multipliers, but actually 
just current cells) require moderate numbers of external compon- 
ents, including a level-shifting amplifier, all of which tends to 
reduce speed, as well as to contribute additional errors that must 
be added to the errors of the basic monolithic device. The eco- 
nomic choice between basic transconductance cells, with consider- 
able external circuitry, and modules or complete IC’s with guar- 
anteed performance, tends to favor the latter, except for specific 
non-precision high-speed application areas where the nature of 
the current cell is not a barrier to its use. 


The IC multipliers discussed in this book are complete self-con- 
tained operational blocks, requiring only a power supply, trims 
(in some cases), and normal circuit-implementation techniques to 
obtain working circuits. 


Finally, there are differences in testing philosophy that affect the 
performance of IC multipliers. The cost of production-testing 
- module-type multipliers manually is not a large part of the cost of 
these devices. On the other hand, in order to realize the potential 
cost savings of IC multipliers, automated test procedures are an 
absolute necessity. The principal drawback of automated high- 
speed testing is that there is insufficient warmup time to allow all 
parameters to reach their final values. Consequently, both predic- 
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tive techniques and conservative safety margins must be used by 
the manufacturer (i.e., Analog Devices) to make sure that the 
user achieves the guaranteed specifications in a normal, fully- 
warmed-up circuit application. The bonus for the user is that quite 
often the devices he purchases from a conscientious IC manufac- 
turer may be considerably better than the specifications would 
indicate. 


DESIGNING IC MULTIPLIERS 


It is only within the past five years that the basic circuit config- 
urations were devised which made accurate monolithic multipliers 
possible. It took about two of these years for the industry to 
provide the means of fabricating devices having errors of a magni- 
tude that would be competitive with discrete-component circuit 
modules. 


The key technological factors that hadto be awaited were: 


Il. Near-ideal NPN transistors exhibiting high current gains, close 
matching, and very close conformity to ideal logarithmic 
junction characteristics over wide current and temperature 
ranges. 


2. Linear, stable, close-tolerance monolithic resistors. 


3. Animportant factor that helped monolithic multipliers attain 
performance standards suitable for general-purpose applica- 
tions is the better understanding of subtle sources of errors 
arising from the chip layout, such as thermal effects, non- 
negligible resistance of the aluminum metallization, non- 
matching of apparently identical transistors, etc. 


Both the user and the designer of monolithic nonlinear circuits 
are faced with the need for compromises. Those problematic 
factors that concern the designer are: 


1. The complete system, comprising input amplifier(s), the 
main functional core, the output amplifier, and all auxiliary 
circuits, such as reference-voltage and bias supplies, must be 
achieved with whatever devices can be concentrated on a 
chip no larger than, say, 80 mils (2mm) square. 


alelges eas 
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. All the power generated by the circuit has to be dissipated by 


a relatively small package, in contrast to the substantial size 
and mass of a discrete-circuit module. So the compromise 
between high load-driving capability, on the one hand, and 
negligible warmup and long-term drifts, is especially severe. 
In addition, the close thermal coupling between the power- 
dissipating output stage and the temperature-sensitive loga- 
rithmic devices calls for very careful layout to minimize ther- 
mal unbalances between critical transistor-pairs. 


Some very useful components are just not available. Selected 
devices, such as computer-matched transistors, calibrated and 
guaranteed reference diodes, and fast, high-gain PNP transis- 
tors obviously cannot be incorporated into the design. The 
most serious problem is the bandwidth limitation caused by 
the use of lateral PNP transistors; most of the other problems 
can be satisfactorily dealt with. 


The number of adjustments needed to get the device within 
its stated accuracy must be minimized. Apart from their in- 
convenience for the user and their adverse effect on produc- 
tion costs, each external adjustment requires a minimum of 
one bonding pad and one package pin, both of which are 
usually at a premium (one bonding pad consumes as much 
area as a typical NPN transistor, and an extra pin may make 
a low-cost 10-pin version of a device unobtainable). On-chip 
resistor trimming is feasible (and is used successfully in pro- 
duction of the AD532), but it does add to production cost. 
Thus, the considerations involved in minimizing worst-case 
tolerances take on an added importance in monolithic design. 


But IC’s pose opportunities as well as problems. The advantages 
for the user are low cost, small size, and high reliability. For the 
designer, they include: 


1. 


Low incremental cost for adding useful circuit refinements. 
The addition of even a single matched transistor pair to a 
discrete design would require very careful consideration and 
would be expected to increase both the material- and the 
labor- cost of the module noticeably. In contrast, the inclu- 
sion of additional monolithic transistor pairs would not make 
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a substantial difference to the cost of either materials or 
labor; it could even lower the total cost by ensuring that a 
greater proportion of the chips (i-e., yield) performed pro- 
perly. For example, quite complex circuits can be used to 
generate a precise voltage reference to replace the calibrated 
zener diode used by the module designer. In fact, there is 
every possibility that such circuits, pioneered by engineers 
battling with the apparent “limitations” of the monolithic 
medium, will become the preferred type of voltage reference 
for future discrete modules. 

2. Another advantage of the monolithic approach is, ironically, 
a result of the very close proximity of components on a chip 
that also causes the difficulties listed under (2) above. It is 
the unexcelled matching and temperature-tracking of devices 
as processed, that is, without the need for selection. As the 
technology has matured, these factors are tending to become 
a secondary source of inaccuracies, rather than the dominant 
source that they once were. Thus, trimming and testing costs 
of the monolithic product will continue to decline, in rela- 
tion to the available performance. 


So much for the generalities. Let us now take a closer look at the 
way a monolithic circuit designer approaches the operational 
requirements. 


COMPARING CIRCUITS 


Suppose we wish to design a 4-quadrant multiplier of medium 
accuracy (say, 1%) having a small-signal bandwidth of about 1MHz. 
We might begin by listing some of the techniques available and 
consider their properties in relation to the feasibility of mono- 
lithic fabrication. 

Quarter-Square. This method requires two precision squaring 
devices and several operational amplifiers to generate sums and 
differences. Once the classical approach to precise high-speed 
multiplication, it does not have much to commend it for mono- 
lithic implementation; in any event, the technique is practically 
obsolete, even for module designs. In fact, low-cost multipliers 
are now perhaps the best way of performing the squaring opera- 
tion! 
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Pulse Modulation. This method would require very high carrier 
frequencies to achieve 1MHz signal bandwidth and is rather diffi- 
cult to adapt to 4-quadrant operation. Also, several connections 
to external capacitors would probably be necessary to provide 
various timing and filtering functions. 


The Hall Effect. \t is possible to make Hall plates* with standard 
NPN processes, but they are not optimum, and the output product 
is a signal at the millivolt level (““The Hall Effect is a small effect’’). 
A rather strong magnetic field that responds to one of the variables 
is a necessity; and the two input channels have greatly differing 
dynamics. 


Antilog-of-sum-log (Chapter 3-2). This method can certainly be 
used in a 1-quadrant monolithic realization. Some objections, how- 
ever, are that the full four-quadrant capability calls for a substan- 
tial increase in complexity over the 1-quadrant case, speed is a 
function of signal amplitude, and a relatively-large number of 
amplifiers are needed. 


Current-ratio (linearized variable-transconductance). This method 
is uniquely suited to the medium and is used in practically all the 
monolithic multipliers on the market today. It is simple, basically 
temperature-insensitive, and operates on differential current signals 
to achieve four-quadrant operation directly. Bandwidth is inher- 
ently wide; it is limited in practice only by the output amplifier, 
which uses lateral PNP transistors to achieve level-shifting. 


DESIGN CONSIDERATIONS 


Let us now sit in the designer’s chair and see how the monolithic 
aspects affect his approach to applying the current-ratio cell. The 
basic core has already been described (Chapter 3-2), but it is 
instructive to recast it slightly to emphasize certain points. 


Figure 1 shows a typical monolithic version; many others are pos- 
sible. Notice that the two “‘linearizing diodes” are actually only a 
* 
The Hall Effect: If current flows through a conductor and a magnetic field is applied at 
a right angle to it, an orthogonal voltage will be developed across the conductor pro- 


portional to the product of the current and the flux density. The proportionality 
constant (“Hall Coefficient”) is a function of the material and the conductor’s con- 


figuration. 
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pair of emitters in a common collector-base region. This is one of 
the ways the designer reduces the chip area; an extra emitter can 
consume as little as 5% of the area required by a fully-isolated 
transistor. A similar conservation of space is possible by noticing 
- that pairs of output transistors Q4-Q6 and Q3-Q5 share common- 
collector regions. Again, if separate transistors are replaced by put- 
ting two emitter-base structures in a single collector region, the 
area increase is only about 30%. 


a2 
COMMON w 
BASE = {_! 


REGION 


PRODUCT 

OUTPUT 
COMMON 
COLLECTOR 


REGIONS SS 


arcs 


X INPUT Y INPUT 


Figure 1. Circuit of monolithic multiplier cell. Compare this 
with Q1, Q2, Q3 in Figure 11, Chapter 3-2. 


These six junctions are placed close together on the chip and must 
have exactly-matched emitter areas. Often, large emitters are used 
to reduce the effects of process tolerances. However, there is a 
need to compromise, because although isothermal matching may 
improve with emitter size, the larger devices become more widely 
separated, increasing the probability of increased sensitivity to 
thermal gradients on the chip; it can be shown that each centigrade 
degree between certain pairs can introduce 0.07% distortion. 
Another reason for limiting the emitter area is to maintain a rea- 
sonable cutoff frequency. 


Area-matching in the multiplier core is of paramount importance, 
for two reasons. First, it can be shown that a ImV offset between 
these junctions can cause a parabolic nonlinearity of about 1% of 
full scale to be superimposed on the product. Second, offsets 
introduce large zero-errors, referred to the inputs, because of the 
large amount of degeneration needed to handle +10V signals; the 
ratio is about 200, so a lmV transistor mismatch becomes 200mV 
at the X or the Y input (or both — it all depends on where the 
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mismatches arise). Furthermore, this zero-error has a kT/q kind of 
temperature dependence, amounting to nearly 0.7mV/°C in the 
example just given. High-quality processing and thoughtful layout 
have done much to take the sting out of these problems, and new 
circuit tricks are being added to the designer’s repertoire which 
permit him to completely eliminate all but a trace of residual 
mismatch. 


Another source of errors in this simple cell, which seldom con- 
fronts the module designer, arises out of the difficult topology 
and attendant interconnection problems of the circuit (try to con- 
nect everything up on paper without introducing any crossovers; 
and you must get all input- and output nodes outside the circuit). 
This is not the place to delve into the interesting ways of dealing 
with this problem; but as an example of the care that must be 
exercised, consider the consequences of using a rather circuitous 
route for one of the aluminum interconnects. At 50mQ per square, 
a length difference of 20 mils (1/2mm) in a 0.5 mil (1/80mm) 
track amounts to a resistance inequality of 20. If this conductor 
is carrying 1mA, a differential voltage of 2mV is generated. Inside 
the critical junction loop of Figure 1, such a mistake would ruin 
any chances of achieving distortion levels of even 1%. 


Avoidance of excessive ohmic drops is also a contributing factor 
to the choice of sub-milliampere operating levels for these tran- 
sistors. The effect of these drops on linearity explains why VHF 
multipliers, which need to operate at much higher currents to 
maintain bandwidth, usually exhibit inferior linearity to instru- 
mentation circuits. 


Compensation for errors introduced by finite current-gains (beta) 
provides another example of the way in which the monolithic 
designer can take advantage of the medium. In this case, it is that 
betas of devices all over the chip tend to match up and to track 
with temperature. It can be shown that the circuit of Figure 1 
introduces a scale-factor error which is three times the a error. 
That is, if Q3 through Q6 had a’s of 0.99 (Beta = 100), the over- 
all gain error would be -3%. Although this could be initially trim- 
med out, any variation of beta, especially at low temperature, 
would introduce a scale-factor shift. Fortunately, state-of-the-art 
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processes consistently produce transistors having betas of several 
hundred, so this is not a severe problem. High-accuracy multi- 
pliers can take advantage of beta-tracking (and of the current- 
ratio principle) to employ compensation circuitry which maintains 
avery stable scale factor, even over the military (-55°C to +125°C) 
temperature range. 


This has been just a brief look into some of the ways the design 
of monolithic multipliers differs from that of their discrete coun- 
terparts. A full treatment of the subject has never been published, 
and possibly never will, because of its highly-specialized nature. 
Most of the topics just discussed in relation to multipliers apply 
just as well to other nonlinear circuits based on logarithmic junc- 
tions, particularly those involved in ratio and power-function 
generation. The comparison with discrete circuitry is equally per- 
tinent. 


SPECIFICATIONS AND CHARACTERISTICS 


Since both IC and modular nonlinear function circuits share com- 
mon design principles and are used for the same kinds of applica- 
tions, and since the operational guidelines for most IC nonlinear 
devices were set in terms of their modular forebears, it is not sur- 
prising that few differences exist in their specifications. In fact, if 
one bears in mind that (except for the AD532, at this writing) 
the IC device is specified under externally-trimmed conditions — 
usually the adjustment of four variable resistors (for those devices 
that include the output amplifier) — then the only differences are 
those that exist between any IC and the equivalent modular func- 
tion (warmup time, power dissipation, size, cost, etc.) Therefore, 
the definitions, established in Chapter 3-2, of feedthrough, non- 
linearity error, gain error, accuracy, etc., apply equally to both 
IC and modular function-circuits. 


Modular circuits, using pulse-width/amplitude modulation prin- 
ciples, multiply with maximum errors below 0.1%; the best of IC’s 
(at this writing — it is necessary to reiterate this caveat, because of 
_ the rapidly-expanding limits of the IC state-of-the-art), using the 
transconductance principle, guarantee that multiplying errors will 
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be less than 0.5%. However, the best IC has a typical accuracy 
(error) vs. temperature specification of 0.01%/°C, due to the 
excellent temperature tracking inherent in IC construction (a 
comparable number to that for modules). Modular multipliers 
offer small-signal bandwidths of 10MHz and minimum slewing 
trates of 120V/xzs; the best performance of a current-output 
(incomplete) IC multiplier, over a limited range, is 6MHz and 
30V/ys, and for voltage-output IC’s 1MHz and 45V/us. 


There are on the market several nonlinear IC devices that essen- 
tially provide only the basic transconductance multiplying func- 
tion, with a resulting low-level current output signal that requires 
the addition of an amplifier and a number of passive components 
to achieve a usable signal level. This externally-applied circuitry 
provides its own sources of error (as well as cost), the amount of 
which depends to a great extent on the choice of active and pas- 
sive components and the circuit-design virtuosity of the user. In 
this case, then, the manufacturer cannot provide a guarantee of 
overall accuracy, but must limit himself (in a manner similar to 
that of general-purpose, many-degree-of-freedom devices, such as 
op amps) to specifying individual parameters. It is important to 
note that Analog Devices has principally chosen to opt for com- 
mitted circuitry: all AD IC multipliers are complete-on-a-chip cir- 
cuits, including the output amplifier, and are thus guaranteed for 
overall performance. 


NONLINEAR IC’S vs. IC OP AMPS 


Many readers of this book will reach this point with a background 
of experience in the applications of functional devices, whatever 
their mode of manufacture (from “bottles” to chips). But there 
are also many whose experience with analog (“‘linear’’) circuits is 
pretty much limited to IC op amps. It may be helpful for the 
latter to consider the following comparison of qualitative differ- 
ences between nonlinear and “‘linear’’ analog integrated circuits. 


In the vast majority of both nonlinear and linear (i.e., op amp) 
applications, accuracy of signal reproduction is the specification 
of greatest concern. Due to the many degrees of freedom of op 
amp circuits, however, itis rarely that the manufacturer can satisfy 
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this concern with a single specification that guarantees the user 
his required accuracy. The specifications that contribute to overall 
accuracy: input bias current, offset current, input voltage offset, 
voltage-offset drift, CMRR, etc., all add up to different errors, 
depending on the particular way (of many) in which the op amp is 
used, Thus, the very-general nature of IC op amps hinders the 
manufacturer in any attempt to guarantee an overall accuracy 
specification. He must constrain himself to specifying such param- 
eters as I,, E,,, Gain, CMR, etc., and leave the determination of 
overall accuracy to the user. 


Nonlinear function IC’s, on the other hand, perform rather specific 
tasks. Though their applicability is wide: automatic gain control, 
true rms, vector summation, absolute value, ratio measurement, 
etc., in almost all cases they are hooked-up in the same way, and 
perform the same function, be it multiplying, dividing, squaring, 
or square-rooting. The multiplicity of degrees-of-freedom, that 
prevents the IC manufacturer from providing a relevant overall 
accuracy specification for op amps, does not exist in the case of 
nonlinear-function IC’s. Thus the user is freed from the often- 
laborious and sometimes confusing requirement that he calculate 
the circuit’s worst-case accuracy error before considering the many 
parameters that must be traded-off. Except for instances where he 
is seeking performance levels considerably better than the overall 
specification, the need to understand, interpret, and calculate the 
effects of such partial specifications as feedthrough, nonlinearity, 
and scale-factor error (which are provided nevertheless) is elim- 
inated by their measurement and inclusion in the guaranteed over- 
all accuracy specification. 


As noted earlier, though, overall accuracy can be truly guaranteed 
only when the signal that is the result of the particular nonlinear 
manipulation is received at the output of the device at a level that 
requires no further processing or amplification (excluding external 
trims, the effects of which are included in the specification). The 
point is that partial-multiplier circuits must be treated as many- 
degree-of-freedom devices, and the overall performance calculation 
must include the effects of components added externally, but not 
included in the manufacturer’s specification. 
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TESTING AND SELECTION 


The test circuits given for multipliers in Chapter 3-2 are universally 
applicable from a technical point of view. However, where multi- 
pliers are produced (or consumed) in volume, the integrated-circuit 
device, with its low cost and high production volume, has made it 
necessary to turn to computer-controlled automated testing sys- 
tems, in order to keep the costs commensurate with manufacturing 
costs by less handling and higher throughput. The automated test 
system can make more measurements, in a shorter period of time, 
sort the devices into a number of different categories, and do it 
without the need for skilled test technicians in routine operation. 


A typical bench test of a modular multiplier may involve the 
setting-up of three pieces of equipment, inserting the module into 
a socket, manipulating a number of switches (or interconnections), 
making (say) 10 measurements, and classifying the module (if 
that particular module has more than one classification) — a pro- 
cedure which may consume one minute (or more) per device. 


Temperature testing requires loading the modules onto boards, 
which are then put into an environmental chamber and adjusted at 
room temperature. The chamber (‘“‘oven’”) is then brought to each 
test temperature, and more measurements are made. Temperature 
testing thus requires an additional minute per device per temper- 
ature level, plus setup time and stabilization time. 


On the other hand, the automated test system, after an initial 
investment in (equipment and) time for writing and debugging the 
program, can perform about 5 times as many measurements in as 
little as two-to-three seconds per device. When combined with an 
environmental chamber and data storage, such as magnetic tape, 
the temperature testing and drift testing (which involves calculat- 
ing the differences between the same tests at two different 
temperatures) are also performed in a very short time (about 1 
second). In addition to the critical parameters, the high rate of 
testing allows checking of less-important (but still guaranteed) 
parameters such as power consumption, bias currents, output 
swing into a load, and maximum ratings. 
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The use of automated handling equipment, interfaced to the test 
system, provides for more-efficient use of the test system by 
reducing insertion time to less than 1 second. 


Automated testing, however, is not a panacea; it has its problems 
and limitations. One of these is that, with such fast testing, the 
device does not have enough time to reach its normal operating 
temperature. This can usually be compensated for by testing toa 
tighter limit than that which is guaranteed. This obviously neces- 
sitates discarding some devices which otherwise might meet all of 
the specifications (or placing potential premium types in a lower- 
price category), but the saving in test time far outweighs the yield 
loss caused by insufficient warmup time. 


The major difficulty in testing multipliers is performing the three 
null adjustments and setting the scale factor (1/V; = 0.1/V), in 
order to be able to perform the accuracy, linearity, and feed- 
through measurements. The basic technique used with the auto- 
matic system is to vary each null voltage by means of a program- 
mable dc source, in response to a successive-approximation routine 
written into the software, while the measurement system monitors 
the output. When the proper output level is reached, the null 
voltage is stored by a sample-hold, the programmable source is 
switched to the next null terminal, and the process is repeated. 


For gain tests, rather than adjusting the scale-factor by setting an 
attenuator on the Y input (of the AD530 or AD533), as a user 
might do, the automatic system adjusts the programmable signal 
source to the Y input voltage required to give unity transfer from 
the X input to the output. This value of voltage is then used later 
to establish the Y input during the various tests that call for the 
full-scale value of Y. 

To avoid an iterative null routine, where the nulls must be 
repeated, or fine-tuned, the adjustments are performed in the 
proper order, viz., Y feedthrough (0 X Y, trim X,,), X feedthrough 
(X X 0, trim Y,.), E,, (0 X 0, trim V,,), and scale factor.* It is 
accomplished by using a sample-and-difference technique to mea- 
sure the output-voltage changes in response to the input signals, 
while ignoring the output magnitude (untrimmed offset voltage) 
*This process straightforwardly zeroes the output, including the effects of both the 


Zos and X,,.Yo, terms in equation 13, Chapter 3-2. 
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during the adjustment of “linear” feedthrough (see Figures 34 
and 35, Chapter 3-2). 


For example (Figure 2), in nulling the Y feedthrough, the X, S-H 
is gated into the track condition, essentially connecting the pro- 
grammable voltage source to the X, pin of the multiplier. At the 
same time, the X input is set to zero, and the Y input is alter- 
nately switched from +10 to -10V. The output (+Y) is subtracted 
from the output (-Y). When the difference is zero, the successive- 
approximation routine is stopped, and the X, S-H is put into 
hold. The differencing technique eliminates dc offsets and also 
prevents the untrimmable component of feedthrough, due to 
multiplier nonlinearity, from affecting the null.? The whole null 
procedure, involving all four adjustments, takes about 1 second 


to perform. 
VOLTAGES 


MULTIPLIER 
UNDER TEST 


FROM 
PROGRAM CONTROL 
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Figure 2. Connections to multiplier in automatic test circuit 
For temperature testing, the measured 25°C null voltages are 
stored on magnetic tape and later played back to establish proper 
25°C null conditions for each multiplier, as it is tested at the 
extremes of its rated temperature range. This technique closely 
simulates the user’s circuit conditions (pots set at 25°C), while 
allowing the use of automatic handling equipment with resulting 
throughput of the order of 500 devices per hour. With this test 
setup, performance over the temperature range can be both 
guaranteed and verified by testing of 100% of the devices. 


Test systems such as this, though few and far-between (at this 


writing, it is believed to be unique with Analog Devices), account 
tr eedthrough nonlinearity is quadratic for these devices, as noted in Chapter 3-2. 
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for the excellent quality/price ratio of complete monolithic multi- 
pliers, and for the maintenance of applications-oriented specifica- 
tions. 


DYNAMIC TRIMMING 


Until the introduction of the AD532, integrated-circuit multi- 
pliers required several external components to allow adjustment 
to within the specified tolerances. Such adjustments are costly 
for the user to implement (compared to the basic price of the 
device), and they introduce additional potential for thermal and 
accidental errors. 


By the combination of the micro-machining capability of a laser 
with an automatic measuring and positioning system, it has become 
possible (and economically feasible) to adjust the multiplier off- 
sets and scale factor by changing the values of on-chip thin-film 
resistors. The result is an integrated-circuit multiplier which can 
be plugged in and turned on, with no adjustments or external 
components required. 


Figure 3 is a block diagram of an automated dynamic-trim system 
developed at Analog Devices, The coordinates of the starting- 
and stopping-point of each resistor to be trimmed are stored on a 
continuous loop of punched tape. The device position control 
reads the tape and positions the device under the laser beam by 
applying a number of pulses to digital stepping motors driving an 
X-Y table. The power and control logic module applies power and 
input voltages to the device in a sequence determined by the logic. 
It also conditions the output of the device and feeds it to the 
measurement and trim control system, which determines when the 
output of the device has reached the desired value; it then, via the 
control logic, turns off the laser beam. The measurement approach 
used is similar to that described above in relation to the automatic 
null and test system. 


The laser beam, which is coherent light concentrated in a small 
area to generate a high energy density, oxidizes part of the resis- 
tor, causing its resistance to increase permanently. 
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Figure 3. Laser-trimming system configuration 


Figure 4 is a simplified schematic of a multiplier cell. In normal 
operation, a constant voltage is applied at the —X input to adjust 
the offset of the X-input transistor pair. In dynamic trimming, the 
X inputs are held at zero volts (so is the -Y input), while the +Y 
input is switched between a specified + voltage-pair. The laser then 
increases the resistance of either Rl or R2, which adjusts the cur- 
rent balance in the stage for minimum linear feedthrough. This is 
measured by phase-sensitive chopping, and filtering of the device’s 


DIFFERENTIAL 
CURRENT OUTPUT 
(TO OUTPUT AMPLIFIER) 


Figure 4. Simplified schematic of multiplier input circuit 
showing feedthrough and scale-factor trim resistors 
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output; the laser is turned off when the output of the filter is 
zero, indicating equal feedthrough at both input levels. The feed- 
through for the +X input is adjusted in a similar manner by holding 
the Y inputs and -X at zero and increasing the resistance of 
either R3 or R4. 

The offset voltage is zeroed by adjusting one of a pair of resistors 
in the on-chip output amplifier. All inputs are set to zero volts, and 
the resistance is increased until the output reaches zero volts. The 
scale factor is set by increasing Rg, which is deliberately made 
slightly low, while the errors are monitored for maximum input 
values in all four quadrants. The resistance is increased until the 
total four-quadrant error is minimized. Because this adjustment 
affects the offsets, it is necessary to repeat the offset trimming a 
second time (fine trim) in order to insure the best-possible yield 
vs. cost. 


Once the device has been plugged in and aligned to the X-Y table, 
the trim procedure is completely automatic. 


APPLYING: PRACTICAL USE OF IC’S FOR BEST RESULTS 
HINTS 


While especial attention is given to the accuracy, feedthrough, and 
linearity specifications, and their minimization, the best efforts of 
the manufacturer, and the cost paid by the user, may be wasted 
if the device is improperly scaled, interfaced-with, or adjusted. 


Scaling. The effects of offset drift and cubic nonlinearity and 
feedthrough can be minimized by scaling inputs and outputs to 
give full-scale voltages at their respective peak values. Parabolic 
nonlinearity is the most-prevalent type in transconductance multi- 
pliers, and it can usually be greatly-reduced by the methods of 
Figures 14 and 15 in Chapter 3-2. Low-level input signals should 
be preamplified to, say, +10V to insure best accuracy and dynamic 
range.* Figure 5 shows the use of op amps as followers-with-gain 
to provide both isolation and scaling of high-impedance low-level 
signals. Inverting amplifiers may be used to adjust gain in applica- 


*Note that if both inputs are scaled to half-scale, instead of full-scale, 3/4 of the dynamic 
range is wasted. If the output of the circuit must be only 1/4-scale, it is better to use an 
additional attenuator following the multiplier’s full-scale output. 
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tions where the polarity relationships require inversion, for 
example, if a divider requires negative denominator input from a 
positive signal. 


Ry (K, —1) Ry 


Figure 5. Op amps as followers-with-gain to scale multiplier 
inputs to £10V 


Buffering. If either signal source is at high impedance, the input 
impedance of a multiplier may result in significant loading error. 
This is composed of specified resistance levels, bias current (and 
its variation with time and temperature), and the added shunt 
resistance of any resistive voltage dividers introduced for scaling 
purposes. In such cases, the source should be buffered by a 
follower-connected op amp, especially if the amplifier can also 
provide needed amplification. 


Trimming. Most multiplier data-sheets provide trim procedures 
for optimizing performance in various modes: multiplication, 
division, squaring, rooting, etc. For some modes, certain trim 
adjustments can be eliminated. Trims may even be incorporated 
into adjacent portions of the circuit, if appropriate, and the device 
trim-terminals grounded, to minimize overall error of a circuit 
containing the multiplier. 


The use of cross-feedthrough trims has been mentioned early in 
the chapter, as a means of squeezing the best performance out 
of a low-cost device. Usually, only an X trim is necessary; Y feed- 
through is close to the point of diminishing returns. 


Since internally-trimmed devices are almost never exactly ‘‘on” 
the design-center setting, performance can be improved in critical 
cases by introducing external trims. Trimming may be used 
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preferentially to improve performance in those quadrants where 
accuracy is most important. 


Finally, if the multiplier is a crucial element of a very high-preci- 
sion circuit, calling for overall error less than 0.1%, it may be 
feasible to keep a high-accuracy multiplier at constant temperature, 
map out its error surface, and use several low-cost multipliers in a 
function-fitting configuration (Chapter 1-1) to simulate the error 
surface and subtract it from the output. In the past, such a sug- 
gestion could be considered a speculative fantasy, but with the 
low cost of today’s multipliers and the availability of high-powered 
computing techniques to test conceptual models, the cost and 
time involved may be by no means prohibitive. 


KINKS 


Power-supply decoupling capacitors are often built into discrete- 
component modules; but it is not practical to include them on an 
IC chip. As in the case of IC operational amplifiers, it is good 
practice to use them routinely, especially for designs involving 
high overall gain in the circuit. Bypass capacitors, at each device, 
should be located as close to the device as practicable, but never 
through a switch or circuit-board edge connector, which can 
introduce undesirable series inductance. A typical configuration 
is a O0.0luF ceramic, in parallel with a 1-10yuF tantalytic, from 
each side of the supply to common. 


Some care may be necessary in locating offset-adjustment poten- 
tiometers. Since long lead lengths may introduce undesirable 
effects, the adjusting potentiometer should be as close to the 
device as feasible. 


Integrated circuits can be particularly sensitive to capacitive load- 
ing. While good design dictates that general-purpose devices 
should be (and ADI’s are) capable of driving 500 to 1000pF worth 
of capacitive loading at any output level without modification,* 
it may be wise to include some resistance in series with the load 
(Figure 6a) or to add a suitable buffer (Figure 6b) whenever 


* ae . 
Not all manufacturers see this in the same light 
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larger capacitive loads are anticipated. For the AD530, 531, 532, 
and 533, the series.resistance should be of the order of 1002. 
(Caution: when the nonlinear function cell and its amplifier are 
connected in a feedback configuration to obtain the inverse func- 
tion, for example, the square-root (AD530, 532, 533), the capaci- 
tive loading capability may be adversely affected because the loop 
gain is doubled at high levels.) 


A word about warmup shifts! The large thermal mass and greater 
power-dissipation capability of modular function circuits generally 
results in cooler operation and smaller warmup shifts. IC function 
circuits, on the other hand, may have a large power-to-volume 
ratio, depending on the circuit complexity, and can run quite 
warm. Thus, the user should allow a 5-10 minute warmup time 
(in free air) before performing final trim adjustments or measure- 
ments of device accuracy to specifications. Warmup effects can be 
reduced by perhaps an order-of-magnitude if the device is mounted 
in a heat sink. 


Re > 10kQ 


OR 
FIXED 


a. Isolating 1.C. multiplier from large capacitive load by 
fixed resistance 


CHOICE OF 
AMPLIFIER ————o 
DEPENDS ON TOTAL 
LOAD CURRENT AND C, 
DESIRED SLEWRATE Y T 


6. Isolating multiplier from load by buffer op amp 


Figure 6. Isolating large capacitive load to prevent multiplier 
from oscillating 


348 NONLINEAR CIRCUITS HANDBOOK 


PITFALLS 


Unlike discrete modular devices, the inherently high reliability of 
integrated circuits can be easily compromised by applications 
abuses. As shown in Figure 7, the “circuit board” for IC’s con- 
sists of a P-doped substrate with P-doped isolation barriers that 
are biased at the negative-supply voltage level to provide the neces- 
sary isolation between circuit elements. When the power supply 
is off, the isolation is reduced and the chip is left vulnerable to the 
voltage stresses present at its input(s) and output. It is for this 
reason that most IC manufacturers state that the absolute maxi- 
mum input and output ratings are +V,, which strongly implies 
OV with +V, = 0. 


Some IC’s, such as the AD531, incorporate input-circuit protec- 
tion. Many don’t. Worse than failing, unprotected input transis- 
tors may simply change their parameters, a change which can be 
manifested in terms of increased bias current (decreased beta) or 
voltage offset. 


P-DOPED ISOLATION 
BARRIERS 


Figure 7. Bipolar 1.C. construction, using junction isolation 


Although failures are not generally a problem when the inputs 
are less than +1V, and are never a problem when Vyy is less than 
V, + 0.5V, higher input levels can be accommodated by using 
input/output protection circuits, such as those shown in Figure 8. 
While the 1kQ series resistors alone will often suffice, the diode 
clamps to the supplies provide certain protection, except when 
the supplies have been switched off. 
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-Vs Vs 
Figure 8. Protection of |.C. device against overvoltage. Diodes 


protect against voltage spikes, and resistors protect against 
power-off stresses. 


ON THE HORIZON — AND BEYOND 


The field of IC nonlinear devices is a largely virginal field within 
the rapidly-expanding analog (“‘linear”) IC industry. As recently 
as one year ago, only one self-contained 4-quadrant multiplier! 
(AD530) and several multiplier cells had been introduced, It was 
noted earlier that while monolithic matched-transistor techniques 
are ideally suited to transconductance and log-antilog circuit 
techniques, the missing complement — on-chip precision resis- 
tors — have only been available for the last three years. The 
utilization of precision thin-film monolithic resistors, in conjunc- 
tion with the superbly-matched devices that are characteristic of 
silicon semiconductor technology will in the long run make 
available scores of new circuits, both linear and nonlinear, in 
addition to the three basic families of multipliers (AD530, AD531. 
AD532) now available, and the AD7520 multiplying D/A converter. 
Laser trimming (exemplified by the AD532, which permits opera- 
tion to rated accuracy without any additional components) adds 
a key capability to the nonlinear IC device-manufacturing process, 
adjustability. With effective utilization of this capability, the only 
deficiency that appears to pose fundamental limitations is speed. 


Even the speed frontier can be crossed by going to dielectrically- 
isolated, dynamically-trimmed IC’s. With such combined process- 


leself-Contained LC, Multiplier/Divider,” by R.S. Burwen, NEREM 1970 RECORD, 
p. 56, Boston Section IEEE, 


Pee Complete Multiplier/Divider on a Single Chip,” by R.S, Burwen, Analog Dialogue, 
Vol. 5, No, 1, January, 1971. 
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ing capabilities, 10MHz, dynamically-trimmed, <0.5% multipliers 
(complete-on-a-chip) become possible. 


However, even before such combined techniques are ultimately 
exploited, circuit- and device-design ingenuity will make available 
a wide range of analog circuits that rely for precision on mono- 
lithically-matched active devices and dynamically-trimmed depos- 
ited thin-film resistors. For instance, it appears likely that careful 
exploitation of currently-available technology will soon make 
available multipliers with errors in the 0.1% range, using variable- 
transconductance techniques. 


Other more-specialized multipliers will also appear for limited- 
polarity, wide-dynamic-range, high-accuracy applications. New IC 
device structures, not yet put into practice commercially (and 
which depart radically from conventional circuit concepts), hold 
out the prospect of marked improvement of one of the funda- 
mental limitations of transconductance techniques — noise. 


Along with refinements in the multiplier/divider art, IC’s will 
soon provide high-accuracy log-antilog operations, with the poten- 
tial of growth comparable to that witnessed by the industry in 
multiplier/dividers (and still in the accelerating stage). The first of 
such products will be available at the time this book sees the light 
of day. Such circuits are eminently integratable. Also, more- 
complex functions that depend on multiplication, division, or log 
operations, e.g., true-rms, vector-sum, and precision AGC loops, 
will soon appear as single chips. 


Thus, the future of “nonlinear” “linear integrated-circuits” is 
exceptionally bright. A rough analogy can be established between 
the development of these basic nonlinear circuits and the history 
of op amps (the basic linear circuit) as follows: the “multiplier 
cell” techniques brought us to the 709 level, while the AD532 
has brought us to the 741 stage of development, the point at 
which op amps became practical for widespread application. It is 
not unsafe to predict that the wave of op amp development that 
followed the 741 and led to hundreds of different IC amplifiers 
for virtually every application will be paralleled by a similar rapid 
growth in the usage and proliferation of nonlinear IC’s. 


Discontinuous 
pproximations 


Chapter 5 


In this chapter, circuits used for obtaining piecewise-linear 
input-output relationships will be discussed. Examples of such 
telationships include piecewise-linear function fitting, absolute 
value, dual-mode linear responses, and sign-magnitude-to-bipolar 
conversion. There will also be a brief discussion of digital aids to 
analog function fitting. 


Often, a nonlinear response can be conveniently simulated or 
linearized by a circuit with a response that is neither curvilinear 
nor linear, but is built up into an approximation of the desired 
response by changing the gain of the circuit as input (or output) 
thresholds are crossed. 


Piecewise-linear approximations to curvilinear functions were. 
introduced in Chapter 2-1 (Figures 15 and 16), and an application 
to a linearization problem was plumbed in Chapter 2-3 (Figure 7). 
To ensure high accuracy and sharp breakpoints (the latter is not 
necessarily an advantage), operational amplifiers and diodes in an 
“ideal diode” configuration were suggested; but they are not the 
only way. This chapter considers the problem in a somewhat wider 
circuit perspective. 


BREAKPOINTS 


If a diode can ideally be considered as a polarity-sensitive switch 
having zero voltage drop when positive voltage is applied, and zero 
leakage current when negative voltage is applied, it can be used 
with bias voltages and resistance networks to construct an op-amp 
circuit with a controlled nonlinear response. 
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DION, 
Vin — Eg > 9 


Eo 


b. Shunt breakpoints — input 


DION 
Eg+E,_ <0 


d. Shunt breakpoints — feedback 


Figure 1. Series and shunt breakpoints generated in input and 
feedback circuits of single op amp 
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Figure 1 shows the input output-relationships for circuits having 
ideal series and shunt breakpoints, in the forward and the 
feedback paths. In all cases, the diode and reference are biased and 
circuited to cause the diode to conduct when the input has 
increased beyond the threshold. 


The threshold, referred to the input, is equal to Ep, for the diode 
in the forward path, and Ep, divided by the gain, for the feedback 
path (in the plots, it is simply referred to the output). 


The degrees of freedom include: series vs. shunt circuits, choice of 
the input vs. the feedback path, and choice of polarity of both 
reference voltage and diode connections, as well as the choice of 
resistance ratios. 


For additional breakpoints, similar circuits, with graduated values 
of Ep;, are connected between the summing point and either the 
input or the output. The series connection is often preferred, 
because it is easier to get extremely high resistance in the off 
condition than negligibly low resistance in the on condition. 
However, the shunt circuit has the advantage that the reference 
source can be grounded (hence driven by an op amp output if a 
variable threshold is desired). 


If the desired function does not go through the origin, an additive 
bias can be summed at the amplifier’s summing point, via a 
resistor, to relocate it. Its effect can be viewed as a translation of 
the function along the input or the output axis, depending on the 
location of the breakpoints. 


Additional monotonic shapes are available by changing the 
polarities of the reference and/or the diodes. Figure 2 shows the 
ideal responses available with different combinations of polarity in 
the series input case. Figure 3 shows the effect of reference 
polarity with multiple slopes. Note that zero output at the origin 
is obtained when the reference and the diode are of opposite 
polarity (input zero); if the reference and the diode are of the 
same polarity, the extrapolated R;/R, response passes through the 
origin, but the break occurs before it reaches zero. If zero output 
is desired, a bias can be added at the summing point, as mentioned 
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above. A complete array of shapes can be catalogued by 
considering all combinations of polarity, series vs. shunt, and input 
vs. feedback. 


Ro Ry 


E, R1 D1 


Vin — Ea 


c) Negative reference-negative diode 


d) Positive reference-negative diode 


Figure 2. Effect of reference and diode polarity on input- 
output relationship; series breakpoints, input circuit 
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Figure 3. Effect of reference polarity on multiple slopes 


The above-mentioned shapes all have monotonic derivatives, i.e., 
they are all concave-up or concave-down. However, by combining 
degrees of freedom, it is possible to obtain reversals (and ideally, 
many reversals, depending on the references and gains).* Figure 4 
shows a single reversal, employing series input and feedback. Note 
that an input bias is employed to obtain zero output for zero 
input. 
Eo 


D1 ON, Vin + Eni >8 D2 ON, Eo + Ea2 <@ 


Figure 4. Use of input and feedback breakpoints to obtain 
reverse slopes with single amplifier 


*But the incremental slope is always negative unless the + input is driven. 
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PRACTICAL CIRCUITRY 


There are several problems in putting the ideal circuits mentioned 
earlier into practice: 


1. The references are shown floating. It would be desirable to 
have them derived via resistance networks, starting with a 
single (preferably grounded) reference. This would allow a 
good, stable power supply to also serve as the reference. 


2. Diodes have appreciable voltage drop when conducting 
(about 0.5t V). Instead of their having a clear-cut threshold, 
the behavior is logarithmic. Over a 100:1 range of current 
variation, the threshold shifts by at least 120mV at 25°C, 
with a thermal shift of about 2mV/°C. From 1mA down to 
10uA, series resistance increases from 252 to 25002. 


Figure 5a shows the basic elements of a circuit that can func- 
tion in either the forward or the feedback path of an opera- 
tional amplitier. It answers objection 1. The ideal threshold of 
conduction is at Vjy =Ep R,/(R; + R,) for the first break, 
Vin =Ep R2/(R, + Rg) for the second break, etc. The incre- 
mental gains are R-/R,, Re/Ry, Re/Ry, etc. Thus, the break points 
depend on the reference. Diodes D, and Dg limit the reverse 
swing of D1, D2, etc. 


Vert = En 


Ry 
Ry + Ra 


Ro 


Vv; _ 
BR2" BR ee 


INCREMENTAL GAINS 


Re Re Re 
Ro Ry ” Re 


a. Uncompensated-input circuit with grounded reference 
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D1, D2, D3: 1N4149 


5kQ%* —z» MATCHED SET 


b. Compensated high-speed piecewise-linear function fitter 


Figure 5. Shunt-biased, series diode piecwise-linear function 
fitter a) in principle, b) with first-order temperature compensation 


Figure 5b shows the same basic circuit, but with the added benefit 
of first-order compensation for the diode drops and their variation 
with temperature. 


If the breakpoint must be sharp and located precisely, with 
near-zero drift, an ‘ideal diode” feedback circuit, employing 
diodes in the feedback path of an operational amplifier for 
polarity sensing only, may be used as a dual-mode circuit 
(Figure 6). In the circuit of Figure 6, if the net input current 
Vin /Ry + Vp /Ry is positive, diode D1 is turned on, D2 is turned 
off, and the output (1) is 


V, =—R Vin Roe (1) 
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If output (2) is unloaded, or loaded only to common (or a virtual 
ground), its output is zero, since D2 is turned off and no current 
flows in R2. 


Figure 6. Ideal diode circuit 


If the net input current is negative, D1 is turned off (output 
(1) = 0), D2 is turned on, and output (2) is 


V2 =-R Vin =, (2) 


Thus, the output of the circuit at (1) is zero for all Vy;y less than 
—Vp (R, /R,) and proportional to positive values of the difference; 
output (2) is zero for all Vj greater than —Vp(R,/R,) and 
proportional to negative values. 


Either output can be used as an incremental “ideal-diode” 
breakpoint in a system which sums a number of breakpoints;! the 


" See Figures 15 and 16, Chapter 2-1 and Figure 7, Chapter 2-3. 
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two outputs (R,; #R3) summed together provide a two-slope 
response, with the break at —-Vp(R,/R,4). A bias can be summed 
into the summing amplifier to offset the break point (Figure 7). 


Figure 7. Ideal diode in high-accuracy dual-mode circuit 


CURRENT SWITCHING 


The circuit of Figure 8 is an “ideal diode” with current output. 
When Vjy is greater than Vp, the amplifier output drives the gate 
of the enhancement-mode FET with whatever voltage is necessary 
to maintain the voltage across R equal to (Vin — Vp ) = Ip. When 
Vin is less than Vp, the FET shuts off, and the diode conducts 
away the reverse current from Vp through R to maintain the 
voltage at R equal to V;y. 
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| lout 


Vin 


| 
Vr 


I _ Vin —Vr . 
out = 


(Vin — VR) #0 


lout 


Figure 8. Unidirectional linear voltage-to-current switch 


SPEED IMPROVEMENT 


All of the above “ideal-diode” circuits are relatively slow: at the 
break point, the output must slew through a dead band of two 
diode drops; and charge stored in a capacitive load requires time to 
discharge through the feedback resistor in the off condition. 
Though the circuit has a low dynamic impedance while con- 
ducting, it must contend with greatly-reduced loop gain while 
switching at high speeds—first, because of the amplifier’s reduced 
open-loop gain, second, because of the increased loop attenuation 
due to the high diode impedance near zero. 


In the circuit of Figure 9, the switching diodes have been replaced 

by transistors Q2 and Ql, which saturate when the net input 
current becomes positive or negative, respectively, and maintain 
the output near ground. The circuit is considerably faster than the 
diode circuit, because the output impedance is always quite 
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COMMON 
—- OR 
“REF. 


*1% OR BETTER 


Figure 9. Low-output impedance “ideal-diode”’ circuit 


low—in the saturated condition, it is about 5Q, and in the active 
region, it is even lower, about 0.012. D1, D2, R1, and R2 can be 
adjusted to minimize the dead zone. The output offsets of Q1 and 
Q2 in the saturated condition will be about 10mV. 


This circuit can be connected as a full-wave mean-value circuit by 
connecting a differential low-pass (R-C-R) filter across the two 
outputs, and subtracting to obtain the average of the rectified 
input. It will provide reasonably accurate measurements at fre- 
quencies as high as 100kHz. 


ABSOLUTE-VALUE CIRCUITS 


Many uses of absolute-value circuits have been discussed in earlier 
chapters. They include measurements of magnitude, conditioning 
of signals for input to one-quadrant multipliers and other 
nonlinear devices, measurements of mean absolute deviation, 
full-wave rectification, vector computation, etc. Absolute-value 
voltages can be made available in either positive or negative 
polarity (Figure 10). 
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a) Positive absolute value + | Vjy | b) Negative absolute value — | Vjpy | 


Figure 10. Positive and negative absolute value 


The circuit of Figure 11 is a typical absolute-value circuit. It 
comprises an ideal-diode and a differencing circuit. For positive 
input voltages, Vg = 0, Va =—Vyy(R3/R;), and the output is 


7 _R3Rs 
oR, Rg VIN (3) 


Figure 11. Practical absolute-value circuit 


if all resistors are equal. For negative inputs, D1 is open, D2 
conducts 


Vin _ Vz Va 


“rR Ry ey 4) 
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and 


2 7 Rs 
E, = Vp tO RRG (5) 


Again, it can be seen that if all resistances are equal, the right-hand 
sides of both equations will be 14V, (multiplying (4) through by 
R, ); hence E, =—Vyy. Therefore, the output will be equal to Vy 
if positive and —Vjy if negative, or +|Viyl- 


POLARITY DETECTION 


Quite often, it is useful to have a polarity signal, as well as the 
absolute-value output. For example, to use a one-quadrant 
multiplier as a four-quadrant multiplier, it is possible to take the 
absolute-value of both inputs, and compare the polarities in an 
exclusive-or gate (“0”, first and third quadrants (+), “1”, second 
and fourth quadrants (—)). A sign-magnitude-to-bipolar circuit 
may be used to restore the polarity, if desired. Another appli- 
cation is in sign-magnitude A/D conversion, using a unipolar 
converter. 


The circuit of Figure 11 may be followed by the polarity 
detection circuit shown in Figure 12, which makes use of the 
2-diode-drop transition region at the output of Al to derive a logic 
signal as a function of polarity. The output of the circuit will be 
positive-true “1” when the input signal is positive, and “0”? when 
the input signal is negative. 


Vs =+5V 


5 POLARITY 
SIGNAL 


Figure 12. Polarity output signal from ideal-diode circuit 
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SPECIAL-PURPOSE ABSOLUTE-VALUE CIRCUITS 


Figure 13 shows a high-input-impedance absolute-value circuit, 
making use of an ideal diode circuit and an adder-subtractor. The 
negative inputs of both amplifiers must follow the positive inputs. 


Figure 13. High-input-impedance absolute-value circuit 


When Vj is positive, the current Vyjy /R to ground is supplied by 
D1; D2 is off; therefore no current flows through any of the other 
three resistors, and E, must follow Vj. When V,y is negative, D2 
conducts, D1 is off, and Vg =2V;y. The output is (+3 Viq - 4Vyqy = 
—Vin. 2 positive voltage; therefore E, = |Vyy/. 


Figure 14 is a circuit that takes the absolute value of a differential 
input voltage and converts it to a current. It operates in similar 
fashion to the current-switching circuit of Figure 8, but responds 
to full-wave inputs. It is useful as an input to devices that call for 
current inputs, such as integrating meters and logarithmic multi- 
plier/dividers. ~ 


Figure 14. Differential high-input-impedance voltage-to-current 
absolute-value circuit 
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SIGN-MAGNITUDE TO BIPOLAR 


Figure 15 depicts a circuit that will accept a positive magnitude 
signal and a negative-true polarity signal; at the output, it provides 
a bipolar signal with polarity determined by the inputs. 


(MATCHED TO Q1) 


O Eo 


BIPOLAR 
OUTPUT 


INPUT 


Figure 15. Sign-magnitude-to-bipolar circuit 


When the FET switch, Q1, is off, the amplifier Al operates as a 
unity-gain follower, with performance limited by the common- 
mode performance of the amplifier, and the impedance level of 
the input resistors (bias current and noise pickup). When the FET 
switch is on, the positive input signal is shunted to ground, and the 
amplifier functions as an inverter. Since Q1 does not have zero on 
resistance, there is some leakage of signal to the + input terminal. 
However, it is almost exactly compensated for (over a wide 
temperature range) by the resistance of Q2, the FET in series with 
R2. Improved accuracy can be obtained using 3 equal R’s, and 
adding a second matched FET in series with Q2. | 


A NOTE ON DIGITAL TECHNIQUES 


The read-only memory can be thought of as a “digital function 
fitter,” since it can be programmed to fit (in pointwise fashion— 
2°—1 points) an arbitrary function of an input digital number 
(“address’’). 
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It is natural to consider the possibility of converting to digital, 
applying the digital number to a ROM, and (if necessary) 
converting the modified digital number occurring at the output of 
the ROM back to analog. It may (or may not) be more 
cumbersome than purely analog function fitting, and the discrete- 
ness of the fit may (or may not) be undesirable. Costs for both 
digital and analog techniques are coming down, and the issues are 
not clearly definable, since experience and inclination can weigh 
equally with marginal cost differences. 


However, there are applications that involve conversion anyway, 
where consideration of a ROM for linearizing may be especially 
appropriate. For example, in a conventional dual-slope integrating 
system (used, typically, in digital panel meters), the signal input is 
integrated for a fixed number of counts. Then a reference voltage 
is applied to the integrator in the opposite polarity, and the 
number of counts required for the return to zero from the initial 
condition established by the integrated analog voltage, is a 
measure of the average value of the analog voltage. 


For compensation and linearization of transducers, it is possible to 
use a D/A converter to adjust the reference-voltage level (Figure 
16). The D/A converter is fed by a ROM, which has as its input 


INTEGRATOR 
Cc 


INPUT 
SWITCH 


COMPARATOR 
INPUT 


0 
(FROM 
TRANSDUCER) 


_,__! 
PROGRAMMABLE Al 
READONLY fe——{ counreR |__|) ispLay 


MEMORY ren mine 


LIU 


BCD OUTPUT 


a. Block diagram of linearized dual-slope A/D converter 
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INTEGRATOR 
OUTPUT 


INPUT 
SWITCH 


REFERENCE 
SWITCH 


REFERENCE 
VOLTAGE 


\ 


2” -1 DIFFERENT 
REFERENCE LEVELS 
(SLOPES) POSSIBLE 


b, Waveforms of linearized dual-slope converter 


Figure 16. Analog-digital transducer linearizing circuit and 
A/D converter 


the counter output. As the count increases during integrator 
discharge, the “address” (i.e., input number) to the ROM changes. 
The ROM’s programmed output changes, depending on the 
program, and feeds the D/A converter a number, whichis 
converted to an analog reference level, which modulates the rate at 
which the integrator is discharged. Using this approach, there can 
be as many as 2" —1 integrator rates, where n is the number of 
bits used by the ROM and the D/A converter. 


With this technique, individual transducers can be linearized and 
gain-compensated. First, the transducer output can be calibrated, 
by feeding its output and the true measurements into a computer, 
which can generate a paper tape of the program needed by the 
ROM. The tape can then be used to program a field-programmable 
ROM. The ROM can then be shipped with the transducer (it can 
even bear the same serial number), much as calibration curves have 
been in the past. At the same time the transducer is installed, the 
ROM can be installed in a compatible A/D converter; in this way, 
the output of the A/D converter will be completely matched 
(linearized and gain-compensated) to the individual transducer to 
which it is committed (or multiplexed). 


Chapter 6 


A perhaps unfamiliar, but nevertheless very useful, nonlinear 
device is the multi-function circuit. It combines multiplication 
and division with the ability to raise a voltage (or voltage ratio) 
to an arbitrary positive power or negative (reciprocal) power. 
The magnitude of the power may be greater than unity (“power”) 
or less than unity (“root”). A good example of such a multifunc- 
tion circuit (and the first to appear on the market) is the Analog 
Devices Model 433. Its transfer function is 


10 V, \ i 
sre V, ‘GE qd) 


where 
E, = Output voltage, > 0 
Vy. Vz, Vx = Inputs, > 0 
Epgr = Constant = +9V 


m = Any number in the range 0.2 to 5, set by the ratio of 
two resistors, e.g.,m = 2.72, or m= 0.318 


A reference voltage, equal in magnitude to the constant, Epp, is 
available as an input for operations involving only one or two 
variables, or for other purposes involving a reference voltage. 
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This combination of the three functions, multiplication, division, 
and exponentiation, within one small (38 X 38 X 16mm) module, 
yields computing power comparable to that of a small algebraic 
analog computer, or a log-log slide rule. 


The multifunction circuit can b2 easily connected to perform 
many different functions, as determined by the choice of inputs, 
jumpers, and (for exponents) resistors. Among the available func- 


tions are: 
1. Multiplication E, =KV, Vz 
2. Division E, = K(V,/V,) 
3. Squaring E, =K V, V;, (V, =V,) 
. or E,=KV? 
4. Square-Rooting E, =K V,/E, 
or E,=KV,/E, 
or E,=Kv?° 
P vV,\™ 
5. Root of ratio E, =KV,(4# m<1 
x 
V. m 
6. Power of ratio E, =KV, (4) m> 1 
x 
; 2 VN VAs 
7. Reciprocal power E,=KV, =) =KV, Ge) 


x 


In addition, there are other functions that can be performed by a 
single multifunction circuit and a modicum of external components 


8. True rms (Chapters 2-3,3-7) E, =KV, V,/E, =/KVis 


(V, =V, > 0) 
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9. Vector sum (Chapter 2-3) E, =VV,2+V,? 


Vis Vo20 


10. Trignometric Functions E, =K tan7! (V,/V;) 
(Chapters 2-1, 2-3, and 2-5) E, = K sin 6 


Two factors account for the versatility of the multifunction circuit: 


1. Log-antilog operating principle: Powers and roots can be 
easily generated by adjusting the gain of either the log or antilog 
' portions of the circuit (or both). In the divider connection 
(m = 1, V, constant), the log-ratio input section provides good 
accuracy over a much wider dynamic range than is possible with 
linear ratio circuits. A comparison of the multifunction circuit, 
as a divider, and a conventional “inverted-multiplier” divider cir- 
cuit (Chapter 3-3) is shown in Figure 1. 


CONVENTIONAL 0.1% 
MULTIPLIER/DIVIDER 
EXTERNALLY TRIMMED 
TO 0.05% 


MODEL 433 WITH NO 
EXTERNAL TRIM 


DIVIDER OUTPUT ERROR (mV) 


O17 1 10 
DENOMINATOR INPUT (Volts) 


Figure 1. Divider error as a function of denominator level: 
multifunction circuit (m = 1) compared with an “inverted- 
multiplier” circuit. 


2. Three variable inputs are useful: The ZY/X transfer func- 
tion makes possible implicit solutions, through the use of feed- 
back, of equations such as those for root-mean-square and vector 
addition. The additional variable also makes possible two-variable 
multiplication or division with voltage-adjustable scale factors, 
and direct implementation of such equations as the ideal gas 
relationship, involving pV/T. 
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CIRCUIT DESCRIPTION 


The multifunction circuit is shown as a simplified schematic dia- 
gram in Figure 2 and an operational block diagram in Figure 3. 
It is in many ways similar to the log-antilog multiplier-divider 
circuits described in Chapter 3-2 (Figure 20) and Chapter 3-3 
(Figure 20). 


Amplifiers Al and A2 and dual-transistor Q1 are connected so 
that the log of the ratio of input voltages V, and V, (the differ- 
ence of their logarithms) appears at the base of Q1B, multiplied 
by the usual kT/q. The antilog circuit is basically the log circuit 
in reverse: the input is applied at the base of Q2B, and the output, 
at A3, is proportional to the exponential of the input-times-the 
reference-current established by D1, R4, and A4. Since the argu- 
ment of the exponential is multiplied by q/kT, the temperature 
effects are cancelled out. 


Ra + Ra 


R, RB, 
E> (22) -w-(#) p+ Re 


E 
Ener =9V, R4=R3 (Este 
(FACTORY TRIM) 


Figure 2. Simplified schematic of the multifunction circuit 


The symmetrical arrangement of the circuit provides very low 
scale-factor and offset drift, independent of the denominator 
(V,.) input level. The scale-factor stability is limited primarily by 
the zener reference, Dl, and the relative drifts of resistors R1 
through R4. 
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EXTERNAL RESISTORS ARE 
CONNECTED HERE TO ADJUST m. 
AS SHOWN IN FIGURES 4, 5, 8, 9, 11. 
® DIRECT CONNECTION YIELDS m= 1. 


11 
VREF OREF 
9V(+5%) 
@1imA 


a 
Be oe ool §SOppm/ °C 


Figure 3. Functional block diagram of Model 433 
POWERS AND ROOTS 


The distinguishing feature of the multifunction circuit is its ability 
to take roots or powers of voltage ratios (with one or both 
voltages variable). 


Any exponent between 1/5 and 5 (e.g. 1/4.73, 1/3, 1/2, 1/1.7, 
1.05, 2.0, 2.1, etc.) can be obtained by attenuating or amplifying 
the log of the ratio of the Z and X inputs that appears at point 
“A” in the circuit of Figure 2. Negative exponents are obtained 
by interchanging the signals applied to the X and Z inputs. 


RB 
Rote 


Figure 4. Connections for 1 >m= 


Connections for the “root mode” (exponents less than unity) are 
shown in the partial circuit of Figure 4. The resistive divider R,, 
Rg, attenuates the log of the ratio of Z and X before the antilog is 
taken in the output section. The exponent m is equal to the 
attenuation, Rp /(Rg + Rc). 
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RB 
V.\" V, \*B*Rc 
= —) = ea 3 
E =Ky, (5) -xv, (7) (3) 


Figure 5. Connections for 7< m= ———___—. 
Rpg 
Connections for the “power mode” (exponents ‘greater than 
unity) are shown in the partial schematic of Figure 5. In this case, 
since the feedback voltage is attenuated by Rg/(Rg + Ry), the 
gain, m, is (1 + Ry/Rg). Therefore 


V.\" i 
BK Y(e) -K YG) wv 
xX 


Figure 6 shows normalized plots of the function for several repre- 
sentative values of m, Vx = 10, Vy = Eger. As might be expected, for 
m = 1, the response is linear with a slope of unity. For m > 1, the 
slope increases from zero at V, = 0 tomat V, = 10V. Form< 1, 
the slope decreases from “infinity” at zero to m at V, = 10V. 
Thus, while “‘powers” are quite stable, with a maximum gain of 
5 at full scale, “roots” become less stable as the input approaches 
zero (resulting in greatly magnified noise and drift), but are quite 
stable for larger values of the input ratio. Fortunately, the multi- 
function circuit has very low noise and drift, referred to the input, 
so that over a 100:1 range of input (V, = V,), the errors at the 
extreme exponents (1/5 and 5) tend to be small. This can be seen 
in Figure 7, a plot of output noise vs. denominator at constant 
ratio. 
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OUTPUT (VOLTS) 


INPUT (VOLTS) 
Figure 6. Output vs. input for several values of the exponent, m 
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Figure 7. Output noise vs. denominator voltage (unity ratio} 
for the 433, compared with noise output of inverted-multiplier 
divider (log scales) 


Since incremental input noise, referred to the output, is approxi- 
mately proportional to the slope of the function, it is useful to 
know the input level at which a given slope (of the curve in 
Figure 6 corresponding to the desired m) occurs. This is deter- 
mined by differentiating the exponential relationship, setting the 
derivative, dE,/dz (where z = V,/V,,), equal to a specific value of 
G (the slope or gain), and solving for the corresponding value of 
Z, i.e., Z(G), at which it occurs. 
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1/(m — 1) 
c) (5) 


z(G) = (g 
The values of z corresponding to various orders-of-magnitude of 
G are listed below: 


m z(G=1) z(G=10) z(G=100) 
1/5 0.134 0.008 0.0004 
1/4 0.157 0.007 0.0003 
1/3 0.192 0.006 0.0002 
1/2 0.250 0.0025 0.00002 

1 all values 

2 0.500 5.0 50.0 

3 0.577 1.826 5.77 

4 0.630 1.357 2.92 

5 0.669 1.189 2.115 


A convincing demonstration of the efficacy (and repeatability) 
of the multifunction circuit can be seen in Figure 8. Two 433 
multifunction circuits are connected in cascade; the first is set 
for m = 1/5, the second is set for m = 5. The input to the first 
is a 0 to +10V 5Hz triangular wave. The output of the first, as 
expected, has the characteristic 5th-root relationship sketched in 
Figure 6; it is equal to 10(V;,/10) ¥9. 


2vioiv. 


Figure 8. Fifth root and fifth power cascaded 


3-6 POWERS & ROOTS 377 


The output of the second 433 is a triangular wave with little 
apparent distortion, except in the vicinity of zero. Its response of 


10(Eg,/ 10)° inverts the fifth-root response of E,, to achieve a 
linear overall response. 


Tailoring the Range of Exponent-Adjustment 


+15V 
+0,1V° Vx° +10V 


Vx 
Eo 
m 
Vz 5 Eo=10( ¥2 
Vx 
OV <Vz< +10V 
Ve<V. u m' 5 
Zz. ¥x 5 


50082 1% 
10 TURN, WITH 


TURNS-COUNTING 
DIAL 


12522 


ADJUST POTENTIOMETER TO SET M TO 
DESIRED VALUE USING GRAPH IN FIGURE 
10 OR EQUATION (8) 


’ Figure 9a. 433 multifunction module computes continuously- 
adjustable power or root of ratio 


ADJUST 


m 
@<Vz,<+10V RS 100% 
5002 1% 
R1 2 
10 TURN, WITH 
— TURNS—COUNTING 1282 


DIAL 


ADJUST R4 FOR Eo = +10.00V WITH Vz = +10.00V. 
ADJUST M POTENTIOMETER FOR DESIRED VALUE 
OF M USING EQUATION 8 OR GRAPH OF FIGURE 10. 


Figure 9b. 433 multifunction module takes continuously- 
adjustable power or root of single variable 


Figure 9. Wide-range exponent adjustment 
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For some purposes, it is useful to allow the exponent to be 
adjusted through unity without rewiring or switching. This can 
be easily accomplished with a single potentiometer, connected 
as shown in Figure 9a (V, and V, both variable) or Figure 9b 
(V, only variable), to allow a range of continuous variation of m 
from 1/5 to 5. Sucn an arrangement is especially useful for linear- 
izing and curve-fitting, since the pot can be adjusted until the 
output waveform has the desired shape. The exponent may then 
be read to within +5% (or better) by the use of the calibration 
curve (Figure 10). 


: 4 
0.2 0.3 04 O05 06 0.70809 1 2 3 4 5 


% ROTATION OF POT 
TURNS OF 10 — TURN POT 


EXPONENT m (LOG SCALE) 


Figure 10. Potentiometer rotation as a function of exponent, 
m, for the circuits of Figure 9, using 433 


For example, suppose that the setting of the pot that produces 
best linearity (in a linearizing application) is experimentally found 
to be 3.20 turns. Referring to Figure 10, one finds that for 32% 
rotation, the calibration curve shows an m of 0.6. Thus, the 
empirically-arrived-at optimum exponent turns out to be 0.6: 


E, = 10(V,/V,)°° (6) 
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The calibration curve can also be used to preset a desired expo- 
nent. Suppose, for example, that a transfer function of 


E, = 10(V,/10)!5 (7) 


is desired. First, set up the circuit of Figure 9b, then determine 
the setting of the exponent potentiometer from Figure 10. In 
this case, m = 1.5 corresponds to about 64%. Set the pot to 
6.40 turns. 


If an accurate calibration of m is desired, a high-quality 10-turn 
pot with less than 0.1% nonlinearity and an accurately-calibrated 
turns-counting dial should be used. Resistors Rl and R2 should 
be matched to 0.1%, and should exactly equal 1/4 of the total 
resistance of the pot. Under these conditions, if a is the fractional 
rotation of the pot, the relationship between a and m is 


_1+4a _ 5m-1 8 
m5 —4e ? “= 4m + 1) o 


as plotted in Figure 10. 


R—(Rg + Re) 


Figure 11. Configuration for arbitrary range of adjustment 
of the exponent, m 


For smaller ranges of exponent adjustment, the potentiometer 
circuit may include resistances on either or both ends of the pot 
to tailor the range of adjustment to within the desired limits. 
Figure 11 shows how this may be accomplished. The design equa- 
tions for R, Rg, and (R — Rg — Rp), in terms of the minimum 
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and maximum values of m and a chosen value of pot resistance are: 


Beg ane (9) 
R 40 Fie.) 
R=P 1+Mnin 
™ ANp ‘ 
Epes eet oS (10) 
4 R min 4 R 


The ratios Rg/R and R/Rp are calculated from the maximum and 
minimum values of m. Then, a suitable (low) value of Rp is chosen, 
R is computed, Rg is computed, and (R — Rp — Rg) is estab- 
lished. 


Table of Exponents and Ratios 


Table 1 shows a set of calculated values of (V,/V,)™, for the 
integral (and their reciprocal) powers from 1 to 5, to facilitate 
checks on the accuracy of the power/root setting. 


TABLE 1 
TABLE OF EXPONENTS AND RATIOS 


(v,/V,)™ as a function of V/V, and m [in E, = KV (V,V)") 
KY, = 10V, except as noted for values of V/V, >1 
max 


(5.000) (2.500) (1.250) {0.625) } (0.312) 


sey) 5.0 5.000 | 25.000 | 125.00 | 625.00 |. 3125 
Vy (Myra | (7248) | (6.687) (4.472) | (2.000) | (0.400) } (0.080) | (0.016) | (0.003) 
0.0 1.585 | 1.7785 3.1625 | 10.000 | 100.00 1000.0 10,000 - 


(6.310) (5.623) (4.642) (3.162) (1.000} (0.100) (0.010) (0.001) cme 


K yak ) 
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Square-Root Circuit 

While the square root may be computed by setting m = 1/2, it 
is also possible to compute the square root with m = 1, saving the 
cost of a precision resistor-pair. This is done by an implicit solu- 
tion, with the output voltage fed back to the denominator input, 
as shown in Figure 12. 


E, = 10(V,/V,,)! = 10(V,/E,) (11) 
E,? =10V, (12) 
E, = (10V,) 42 (13) 


ERROR=*5mvV20 3% Eo 


=10 y, Mz 
Fog WX 


BUT Vy = 9V, Vx = E, 


wo Ey = /10VZ 
i 433 
Oo= ¥ 10vz 


iK—o m 2 


Figure 12. Square root circuit using divider with feedback 


Figure 13 is a plot of the error of the 433 connected in this 
configuration, compared with the “inverted-multiplier” square- 
root circuit, using a conventional 0.1% multiplier/divider. For 
low values of input (<0.1V), the multifunction circuit is con- 
siderably more accurate. 


CONVENTIONAL 0.1% 
MULTIPLIER/DIVIDER 
EXTERNALLY TRIMMED 
TO 0.05% 


N 
8 


= 
a 
.—) 


= 
=} 
5 


MODEL 433 WITH NO 
EXTERNAL TRIM 


SQUARE ROOT OUTPUT ERROR — mV 
a 
3° 


0,001 0.01 0.1 i 10 
INPUT (Volts) 


Figure 13. Square root error of 433 compared with square- 
root error of inverted-multiplier divider connected for 
Square-rooting 
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In general, the multifunction circuit can obtain the m/(m + 1) 
power of V, by this feedback technique, but its usefulness is 
limited, since it “uses up” the denominator input, and, in any 
event, requires a pair of resistors that could be used to imple- 
ment the power m’ = m/(m + 1) directly. 


SPECIFICATIONS 


Specifications of a representative modular multifunction circuit, 
the Analog Devices Model 433]/B are listed in Table 2. The 
general format is similar to that shown for the multiplier and 
divider specifications discussed in Chapters 3-2 and 3-3; it will 
not be reviewed in detail here, except for specific pertinent 
comments, 


General Expression: The transfer function is listed as 


_10. (Vz\™ (4) 
B =5-¥y( ) 


The coefficient “9” is initially set at 9.0V +5% to match the 
reference output voltage Vprr. Thus, if the reference voltage (or 
a calibrated equivalent voltage) is applied to V,, 


E, = 10) . (15) 


The transfer gain may be trimmed to a value less than (10/9 +5%) 
by adding resistance in series with the Y input; a 25kQ variable 
resistor is the usual vehicle for settings near unity. 


Input Range 


The input signal range to the Y, Z, and X terminals is 0 to +10V, 
positive only; i.e., the 433 is a one-quadrant (I) device that will 
not respond to negative input voltages or produce negative output 
voltages. Nevertheless, the Maximum Safe input voltage rating is 
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TABLE 2. SPECIFICATIONS OF MULTIFUNCTION CIRCUITS 
(Typical @ +25°C Unless Otherwise Noted). 


Model 433) 4338 
i0 Vz\= 
General Expression Eg=+ yt ® 
REF Vx 
Rated Output? +10.5V @5mA | * 
Input 
“Signal Range 8 <Vx, Vy, Vz <+10V, ; * 
Max Safe Input Vx. Vy, Vz St18V bd 
Resistance 
X Terminal 100kN £1% bd 
Y Terminal 90kR +10% s 
Z Terminal 100kQ +1% bs 
External Adjustment of the 
Exponent, m Rg ‘ 
form <1 t) 1/5 <n <i, m = ———— 
Range for m 1 (Root) 5 RotRp 
Ra 
Range for m > 1 (Power) 1<m<5,m=1+ a ° 
B 
(Ri + R2) <2002 ba 


‘Accuracy (Divide Mode)=" 


Total Output Error @ +25°C 
(for specified input range) 
Typical (RTO) £5mV +0.3% of output timV 10.15% of output 
Max Error (RTO) +50mV +25mV 
Input Range (Vz; < Vx) @.01V to 10V, Vz ° 
6.1V to 10V, Vx bed 
Over Specified Temp. Range +1% 41% max 
Output Voltage 
(Not Adjustable) 
Initial @ +25°C max +5mV 22mV max 
Offset vs Temp. timv/c +imv/°C max 
Noise, 10Hz to 1kHz 
Vz =+10V 1004V rms bs 
Vx =+0.1V 300KV mms 7 
Bandwidth, Vy, Vz 
Small Signal (-3dB), 10% 
of DC Level Vy or Vz 
Vy = Vz = Vx = 10V 100kHz 53 
Vy =Vz=Vx2=1V SOkHz * 
Vy = Vz = Vx =0.1V 5kHz . 
Vy =V,=Vz=90.01V 400Hz bs 
Full Output (Vy or Vz = SVDC +5VAC) (Vx) © (SkHz) ° 
Reference Terminal Voltage’ 
Vref (Internal Source) +9.0V £5% @ ImA ba 
vs Temp (0 to +70°C) +0.005%/°C bg 
Power Supply Range 
Specified (14.7 to 15.3) VDC @ 10mA = 
erati +(12 to 18)VDC = 
Temperature Range 
Specified O\to +70°C . -25°C to +85°C 
Storage -25°C to +85°C -55°C to +100°C 
Package Outline FA-7 ° 
Case Dimensions 14" x 14" x 0.62” bs 
38 x 38x 16mm 
Same specifications as 433}. 


Input range is 10mV to 10¥V for specified accuracy when connected 
25.8 multiplier. 
* Error is defined as the difference between the measured output and 
the theoretical otuput for any given pair of specified input voltages. 
Specifications subject to change without notice. 
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+18V; though voltages outside its normal range are computation- 
ally irrelevant, they will not harm the unit. 


Accuracy, Divide Mode 
Accuracy as a divider is specified in two ways, 


1. as a worst-case, maximum error of +50mV (0.5% of full 
scale output) 


2. as a small fixed error, plus a fixed percentage of output; 
+5 mV +0.3% of actual output, typical 


(2) is more closely descriptive of the actual error of the device. 
The worst-case +50mV, or 0.5% of full-scale, the customary over- 
all accuracy specification, is useful near full scale, but it is overly 
conservative at the lower levels. 


TESTING THE MULTIFUNCTION CIRCUIT 


In the multiplier and divider modes (m = 1), the multifunction 
circuit may be tested with the circuits and techniques described 
in Chapters 3-2 and 3-3, as they are applied to 1-quadrant devices. 
Figures 14 through 17 illustrate tests that are of particular interest 
for the multifunction circuit. They test, in this order: divider 
errors, multiplier errors, dynamic errors, and exponent errors. 


The divide mode accuracy test, Figure 14 shows a single dc refer- 
ence driving the denominator directly, and the numerator through 


SET Vz 


REASONABLY 
ACCURATE 


Dc 3 Vz 
REFERENCE Fo= 


ERROR = Eg — 10 vz 
Vx 


Figure 14. Measuring DC errors of multifunction circuit 
in divide mode 
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a precise voltage divider. This approach provides a true-ratio input, 
independent of the absolute accuracy of the dc reference. It is 
especially important that this approach be used for high-accuracy 
dividers, such as the 433, since the seemingly-negligible absolute 
errors that can exist between two independent dc references can 
cause large absolute errors at the divider output. 


For example, suppose that we want to test the 433 at V, = 10mV, 
V, = 100mV, and that two separate references are used, both 
having reasonable accuracy — say, 0.01% of full scale. The 
theoretical output voltage should be 


= 0.010 — = (16) 
E, = 10 0.100 - 0.1 X 1OV=1V 
If the Z reference is high by 0.01% X 10V = lmV, and the X refer- 
ence is low by 0.01%, or ImV, the actual test that is performed 
is 


E, = 10P025=10/9V=111V a7) 
This means that a perfect divider will indicate an output error of 
11% (of reading) from the value that would be ideally given by 
two perfect references! The numerator is 10% (of setting) high 
and the denominator is 1% low, despite the 0.01% specification 
on the references. 


SET Vz 


ACCURATE 
Dr 
REFERENCE 


DVM 
4% DIGIT 


y V2 


Vv. 
ACCURATE ERROR = Eg — 1 


REFERENCE 
1. SET Vy, Vz TO +10.000V 

2. ADJUST Ri FOR Ep = +10.000V 

3. SET Vy, Vz TO DESIRED VALUES, 

SET Vy COMPARE Eq TO CALCULATED VALUE 


Figure 15. Measuring multiplication errors of multifunction 
circuit 


386 NONLINEAR CIRCUITS HANDBOOK 


The error due to imperfect references can be found and accounted 
for by measuring the X and Z inputs directly with a DVM with © 
100uV (or better) resolution and good linearity, but it is usually 
easier and more satisfactory to use a precise voltage-divider or very 
accurate (100uV-or-less absolute error) reference for the divider 
inputs. 


2.SET - 3. SET 
FREQUENCY OFFSET LESS THAN Vx 


AMPLITUDE 
LESS THAN 
OFFSET 


1. SET Vx 


Figure 16. Measuring frequency response to numerator 
signals, as a function of Vy. Offset voltage keeps the AC 
signal in the first quadrant. 


Accuracy as a Function of Exponent Setting (m). This is the most 
interesting (and difficult) test to perform, unless you have access 
to means of mechanizing the measurement, and an adequate table 
of ideal output values for comparison. The best non-mechanized 
approach is to measure the output as a function of the input 
(or input ratio V,/V,), point by point, using the test setup of 
Figure 17. As noted above, the X and/or Z input voltages (or 
their ratio) must be known to an accuracy greater than that of 
the device under test. Assuming that the inputs are known, the 
actual output can be compared to the theoretical output at 
various values of the inputs, or their ratio. 


Semi-automated testing, using analog waveforms, may be per- 
formed if a unit having greater accuracy than that specified for 
the units under test is available for comparison. A slow triangular 
wave is fed into the inputs of both devices and the outputs are 
compared via a difference amplifier. Another means of automating 
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the point-by-point error measurement is to apply the inputs via a 
D/A converter, programmed by a computer. The output of the 
unit at each point is compared with the computed theoretical 
value, after conversion to digital form. 


The apparent dynamic range of the 433 depends greatly on the 
exponent, m, as discussed earlier and indicated in Table 1. For 
example, let V, = 10V, V, =1V 


If m=1,E, = 10 (1/10)=1V 
If m = 2, E, = 10 (1/10)? =0.1V 
If m=5,E, = 10 (1/10)° = 100uV! 


At the other extreme, m = 1/5, the gain of the 433 > © as the 
ratio V,/V, > 0. For the above values, 


If m= 1/2,E, =10(1/10)"? =3.16v 
If m= 1/5, E, = 10(1/10)!* =631V 


From these examples, it is evident that forethought and care 
should be employed when measuring (and interpreting) the errors 
of the 433 in the power and root modes, especially for very low 
values of V,/V,. Careful testing will show that multifunction 
devices based on logarithmic circuitry can give surprisingly good 
results, even at such outlandish powers as Z> and Z1/5, 


SET m 


PRECISION 
DECADE 


x DIVIDER x 


SET Vx Y REF 


REASONABLY 
ACCURATE 


bc 
REFERENCE 


DVM 
4% DIGIT 


v. m 
ERROR = Eg — 10 C) 
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Figure 17. Measuring DC error of multifunction circuit in 
power or root mode. 


Root 
Mean -Square 


Chapter 7 


In the introductory chapter and in Chapter 2-3, there were brief 
discussions of some properties and applications of the root mean- 
square, and typical circuits for implementing the function. This 
chapter, after a brief review of the nature of rms measurement, 
provides an in-depth discussion of the circuitry used by manufac- 
turers of modular rms devices, errors and specifications of rms cir- 
cuits, and configurations for testing rms devices. 


The root mean-square of any voltage over an interval T is 


1 T 
rms = if [f(t)]* dt ~ (1) 


The computing process is to square the voltage, f(f), instant by 
instant, integrate it over the period T, divide by T to obtain the 
mean, and compute the square root. The integration indicated 
here is a true time integration, starting with initial conditions at 
t = 0, and ending with a measurement at t = T (or after T, if the 
final value is retained in the hold condition). The desired initial 
conditions must be reset (e.g., to zero) before another measure- 
ment is made. 


While this measurement gives a reading of true rms, it is somewhat 
cumbersome for all but one-shot phenomena. More typically, the 
waveform being measured is random or periodic and has stationary 
properties (including, among other things, a constant rms). If the 


390 NONLINEAR CIRCUITS HANDBOOK 


rms is reasonably constant, the mean (of the squared signal) may 
be measured by a circuit that responds to the running average. In 
its simplest form, it is a low-pass filter consisting of a simple RC 
unit-lag circuit, with the RC time constant chosen to be consider- 
ably longer than the longest period present in the signal, but short 
enough to follow variations in the signal’s rms value without intro- 
ducing excessive delay errors. 


Three fundamental properties of rms quantities are important to 
the instrument designer: 


1. The rms is a measure of the heating value of a voltage or 
current applied to a resistor; over the interval, T, all waveforms 
having the same rms voltage or current will dissipate exactly the 
same amount of energy in the resistor, irrespective of their varia- 
tion with time. This is true whether the waveform is constant, 
sinusoidal, biased-ac, random, or a train of pulses. The rms is a 
fundamental physical measurement. 


2. The rms value of any stationary zero-mean random pro- 
cess is equal to the standard deviation of that process.” Whether 
the distribution measured by the electrical waveform involves 
electrical random noise or the size of apples on a conveyor belt, 
the rms measurement is a valid measurement of the standard 
deviation for large sample size. The rms is a fundamental 
statistical parameter. 


3. If orthogonal or uncorrelated quantities are summed, the 
rms of their sum is equal to the square-root of the sum of the 
squares of their individual rms values. 


The standard. deviation is the square-root of the variance from the mean value of a set 
of samples, For an infinitely large sampling, 


o=4 / [fx m)”p(X)aX, 


where the mean, 
oD 
m= f Xp(X)dx 


and p(X) is the probability that X has a given value. 
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Until recently, accurate rms instrumentation was not feasible for 
compact, wideband, low-cost applications. A widely-used substitute 
was the mean absolute value (or statistically, the mean absolute 
deviation). The mav, or mad, is obtained by simply full-wave- 
rectifying a signal and averaging the resulting waveform. The table 
of Figure 14 in Chapter 2-3 lists a number of waveforms, their 
rms and mad values. Table 1 shows similar data for several other 
waveforms. 


TABLE 1. CHARACTERISTICS OF SOME COMMON WAVEFORMS. 
See Chapter 2-3, Figure 14 for Sine, Square, Triangle, Sawtooth, Gaussian 
Noise, Zero-Based Rectangular Pulse Train. 


CREST 


WAVEFORM 
FACTOR 


AMPLITUDE— 
SYMMETRICAL 
RECTANGULAR 


COSINE) 


SAWTOOTH 
PULSE 


OFFSET 
PULSE 


IF AVE=0 
n=A(i-7) 


n(l-A)+A MAD 


2A Tt+A 
1+A 2/A- 
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Because measurements on sine waves were widely used, meters 
were calibrated to read the rms value of a sine wave, while the 
mad was the actual voltage that was measured. Thus, such meters 
would read 7/2 ./2 (= 1.111) times the mean absolute value. For 
waveforms other than undistorted sine waves, this ratio could be 
greatly in error: for dc or symmetrical square waves, the error is 
11% high; for triangular or sawtooth waves, the error is 4% low; 
for Gaussian noise, it is 11.3% low. But these waveforms could be 
calibrated, if their nature was known. Much worse is the inability 
of such devices to measure waveforms of unknown form or of 
variable “duty cycle.” For example, for a train of zero-based 
rectangular pulses, the ratio of rms/mad is 2 for a 25% duty cycle, 
and 10 fora 1% duty cycle. Figure 1 shows the error of measurement 
of rms over one-half cycle of a sinusoidal waveform as a function 
of firing angle in a SCR circuit, if 1.111 times the mean is used. 


ANGLE IN DEGREES 
45° 90° 135° 180° 


oS 
or 


= 
° 


° 
in 


1.11x MEAN 
ABSOLUTE VALUE 
vs. FIRING ANG 


RATIO OF VOLTAGE TO RMS (¢ =0°} 


ANGLE IN RADIANS 


Figure 1. RMS and mean value of ideal full-wave SCR 
output as a function of firing angle 6 


Since the mean square (hence the rms) measures, with accuracy 
and consistency, the power in a signal of known or unknown 
shape, averaged over a given time interval, it provides valid, univer- 
sal, and repeatable measurements of the intensity of random 
phenomena, such as acoustic noise, mechanical vibration, and 
electrical noise, as well as phenomena characterized by wave- 
forms with more determinate shapes. 
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Although, surprisingly, even some of today’s “better” voltmeters 
still use rms-calibrated mad, a pronounced and rapid swing toward 
true-rms instrumentation is now in process. This swing is a result 
of two trends: the increased use of time-domain measurements, 
and the greatly decreased cost and increased availability of com- 
pact true-rms instruments. One can buy rms-to-de converter 
modules with accuracy (errors) in the 0.1% to 0.5% class for 
about $50. Previously, the cost of classical thermal rms-to-dc con- 
verters (of the order of $1000) had restricted their use to the 
most-expensive digital voltmeters or specialized true-rms analog 
meters. 


This restriction to expensive laboratory meters will vanish during 
the next few years. The growing market for low-cost portable 
digital multimeters and ac transfer standards will undoubtedly 
stimulate the demand for accurate and reliable ac measurements. 
Users of digital instruments naturally expect good accuracy and 
resolution, and they will want the ac-measurement capability of 
an instrument to be as good as its dc capability. Portable meters 
are generally used to measure complex waveforms in locations 
where auxiliary instruments (oscilloscopes and laboratory DVM’s) 
are not available; therefore the ac accuracy must be independent 
of the waveform. 


As noted earlier, rms converters are useful in industrial measure- 
ment and control: SCR waveforms, noise and vibration analysis, 
and power dissipation in fixed resistors are but a few applications. 
However, for variable or reactive loads, average power measure- 
ment is performed by instant-by-instant multiplication, followed 
by averaging, to obtain the average power (Chapter 2-3, Figure 
17). Gin such applications multiplication of rms values can lead to 
wrong answers.) 


RMS-to-DC CONVERTER CIRCUITS 


There are, today, three electrical techniques in common use for 
performing rms measurements: 


1. Thermal, based on the conversion of an unknown voltage 
or current to heat in a known value of resistance. 
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2. Direct computing: the use of analog-computing techniques 
to straightforwardly compute the rms value of an input waveform 
by squaring, averaging, and rooting in an open-loop configuration, 


3. Implicit computing: a variation of (2) in which the square- 
root operation is performed implicitly (i.e., by feedback). 


Of these three techniques, the thermal converter is satisfyingly 
basic by its nature, but it is difficult to realize. Computing types, 
especially those employing implicit square-rooting, can provide 
accuracies and bandwidths equalling the best of the thermal con- 
verters, usually at lower cost. 


' THERMAL RMS-DC CONVERTER CIRCUITS 


The simplest thermal RMS-dce converter circuit that is useful for 
low-frequency (<<10MHz) measurements is the fixed-gain, variable- 
temperature converter, shown in Figure 2. The input, applied to 


HEATER 
PROTECTION 


HEATER 
PROTECTION 


THERMAL LUA: #5 
BARRIER 
Figure 2. Thermal true rms-to-dc converter (fixed gain) 


resistor Rl, causes it to heat up. The circuit applies a dc voltage 
to R2, sufficient to cause it to heat up to the same temperature as 
R1, and continuously adjusts it to maintain the temperature dif- 
ference at zero, as measured by the sensors S1 and S2. If both R1 
and R2 have identical thermal paths to the environment, the power 
dissipated in both is identical, and, since (KVjy)*/R, = (KE, )*/R, 


the output 
R 
E, = y R * (Ves) (2) 
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The input buffer amplifier, Al, should provide a high impedance 
for the input signal, sufficient output current to drive the low- 
resistance (10 to 10092) heater, R1, and adequate bandwidth (the 
amplifier is usually the limiting factor on input bandwidth in 
thermal converters, but thermal lag causes settling of the rms to 
new values to be slow, especially for decreasing input. 


The structure of the heater-sensor assemblies is critical to the 
accuracy and bandwidth of the thermal rms converter. Until 
recently, the best converters used vacuum-sealed resistor-sensor 
assemblies, containing thin-wire-wound resistors and thermo- 
couples. It is essential that the wire maintain constant resistance 
as a function of temperature, so that the voltage across R2 will 
vary linearly with the rms value of Vj. It is also important that 
R1-S1 and R2-S2 be thermally isolated from one another. If a 
significant amount of heat from R1 reaches S2 (or S1 from R2), 
then the sensitivity of the converter will be diminished, and non- 
linearities may be introduced. 


If thermocouples are used for S1 and S2, then A2 must be quite 
stable — perhaps chopper-stabilized — because of the low (e.g., 
40uV/°C) sensitivity of thermocouples. Some detectors use several 
thermocouples in series, but the signal levels are still submillivolt. 


Recently, balanced thermal detectors have been developed that use 
thin-film resistors for the heaters, and transistors for the sensors. 
Since the base-to-emitter voltage of a transistor has approximately 
a-2mV/°C temperature coefficient at 25°C, it is nearly two orders 
of magnitude better as a sensor than a thermocouple. While this 
reduces the performance requirements for A2, the thermal balance, 
input amplifier, and settling time problems still remain. 


Performance of the “Fixed-Gain” Thermal Converter 


Errors can be quite low — typically less than 0.1% of reading for 
input signals over a narrow range of amplitudes (usually less than 
3:1). Since the power dissipated in the heater, R1, is proportional 
to the square of the input rms, a 3.2:1 change of input amplitude 
will change the power dissipation by 10:1, which can result in a com- 
parable temperature rise. If the input amplitude is increased too 
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much, Ri may be burned out. On the other hand, if the signal 
level is too low, the temperature rise of R1 will be too small for 
satisfactory operation. 


The bandwidth of the thermal converter (in terms of input-signal 
response) is limited by the bandwidth of the input amplifier Al at 
the upper end, and by the thermal time constant of R1-S1 and 
R2-S2 at low frequencies (i.e., 1Hz to 10Hz). The converter works 
perfectly at dc, since no averaging is required. The thermal con- 
verter can therefore be calibrated against an accurate dc reference, 
and then used to measure an ac signal (within its bandwidth) of 
about the same rms level (within +50%) as the reference. 


The limited dynamic range implies a limitation on crest factor 
(the ratio of peak input to rms). Since the heaters must be 
operated in the upper portion of their dynamic ranges under 
steady-state low-crest-factor conditions (such as sinewave inputs, 
c.f. = 4/2), there is little “headroom” for peaks. For instance, if 
a heater-detector works best with 10mA to 30mA into the heater, 
and a crest-factor capability of 3 is required, the input buffer 
amplifier must be able to supply 30-90mA linearly. At a crest 
factor of 5, the requirement is 50mA to 100mA. Even if the 
amplifier can supply the current, the heater might burn out if its 
instantaneous power rating is exceeded (power is proportional to 
the square of voltage or current). 


Variable-gain thermal rms-dc converter: The limited dynamic 
range and crest factor, and long settling time of the fixed-gain 
thermal converter can be substantially bettered by operating the 
heaters, R1 and R2, at constant power (temperature). As shown 
in Figure 3, the gain of the input buffer-amplifier is manipulated 
by the null-sensing amplifier A2 to bring the power in R1 into 
equilibrium with the power in R2, which is driven from a constant 
voltage Vprr. If the input amplifier has a gain that is inversely 
proportional to the control voltage, E,, then the control voltage 
will be proportional to the rms of the input voltage. At null, 


2 
Kk Ym) it. Veer” (3) 
E,J Ri Ry 


(3) 
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Therefore, 


= kK’ Vin 2 (4) 


VARIABLE— 
GAIN 


AMPLIFIER 
(ANALOG DIVIDER) \ 


Figure 3. Variable-gain thermal rms-to-de converter 


The variable-gain thermal rms-dc converter has better dynamic 
range and accuracy than the fixed-gain converter, but it shares 
some of the same weaknesses. Since it requires fairly large (1OmA 
to 100mA) currents in the heater resistors, good ground-return 
practices should be followed to avoid causing significant voltage 
drops in the ground paths. 


Since the heater-sensor pairs operate above ambient temperature, 
a significant warmup time (5 minutes or more) is usually required 
for a thermal converter to reach usable accuracy. The thermal 
time constant determines the averaging time, and thus the lowest 
frequency (excluding dc) for which rms can be measured 
accurately. The averaging time cannot be increased by the use of 
low-pass filters (as is the case for computing-type converters). For 
this reason, thermal converters do not usually work well at 
frequencies below 10Hz. 
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DIRECT COMPUTATION 


Computing the root mean-square of a waveform requires three 
mathematical operations: squaring, averaging, and square-rooting. 
They can be implemented in a straightforward fashion, using 
multipliers and operational amplifiers, as shown in Figure 4. 


SQUARE AVERAGE SQUARE-ROOT 


Figure 4. Explicit RMS circuit 


This scheme, which embodies explicit computation is unsatisfac- 
tory, tor several reasons. . 


1. Cost and complexity: It requires two multipliers, or a 
square-rooter, plus an op amp. 


2. Limited dynamic range: The output of the squarer will vary 
over a 10,000:1 dynamic range (ImV to 10V) for a 100:1 instan- 
taneous-input range (0.1V to 10V). Since the input multiplier will 
have errors greater than ImV, the error will strongly depend on 
signal level, resulting in an overall dynamic range less than 100:1, 
probably only 10:1. In this respect, the direct-computing rms 
circuit shares similar dynamic-range limitations with the fixed- 
gain thermal converter. Despite these limitations, the direct com- 
putation of the rms value can be made quite accurate over a 10:1 
range of input. If a 0.1% multiplier is used as the squarer, and a 
high-accuracy square-rooter (e.g., 434B) is used, an error level of 
+0.1% of full scale can be achieved. 


IMPLICIT COMPUTATION 


Perhaps the best approach to computing the rms value of a signal 
is to use a circuit that implements an implicit solution to the 
rms equation: 
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2 2 
by the use of the identity 
V, 2 
Vrms = a (6) 
RMS 


Figure 5 is a block diagram of a circuit that performs the indicated 
operations of squaring, averaging, then dividing by the output. 
Since the output is essentially constant over the period of the 
signal being averaged, it may perform the division before the 
average is taken. 


: ie 
Vinee Vin? 
Eo 


IFRO>>r 


0 Eo 


r= LONGEST 
PERIOD IN INPUT 
WAVEFORM TO 
BE AVERAGED 

= 1/(27 f,) 


Figure 5. Implicit RMS-computing circuit 


This scheme overcomes all the limitations of the direct computing 
approach, and it has much greater dynamic range than the variable- 
gain thermal converter. Also, it can be designed to handle very 
slow waveforms, because the choice of RC is essentially arbitrary, 
within the constraints that it be much longer than the longest 
period to be measured, and short enough to provide adequate 
settling time. : 


There are two ways in which the scheme can be implemented: 
direct multiplication-division, and via a specially-designed true- 
rms module employing log-antilog operations. 


Direct multiplication-division with implicit feedback can be imple- 
mented using such 3-variable devices as the AD531 IC multiplier- 
divider (see Figure 15, Chapter 2-3), the 433 multifunction 
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module, or the 434 multiplier-divider. The AD531, used in the rms- 

circuit, requires careful trimming, plus at least 1 external ampli- - 
fier. The circuit is accurate to within only 1% or 2%, because of 

device limitations. The 433 or 434 can be used to make a very 

high accuracy (within 0.1%), wide-dynamic-range (1000:1) rms 

circuit. However, it is a 1-quadrant device and must be driven 

by a high-precision rectifier if the rms of bipolar signals is 

required. Neither the 433 nor the AD531, with external circuitry, 

can compete with specialized rms modules on the basis of price 

or performance. 


Special-purpose log-antilog rms-dc conversion combines logarithmic 
and implicit computing techniques to achieve overall errors of 
less than iSmV + 0.2% of expected value over a 1000:1 dynamic 
range. It consists of a log-antilog squarer-divider, with an absolute- 


Vin? Vin Vin? 
ABSOLUTE t - 
fog Vin? vg ( Eo E 


ce 1 


Eos TRIM 
Oo 


“eg 


eae) 


ABSOLUTE-VALUE 


Shoo 


9 
Vr 


GAIN TRIM 


Figure 7. Schematic diagram of log-antilog RMS-to-DC converter 
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value (full-wave rectifier) front end, and an internally-connected 
filter. A block diagram of the circuit is shown in Figure 6, and a 
schematic appears in Figure 7. 


The bipolar input signal, Vpy, is converted to a current represent- 
ing the magnitude by an absolute-value circuit (amplifier Al and 
the associated components). The unipolar current is transformed 
into a voltage proportional to twice the logarithm of the input 
(i.e., 2 log x = log { x? }) by two junctions in series (A2, Q1A, and 
Q2A). The log of the output is obtained by A3 and Q2B and sub- 
tracted from the log-of-the-square-of-the-input; the result is anti- 
logged by QIB and A4, averaged by the filter RC, in the feedback 
path of R4, and transformed to the output voltage by R. 


The derivation shows how the temperature-sensitive terms are can- 
celled, if the transistors are matched and isothermal. 


kT =) , 
V, =-2— In (7) 
‘ q oe 
kT E 
V,=-—In ( = ) | (8) 
q Rlgs 
iisigee oO (9) 
Pes Cre ee Po 
ce: Rlgs Rlgs 
(10) 
2 
_ kT ( Vin ) 
q E,Rlgs 
2 2 
vn | Vin (11) 
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2 
—_—_— Vin 
E, = ta = (12) 
RC Be 


For signal frequencies that are high compared to 1/27RC 
E,= E,; hence 


E,=WV Vn (cf. (5) and (6)) (13) 


Thus, the output voltage is equal to the rms of the input voltage 

assuming that the corner frequency of the low-pass filter is much 
lower than the lowest-frequency component of the input signal. 
The circuit responds accurately to dc inputs, which require no’ 
averaging. Because it can respond to dc, this rms-dc converter can 
be calibrated with ease, since a dc reference can be used for com- 
parison. The circuit can also be used for mean-square output if the 
denominator input, which controls the scale factor, is supplied by a 
constant voltage instead of feedback from the output. 


For de and low-frequency inputs, errors can be trimmed to very 
low values (~ 0.02%). The primary sources of static errors are the 
voltage and current offsets of the operational amplifiers. At high 
crest factors (3 to 5), log-conformity error of the transistors 
introduces nonlinearity; even so, the error of the circuit will 
increase by only 5%-of-reading for c.f. = 10. 


The dynamic response of the rms circuit depends on the signal 
level. In the 440, at 20Vp-p input level, the slewing rate of Al 
limits the overall -3dB sine-wave bandwidth to 500kHz and the 
1%-of-reading error-bandwidth to 50kHz. At 2Vp-p, the 1%-of- 
reading error bandwidth is typically about 150kHz. However, the 
bandwidth decreases as the signal level is reduced further, because 
of the reduction of current through the log transistors Q1A and 
Q2B. The bandwidth for signals in the range of 1 to 2Vrms can be 
increased to the order of SMHz by using fast amplifiers for Al 
and A2. 


The offset and scale-factor drift with temperature or power-supply 
variations are negligible sources of error. The symmetrical arrange- 
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ment of the log and antilog transistors results in complete cancella- 
tion of the temperature-dependent terms, kT/q and Igg The 
result is that the scale-factor drift is determined primarily by the 
temperature coefficient of the resistors, which can be 10ppm/°C 
or less. The major source of output drift is the offset voltage- 
and current-drift of the output amplifier, A4, and the feedback 
amplifier, A3. The input offset is 1mV or less, and the drift is 
about 20nV/°C. 


RMS-TO-DC CONVERTER SPECIFICATIONS 


The most salient feature of a true-rms-to-de converter is that it 
ideally has no error due to an indirect approximation to the rms. 
Static errors are due only to scale factor, linearity, and offset 
errors: dynamic errors are due to insufficient bandwidth at the 
high end of the frequency range, insufficient averaging time at 
the low end, and linearity errors that affect crest factor in mid- 
band. 


Salient specifications of rms modules are summarized in an 
example: the set of specifications for the Model 440 general- 
purpose (low-cost) rms module (Table 2). Employing a circuit 
similar to that of Figure 7, it has provisions for output-offset 
adjustment, scale-factor trim, and for the addition of external 
capacitance to increase the averaging time. The Appendix to this 
chapter illustrates means of reducing the ripple by the use of an 
external filter, arid of obtaining a better approximation to a true 
time-average over any time period through the use of gated inte- 
gration and sampling, and incremental summation. 


The specifications can be interpreted as follows: 
Maximum Error 
A catchall specification for quick reference, this is the maximum 


deviation of the dc component of the output voltage from the 
theoretical output value at full-scale output. 


Accuracy 


Maximum error, no adjustment is the amount by which the out- 
put will differ from the theoretical value. It is the sum of a fixed 
error and a component proportional to the theoretical output. 
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TABLE 2. SPECIFICATIONS OF A TYPICAL GENERAL-PURPOSE 
RMS-TO-DC CONVERTER 
(typical at 25°C unless noted otherwise) 


Parameter Model > 440J 440K 
MAXIMUM ERROR 0.35% 0.15% 
ACCURACY . 
Maximum Error, No Adjustment +15mV+0.2% +5mV+0.1% 
Maximum Error, Externally Adjusted £10mMVi0.1% +2mV+0.05% 
Typical Error, Externally Adjusted 5mV+0.05% 1ImV+0.05% 
TEMPERATURE COEFFICIENTS 
Output Offset, maximum - O.2mv/°C 0.2mv/°C 
Scale Factor, maximum 0.02%/°C 0.02%/°C 
DYNAMICS 
Frequency for Specified Error, Minimum 10kHz 10kHz 
Frequency for 1%-of-Reading Error 
Sine Wave, 20Vp-p, minimum 50kHz 50kHz 
Sine Wave, 2Vp-p, minimum 100kHz 100kHz 
Sine Wave, 0.2Vp-p 8kHz 8kHz 
-3dB Bandwidth 
Sine Wave, 20Vp-p 500kHz 500kHz 
Sine Wave, 2Vp-p 500kHz 500kHz 
Sine Wave, 0.2Vp-p 100kHz 100kHz 
CREST FACTOR @ 1Vrms Output 
For Specified Error 2 2 
For 1% Additional Error 3 3 
FILTER 
Time Constant (internal) 10ms 10ms 
Time Constant Increase vs. External 50ms/uF 50ms/pF 
INPUT 
Voltage Range, Specified Operation +10V +10V 
Voltage Range, Maximum tV, tV, 
Resistance 10kQ2 10kQ 
OUTPUT 
Voltage Range, Specified Operation 0 to +10V 0 to +10V 
Current, minimum available 10mA 10mA 
POWER SUPPLY 
Error Sensitivity 0.2mV/V 0.2mV/V 
Range for Specified Performance +14V-+16V +14V-216V 
Operating Voltage Range +6V-+18V +6V-118V 
Quiescent Current +10mMA +10mA 


TEMPERATURE RANGE 0°-70°C 0°-70°C 


3-7 ROOT MEAN-SQUARE 405 


Maximum error, externally adjusted is the amount by which the 
output will differ from the theoretical value when the output 
offset and scale factor have been trimmed. 


Temperature Coefficients 


Output offset: the maximum sensitivity of the output to tem- 
perature with zero input, or the maximum displacement of the 
average error vs. Output plot over a temperature range, divided by 
the temperature range. 


Scale factor: the maximum sensitivity of the slope of the output- 
vs.-input (dc) to temperature 


Dynamics 


Frequency for specified error is the minimum value of frequency 
(at the high-frequency end) at which the error is guaranteed to be 
equal to or less than the specified midband value (sine-wave input). 
Error at the low-frequency end is governed by the choice of 
filter, both internal and external. Figure 8 shows a typical error- 
vs.-frequency plot. Low-end error behavior is shown with no added 
capacitance, and with 1 and 10uF added (60 and 510ms filter time 
constants). At very low frequencies, the output of the circuit fol- 
lows the instantaneous (> dc) value of the input. 


Frequency for 1%-of-reading error is the minimum value of fre- 
quency (at the high end) at which the error (except for offset) 
is guaranteed to be equal to or less than 1% of reading. It is a 
function of peak-to-peak amplitude.” 


-3dB Bandwidth is the minimum value of frequency (at the high 
end) at which the error is guaranteed to be equal to or less than 30%. 


Crest Factor: (a property of the signal) the ratio of peak signal 
voltage to the ideal value of rms; the value of crest factor for which 
the error is maintained within specified limits at a given level of 


*For non-sinusoidal waveforms, the attenuation of harmonics increases dynamic errors 
at lower fundamental frequencies than are specified here. Since square waves and 
pulses are familiar waveforms and, at the same time, rich in harmonics, Figure 9 shows 
the error (for such inputs) caused by frequency-response rolloff in the input stages, as 
a function of pulse width (seconds) and the specified ~3dB bandwidth (Hz). 


AVERAGE ERROR {(MILLIVOLTS) ~ LOG SCALE 


406 


b. Average and ripple components of error of rms-to-dc converter 
at low frequencies (sinusoidal input). The finite averaging time of 
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a. Average error of the 440J RMS-to-DC converter as a 
function of input amplitude, frequency (sine waves), and 
extemally-connected capacitance 
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the filter produces both a double-frequency ripple component and 
an offset of the average output value (see Appendix A to this chapter). 


Figure 8. Output error of rms-to-dc converter as a function of 
frequency. The error values plotted are the average errors measured 
after filtering out the ripple. 
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rms for a midband-frequency signal. Crest factor, rms, and average 
are plotted in Figure 10 as a function of duty cycle, for rectangular 
pulses. 
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Figure 9. Error of rms-to-de converter due to finite bandwidth, 
for pulse and square-wave inputs.* 
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Figure 10. RMS, average and crest factor for rectangular pulse train 


* Source: “RMS Voltage Measurements — Which Method Works Best?” by Roy Chapel, 
Electronic Products Magazine, January 15, 1973, p. 36. 
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Filter time constant and Ext, Cap. The time constant of the inter- 
nal averaging filter, and the increase of time constant per uF of 
added external capacitance. 


Input: the voltage range over which specified operation is obtained, 
the absolute-maximum voltage, and the effective input resistance. 


Output: the maximum output range for rated performance, the 
minimum current guaranteed available at full-scale output voltage, 
and the source resistance of the output. 


Power Supply: Output-error sensitivity to supply voltage, power- 
supply range for specified performance, power-supply range for 
operation, and quiescent current drain. 


Temperature Range: the range of temperature variation for opera- 
tion within specifications. Temperature coefficients are deter- 
mined by 3-point measurements (Ty — 25°C), (25°C — T,), when 
measured. 


TESTING THE RMS-TO-DC CONVERTER 
USEFUL EQUIPMENT 
The following equipment is useful for testing and calibrating rms- 


to-dc converters. Starred items (*) are essential. 


1.* Accurate dc reference: +l1mV (or less) absolute error, 
adjustable from OV to +10V in +10mV steps 


2.* Accurate ac reference: 0.05% (or less) absolute error, rms 
output 1 to 2V from 100Hz to 10kHz 


3. High-prevision voltage divider with buffered output, adjust- 
able from 1:1 to 100:1 


4. * Digital voltmeter, dc-reading, 4% or 5% digits, 0.01% error 


5. * Digital voltmeter, ac-reading, 412-digit resolution; can respond 
to either mean-absolute value or true rms; used for monitor- 
ing signal-generator amplitude and making comparative accu- 
racy tests for (clean) sinewaves 
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CONTROL INPUT: 


CONSTANT ims PERIOD R2 sR 
ADJUST PULSE WIDTH, r, TO 20k 1002 Gay 
CHANGE DUTY CYCLE AND a 
+5V CREST FACTOR pr J ADS. 


oc 
REFERENCE 
0 TO +10V 021 OE 


R3, R4, CERMET 
MULTITURN 
TRIM POTS 


R1, R2, METAL FILM 
0.1%, 10ppm, 

RATIO MATCH TO 
40.05% 


CALIBRATION PROCEDURE: 


SET CONTROL VOLTAGE TO ZERO. ps 
ADJUST OFFSET POT FOR Ep = 0. +16V 45V 
SET CONTROL VOLTAGE TO +5V, a. 

DC REFERENCE TO -10.000V. 

ADJUST GAIN POT FOR Eg = +10.000V. 


P Na 


Figure 11. Pulse generator with accurate, adjustable 
amplitude 


6. Accurate pulse generator (see Figure 11) 


7. True-rms digital voltmeter, capable of responding to ac and 
ac + dc signals, 4% digit 


8. Oscilloscope, 5MHz bandwidth 


9. * Sine-wave generator with low distortion (<< 0.1%), 1OmVrms 
to 7Vrms, 10Hz to SMHz 


TEST PHILOSOPHY AND PROCEDURES 


The primary objective in testing an rms converter is to determine 
how accurately it can convert an ac signal (sine-wave or complex, 
including a dc component) to a dc voltage that is equal to the 
rms value of the input waveform. 


The basic test method is to apply a signal of known rms value to 
the input, as illustrated in Figures 12 through 17, and measure 
the resulting dc output with an accurate meter. 


This sounds easy, but it isn’t all that easy in practice. First, the 
error of the rms converter depends on the properties of the input 
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waveform: amplitude, frequency, wave shape (crest factor); second, 
it is difficult to obtain an ac signal, for example a sine wave, of 
accurately-known rms value. 


For these two reasons, it is usually easier to calibrate the rms 
converter with an accurate dc reference (assuming that the con- 
verter responds to dc), as illustrated in Figure 12. (It will also be 
found useful to calibrate the input signal waveforms with an 
accurate rms-to-dc converter.) 


ACCURATE RMS DIGITAL 
De VOLTMETER, 
REFERENCE CONVERTER pe 


8 TO +10V AT LEAST 


IN 10mV STEPS, 4% DIGITS, 
ABSOLUTE ACCURACY ACCURACY 
WITHIN 0.01% F.S. WITHIN 0.01% 
OR +1mV 

ABSOLUTE ERROR 


Figure 12, Measurement of absolute accuracy at DC 


TABLE 3. TEST CONDITIONS FOR CHECKING DC ACCURACY OF 
RMS-TO-DC CONVERTER 


E, 
Vin (IDEAL) Description of Test 

1. OV OV Total zero offset, referred to output 

2. +10mV +10mV Input offset: + offset will cause output to 
read > 10mV; — offset vice versa 

3. -10mV +10mV Input offset: + offset will cause output to 
read < 10mV; — offset vice versa 

4, +100mV +100mV Low-end accuracy 

5. -100mV +100mV Low-end accuracy 

6. +1.00V +1.00V Mid-scale accuracy, check for agreement 
with specification 

7. -1.00V +1.00V Mid-scale accuracy, check for agreement 
with specification 

8. +10.00V* +10.00V Full-scale accuracy and symmetry 
(compare + and — readings) 

9. -10.00V* +10.00V Full-scale accuracy and symmetry 


(compare readings) 


*or t specified full-scale input for the device under test 
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The input voltages listed in Table 3 include the most critical points 
on the dc response function. Other intermediate voltages may be 
used, as desired, to obtain more-detailed information for a plot of 
the rms converter’s error. 


The dc measurements provide information for adjusting the scale 
factor, the output offset, and (externally, if not available inter- 
nally) the input offset, which affects symmetry. 


AC Measurements 


After the converter has been tested for dc errors, and any neces- 
sary adjustments have been performed, the ac error may be 
checked, using a sine wave as the input source. If an ac standard, 
with 0 offset, is available, the configuration of Figure 13 may be 
employed. If an ac standard is not available, but a good ac DVM is 
instead, Figure 14 may be used. The response to ac signals should 
be tested at a number of different input levels and frequencies to 
check for nonlinearity, bandwidth limits, and limitations at the 
low end due to the averaging time of the device (including the in- 
tended value of externally-connected capacitance). 


SET FREQUENCY 
TO RMS MIDBAND 


AMPLITUDE 


SET TO: FULL SCALE READ 
0.3 x FULL SCALE RMS 
0.1 x FULL SCALE OUTPUT 


0.03 x FULL SCALE 


Figure 13. Measurement of absolute accuracy relative to an 
AC standard 


Figure 15 shows a configuration for testing the linearity of the 
converter over a range of input amplitudes. The amplitude and 
frequency of the source are set once. Then a low-distortion preci- 
sion attenuator is used for amplitude adjustment (a) to ensure 
that the shape does not change, and (b) to obtain precisely-cali- 
brated ratios of input to full-scale. 
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CAPACITOR TO BLOCK ANY 
Dc FROM AC SOURCE 


SET LEVEL 
& FREQUENCY 


READ RMS VALUE, COMPARE 


eg., FLUKE MODEL 931B 


Figure 14. Measurement of absolute accuracy of RMS-to-DC 
converter relative to accuracy of true RMS meter 
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AMPLIFIER 
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ATTENUATOR OR TO-DC 
RATIO TRANSFORMER CONVERTER 


SET —-— — — 


er cau AC DVM MONITORS AMPLITUDE 
OF SOURCE. IT NEED NOT BE A 
“TRUE RMS” TYPE, BUT IT MUST 
vid BE STABLE AND HAVE SUFFICIENT 
RESOLUTION — 4% DIGITS OR MORE 


FREQUENCY 


—SO THAT THE SOURCE AMPLITUDE 
CAN BE HELD WITHIN 0.01% OF 
DESIRED AMPLITUDE. 


Figure 15. Measurement of nonlinearity for AC input 


Figure 16 shows a configuration for measuring error as a function 
of crest factor, employing a precision pulse source, such as that 
illustrated in Figure 11. It is easiest to check the crest-factor 
handling capability with a rectangular pulse of known amplitude 
and duty cycle. The relationship between crest factor and duty 
cycle is shown graphically, and in equation form, in Figure 10. 
Crest facter can be set in terms of the output rms or the input 
amplitude (which should be less than rated peak input). 


The minimum pulse repetition rate, and therefore the frequency 
at which the crest factor —for rectangular pulses— (for a given 
accuracy) decreases in terms of the midband value, will be deter- 
mined by the averaging time-constant. As a rule, the error of the 
rms-to-de converter will increase in direct proportion to the crest 
factor, if the pulse width and repetition rate are within the high 
and low bandwidth limits of the converter. 
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Figure 17 shows how the frequency response of the rms-to-dc 
converter may be measured. 


SET PULSE AMPLITUDE, 
A, WITHIN 0.01% 


PRECISION 


PULSE READ 
SOURCE RMS 
VALUE: 
ApwusT Lone RMS SHOULD 
DUTY CYCLE, EQUAL A- V, 
PULSE WIDTH, CONSTANT one 
FOR DESIRED ; READ AVERAGE 
RMS OUTPUT, VALUE OF 
OR CREST FACTOR c PULSE TRAIN 
: an 4% OR ‘ 


Vave =A + _ sebigits VAVE 


Vams AV + 
os Vams =V AVave 


CREST FACTOR = CF = A a 
Vams Vave 


Figure 16. Measuring accuracy of the rms-to-de converter as a 
function of crest factor and pulse width (duty cycle) 
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FREQUENCY AMPLITUDE 
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be 4% DIGIT MEASURE RIPPLE 
AC DVM AT LOW FREQUENCIES 
MONITOR INPUT 
AMPLITUDE IF 
GENERATOR IS 
NOT STABLE 
PROCEDURE: 


SET GENERATOR AMPLITUDE FOR FULL-SCALE INPUT TO RMS TO DC 
CONVERTER. SET FREQ. TO MIDDLE OF RMS-DC FREQUENCY RANGE, 
THEN SWEEPUP TO FREQUENCY WHERE RMS OUTPUT CHANGES +1% 
FROM MIDBAND VALUE, THEN FOR +30% (23dB) FROM MIDBAND. 
REPEAT FOR INPUT AMPLITULES OF 10% AND 1% OF FULL SCALE. | 


Figure 17. Measuring frequency response of rms-to-dc converter 
function of crest factor and pulse width (duty cycle) 
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APPENDIX TO CHAPTER 3-7 


A, Use of a Low-Pass Filter to Reduce Ripple at Low Frequencies 


With externally-connected capacitance, the 440 can be used to 
compute accurately the rms of signals having components at 
quite low frequencies. While the ripple content is not important if 
the output is read on an analog meter (which provides mechanical 
averaging) or “eyeballed”’’ on an oscilloscope, it can lead to errors 
if the output is converted to digital form, and to annoyance if a 
digital panel meter is used for observations. A low-pass filter may 
be used following the rms circuit, to add an additional stage of 
averaging and attenuate ripple components.* The illustration 
shows a low-cost circuit configuration for accomplishing this. 


100kQ 


C1 & C2 = LOW LEAKAGE TANTALUM, 20VDC OR GREATER 


LOWEST USEFUL APPLICATION ci c2 ERROR OF 
FREQUENCY, AVERAGE VALUE 
FL OF E, 
50Hz Power Line WF 0 47uF 6 OS% Eq 
20Hz Audio 2uF 4.7uF 0.5% Eq 
3Hz Low Frequency 10uF 20uF 0.5% Eg 

Vibration, Noise 


A) Adding a low-pass filter to reduce ripple at low frequencies 


B. Use of Controlled Integration and Digital Averaging to Shorten 
the Averaging Time 

For many applications, the running average provided by an RC 

low-pass filter (or thermal time constants) does not conveniently 

provide a close-enough approach to the mathematical average over 


*Since this averaging is outside the loop, it is only useful for removing ripple compon- 
ents, It is not a substitute for an increased inside-the-loop time constant to reduce low- 
frequency errors, If the inside-the-loop time constant is insufficient, the average level 
of the output will be seen to be in error when the ripple has been satisfactorily filtered 
out. As a rough guide, if the p-p ripple is less than 10% of the output level, the average 
error component will be negligible, and external filtering may be used to reduce the 
ripple to the desired level. If the ripple is greater, it is likely to be accompanied by 
significant average error; an increased value of C1 may be necessary, in addition to the 
external filter, 
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a fixed time period, especially if that period is very long, because 
of the long settling time (many cycles) and the difficulty of obtain- 
ing stable capacitances and resistances of adequate magnitude. 


The running average is also inadequate if the mean square changes 
at a rate comparable to the averaging time constant required to 
smooth out the ripples in the signal (for example, in the case of 
an amplitude-modulated waveform). 


For such cases, controlled integration, sample-hold, and even the 
use of digital averaging can greatly improve the accuracy of the 
rms- Or mean-square-to-dc conversion and provide an effective 
averaging time that is arbitrary, ranging from seconds to hours, 
or even days. 


A direct computation scheme, employing all of the above, is 
shown in illustration (B). The input signal is squared and inte- 
grated repeatedly over an interval T, with a characteristic time 
(RC) equal to T. Thus, the output of the integrator after interval n 
is the mean square of the nth interval. 


At the end of each interval, the integrator output is acquired and 
held by a sample-hold. Its value (X,) is compared with the average 
of the mean-squares up to that time, Y,.,. The difference, divided 
by n, is added to Y,., to produce the new average, Y,, which is 
stored in a sample-hold for use in computing the next value of Y, 


Yn+1- The formula for the average over n intervals is 


Yn, =Yni ga a | (14) 
n 
The average of the mean-squares is then square-rooted to compute 
the true rms over the entire period. For example, if each integra- 
tion period is 15 minutes, 1000 counts will provide the rms over a 
10-day period. 


The division by n can be performed by a multiplying DAC, such as 
the AD7520, connected as a divider, with the digital input, n, sup- 
plied by a clock-driven counter, at the appropriate rate. (The count 
should start with a preset count of 1, to avoid the possibility of 
dividing by zero. The divider is scaled for unity gain at n= 1, de- 
creasing for higher values.) 
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SAMPLE- 
HOLD 


RESET 


MULTIPLYING DAC CONNECTED 
FOR DIVISION 


Yn=Yn-1 + Moa iat 


AVERAGE 
MEAN-SQUARE 


S/H & INTEGRATORS 
CONTROL (PARALLEL DIGITS) 


8B) Long-term rms computation 


The integrator and sample-holds are sequenced by control logic 
signals derived from the basic clock pulses. During the computing 
interval, the Y,., sample-hold is in hold and both the X, and Y, 
sample-holds are in sample, tracking the integral and continuously 
computing the next value of Y (count = n) right up to the end of 
the interval. At the end of the interval, the following events ensue: 
X, switches to hold; the integrator is quickly reset and immediately 
starts integrating over the next interval; Y, switches to hold; 
Y,-1 samples the final value of Y, and returns to hold; then, X, 
and Y,, revert to sample, the counter is incremented to n + 1, and 
the next value of Y is continuously computed right up to the end 
of the next interval. 


The Y,., sample-hold, which is quite critical, since its errors, 
including drift, are cumulative, is perhaps a “sample-infinite- 
hold” circuit (an A/D converter with output taken from its 
internal DAC). 


Log Circuit 
Applications 


In Chapter 3-1, the design and testing of logarithmic devices have 
been discussed and explained in some detail. This chapter will 
consider the various tradeoffs a designer is confronted with when 
applying a log device with a predetermined reference. The 
specifications of log modules, which were listed in Chapter 3-1, 
will be discussed in greater depth here, in the context of the 
manner in which they affect performance in an application. 


SELECTING THE APPROPRIATE LOG DEVICE 


There are many options available to the designer. These range 
from performing one’s own design — from the ground up — using 
the most appropriate approach (linear approximations, diodes, 
monolithic-dual transistors, or other components characterized by 
logarithmic transfer characteristics) to purchasing one of the 
several types of log module available on the market today. 
Available standard devices, with guaranteed performance, range 
from modules containing a simple transistor-pair packaged with a 
temperature-compensating resistor network to complete log- 
amplifiers containing op amps, a reference-current source, and all 
the necessary temperature- and frequency-compensating com- 
ponents. 


THE BASIC LOGARITHMIC ELEMENT 


The simplest module available for temperature-compensated log 
circuits is the basic log element. A schematic of the Analog 
Devices Model 751 is shown in Figure 1. 
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S55Qt +0.3%/°C 


B2 
E2 
* 42% = 
+ 41% c2 


Figure 1. Schematic diagram of 751N basic log element 


At first glance, one may think that this is too trivial a module to 
consider for purchase; it contains only two transistors and three 
resistors. Superficially, this is true, but it is also true (though less 
obvious) that an essential characteristic of such a device is its 
isothermal environment. Also, despite the many advantages of 
monolithic dual transistors, a matched discrete-transistor pair is 
better-suited to the purpose of the device. Since the log element is 
the heart of a circuit that provides a logarithmic output, a 
thorough understanding of these two points is essential to 
successful design. 


The transistors used in Model 751 are discrete transistors 
especially selected for log characteristics and carefully matched. 
There is a subtle, but important, advantage for discrete transistors: 
the combination of base spreading resistance and contact re- 
sistance, which can be lumped together and considered as a small 
resistor in series with the emitter, is the major cause of log 
conformity error at current levels from 100uA to ImA. The 
discrete transistors used in the 751 have a much lower value of 
series resistance, hence three to ten times better performance at 
these levels (without compensation circuitry) than do available 
high-8 monolithic pairs. 


In order to capitalize on this advantage (as well as the tempera- 
ture-tracking capability of matched transistors), it is imperative 
that the two transistors be located in an isothermal environment. 
At constant current, the V,, of a transistor has a temperature- 
coefficient of approximately -2mV/°C. If the junctions are 
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allowed to be as little as 0.5°C apart, the corresponding voltage 
difference is lmV, which corresponds to an input-current change 
of 4% (if lmV =kT/g In(1 +A) = 26mV 1n(1 +A), then A = 0.04). 
If errors from this source are to be held at less than 0.5%, the 
junctions must be held within 130uV, or 0.06°C, under all 
conditions of ambient or internally-generated temperature change. 


To obtain an isothermal environment, conductive epoxy and “heat 
clips” are used, and particular attention is paid to the layout. This 
environment is also essentially isothermal as regards the tempera- 
ture-compensating resistor. To appreciate this advantage, one need 
only consider the effect of a small amount of air circulation over 
similar components sitting on an open circuit board. Although the 
compensation resistor may be precisely trimmed to eliminate the 
temperature-dependence of the scale factor, its effect can be 
nullified (and even detrimental) for differences greater than 1°C. 
These points are illustrated in Figure 2. 


lea sea Fite 
loa (Ty . = 


T2 
V;= pid [» ke -—ia 
q 


Qi AND Q2 ARE SELECTED FOR EQUAL REVERSE-SATURATION 


yp igs rT lee (7) CURRENTS AT A GIVEN TEMPERATURE. THIS MATCH HOLDS WELL 

ay si FOR LARGE TEMPERATURE EXCURSIONS, BUT BOTH TRANSISTORS 

kT lo MUST BE AT THE SAME TEMPERATURE. IF T, — Tz # 0, THE ERROR 
Vy=—— [1 =| BETWEEN Vpe1 AND V,.2 WILL BE APPROXIMATELY -2mV/°C, 

q h Rre IS A TEMPERATURE-SENSITIVE RESISTOR WHICH IS TRIMMED 

RoTkT \ TO CANCEL THE EFFECT OF THE kT/q TERM. ITS TEMPERATURE (T3) 
Eo = [ * = In —2- MUST BE THE SAME AS THAT OF 1y, Tz, OR THE DESIRED CANCELLA- 
Rte] q hy TION OF TEMPERATURE EFFECTS CANNOT BE ACHIEVED. 


Figure 2./mportance of an isothermal environment for 
the basic log element. 


When to Apply the Basic Log Element 


The simplest of all log modules, it contains only the log 
transistors, calibrated temperature-compensating resistors, and the 
isothermal environment necessary for reliable and predictable log 
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operation. By itself, the basic log element can perform no useful 
function, but when coupled with two or three op amps, a 
reference-current source, and frequency compensation, a complete 
log amplifier can be built. 


The basic log element should be considered primarily for 
special-purpose designs, calling for considerable design flexibility, 
e.g., physical form, current ranges, choice of reference or gains, 
etc. Though allowing considerable freedom for the circuit de- 
signer, it requires the greatest amount of care in the external 
wiring, circuit layout, and choice of components, to obtain best 
results. 


The designer must take especial pains to obtain the best 
compromise of speed and dynamic stability. Familiarity with the 
stability considerations in Chapter 3-1, especially Figures 5 
through 7 in that chapter, is essential. The Log Circuits Applica- 
tion Note! will also be of value. 


THE LOG TRANSCONDUCTOR 


This term describes a device that combines a log element, 
reference-current source, op amp for the reference transistor, and 
the related frequency-compensation components. Figure 3 shows 
the basic circuitry of a log transconductor (Model 752) and its 
relationship to the basic log element (751). 


Besides offering a completely-tested circuit, the log transcon- 
ductor eliminates a number of application problems relating to 
stabilization: it is dynamically stable at all rated levels of input 
current. 


To complete the log amplifier circuit, the designer needs only to 
provide an external operational amplifier and the two trim 


lepesion of Temperature-Compensated Log Circuits Employing Transistors and 
Operational Amplifiers,” by W. Borlase and E. David, Analog Devices, Inc., March, 1969. 
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Figure 3. Functional diagram of a log transconductor and 
its relationship to the basic log element. 


adjustments for I... and the scale factor, K. When currents beyond 
the specified range of the log transconductor are to be “logged,” it 
may be necessary to add capacitance (10-20pF) in the feedback 
circuit of the external amplifier (Figure 3) for stability, at the cost 
of reduced bandwidth. 


It should be noted that Figure 3 is a functional diagram of the 752 
transconductor. For a wholly-packaged circuit, a separate basic log 
module is not used; in many cases a monolithic dual transistor is 
used to obtain improved temperature-tracking. To overcome the 
series-resistance problem mentioned above, a feedback compensa- 
tion circuit is used internally to reduce the series resistance. 
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When to Apply the Log Transconductor 


Log transconductors are used in preference to basic log modules 
when it is desired to use an essentially-complete packaged circuit 
with guaranteed performance instead of a collection of parts; yet, 
on the other hand, the designer wishes to optimize the price/ 
performance mix by choosing the most appropriate operational 
amplifier to fit his needs. 


The major error terms associated with log amplifier circuits (that 
are readily controllable) are the offset voltage and bias current of 
the operational amplifier. By choosing an amplifier to fit a specific 
application, the designer may, in most cases, effectively eliminate 
amplifier-caused errors at a given level of voltage or current. For 
example, when the logarithm of a low-level current is to be 
computed, the Model 42K amplifier may be used because of its 
100fA bias-current specification. 


If 100fA is compared to the lowest-level of signal current specified 
for the 752, 1nA, it can be seen to represent an error of 0.01%. If 
one starts by choosing this low value of bias current, its 
contribution to error could be .completely ignored, despite the 
characteristic doubling/10°C of FET-input-amplifier bias current. 
At 65° C, the bias current would have increased by a factor of 
24 = 16, which is still insignificant compared to the other errors. 


If the input signal is a voltage, the external op amp would be 
chosen for minimal offset voltage and drift. For ultimate low-level 
performance, “spikeless” chopper-stabilized amplifiers are perhaps 
the bést choice; but one should also consider such low-drift 
chopperless types as the 184L and the AD504M, and especially, 
the 52K (I, = 2pA, AE, ,/AT = 1nV/°C). 


When economy is of prime concern, the log transconductor and a 
low-cost IC op amp can be the best answer. To achieve good 
performance when using a low-cost (modest-performance) ampli- 
fier, the input signal should be scaled so that its geometric mean 
falls in the center (i.e., geometric mean) of the range determined 
by the log transconductor’s upper limit and 100X the bias voltage 
or offset current of the amplifier. With this approach, excellent 
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results can be obtained over a limited range. Figure 4 shows how 
the log transconductor is connected with an external op amp. 
Table 1 provides a brief selection guide. 


ADJUST 
Jree 


LOG 
TRANSCONDUCTOR 


Figure 4. Application of log transconductor. If the input signal 
is a current, connect it directly to the summing junction, as 
shown. If the input signal is a voltage, connect it to the sum- 
ming junction through a resistance as shown by the dashed 
lines. Note that Rjyy includes the source resistance of Vj. 


TABLE 1. SELECTION CRITERIA FOR A1 (FIGURE 4) 


SELECT A1 FOR 


LOW OFFSET VOLTAGE 


INPUT SIGNAL 
* VOLTAGE 


RECOMMENDED OP-AMP TYPE 


CHOPPER (234) 
CHOPPERLESS LOW- 
ORIFT (184L, 504M, 52K} 


CURRENT LOW BIAS CURRENT ELECTROMETER (42K) 
VOLTAGE OR PRICE-REASONABLE LOW-COST BIPOLAR OR 
CURRENT: PERFORMANCE FET, 1.C. OR MODULE: 


LIMITED 
DYNAMIC 
RANGE 


AD301A, AD540, 
MODEL 40, AD308 


THE COMPLETE LOG AMPLIFIER 


The complete log amplifier contains a log transconductor, all the 
necessary trim circuitry, and a high-quality FET-input op amp. 
This is the most convenient type of log module, since the designer 
has only to connect power (usually +15V @ +10mA), input and 
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output leads. All the necessary frequency-stabilization and trim- 
ming have been performed by the manufacturer. 


When to Apply the Complete Log Amplifier (and When Not to) 


The complete log amplifier is the starting point for all new 
log-circuit designs. By freeing himself from the problems of 
designing, building, and trimming a log amplifier, the designer has 
more time available to deal with the problems involved in the 
instrument, apparatus, or system that led to the use of a log 
amplifier. 


Performance of the complete log amplifier is adequate to deal with 
a wide range of input currents and voltages; and the fixed choices 
of reference (10uA, 100mV) and scale factor (2/3, 1, 2) provide 
convenient scaling, which can be modified for the system by 
external gains and biases. 


If wider ranges of current or voltage, greatly-different local scaling, 
or paired operations (such as the use of 752P and 752N in 
hyperbolic-sine operations), are necessary, then the need for the 
flexibility inherent in the log transconductor (or basic log devices) 
will become apparent (see Page 102). 


1 
cd SRD CR ES DD CIR GRRE EN RN SO 
[*s 


10% =: 


E 
at ae 
: 
LS 
Ls 
h 
H 
| 
[Ty | 


BNE 
INDST Bl 


Oa 
Td =. aca 


CTR Romia_| LL 


= 
a 
a 
INN 
Be 
a 
INI 

| 

a 

R 


TS 


BIBS eae 
Sree aes 


NINES maa 
LEUNG TINE NTT TTT 


OOnV 10mV 100mV 
eur VOLTAGE LEVEL 


Figure 5. Effect of offset on dynamic range in terms of error 

vs. input level. Errors are for +2°C temperature change. Greater 
temperature changes move curves up proportionally (e.g., 755 
at 10mV has 0.2% change for 2°, 2% for 20°). 
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As an aid to determining the performance tradeoffs between the 
complete log amplifier (755) and the log transconductor-plus- 
external amplifier, the graphs of Figures 5 and 6 will be found 
helpful. They show the error as a function of input-voltage and 
current levels for the 755 and for the 752 with-external-op-amps 
of several types. The voltage error used in the plots is that caused 
by a 2°C variation from an initially-zeroed condition. The current 
error is essentially that caused by the amplifier’s bias current. 
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Figure 6. Effect of op-amp bias current on dynamic range in 
terms of error vs. input level, for various combinations of op 
amps and log transconductors 


Selecting the Best Log Device for the Application 


Table 2 provides general guidelines as to the choice of approach. 
The choice will be determined by the designer’s principal 
objective: best performance, lowest cost, easiest-to-apply. 


If cost is the criterion, then the basic log element may be the 
answer, but the saving is somewhat marginal; the designer must 
honestly evaluate the cost of designing, assembling, and testing the 
finished device. If the design is to be used in quantity, costs of 
drawings, parts inventorying, and production engineering must 
also be anticipated. 
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TABLE 2. SUMMARY OF SALIENT FEATURES OF CONSTANT- 
REFERENCE LOG MODULES (SUMMER, 1973) 


Description 
Contents and Applications 


Disadvantages 


Advantages 


Lowest Cost 
Greatest Flexibility 


Basic Log 
Element 
Model 751 


{ 2 Matched Log Transistors 
Scaling and Temperature- 
Compensating Resistors 
For Special-purpose log. 
designs 


Most Complex to Apply 


Requires at least 2 external 
op amps plus dynamic 
stabilization in conventional 
log application. 


Log 
Transconductor 
Model 752 


Requires external op 
amp, gain trim 
lace trim 


Basic Log Element Best performance 
Reference-current source obtainable through 
op amp choice 


To optimize operation at 
low levels 


Log 
Amplifier 
Model 755 


Easiest to apply. 
Meets specs with no 
trimming or exter- 
nal components. 
Best performance 
over a wide range. 


Op amp is optimized 
for most {but not all) 
applications 


Log Transconductor 
FET-Input Op Amp 


The initial choice for all 
fixed-reference log 
applications. 


To optimize performance for a specific application, the log 
transconductor and a high-performance op amp selected for the 
application can offer the best performance. 


The easiest log module to apply is the complete log amplifier. 
Except for the extremely low end of the signal range, the log 
amplifier offers performance equal to or better than that of any of 
the other choices. 


While the generalities given above are helpful in selecting the best 
log device for the application, the proper choice can be made only 
when specific information regarding signal level, source im- 
pedance, and acceptable error has been developed. 


Once this is known, the limitations on dynamic range caused by 
the input parameters of the op amp associated with the log 
modules can be determined. 


STEP RESPONSE 


The dynamic parameters of log modules are highly dependent on 
signal level, as Chapter 3-1 has demonstrated. Perhaps the most 
useful parameter to discuss in detail is the step response, since the 
response to a step of a given magnitude is usually a matter of 
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prime concern. The time required for the output to change (or 
“slew’’) from one level to another is dependent on the magnitudes 
of the input currents and on the direction, i.e., whether the 
current is increasing or decreasing. 


Slewing rate of a log transistor’s base-emitter voltage can be 
explained in terms of the effects of current level on the transistor’s 
base-charging capacitance (C,,), transconductance (g,, ), and incre- 
mental space-charge-layer capacitance (C.). Base-charging capaci- 
tance, C, is defined as 


q 
C, =7 =T, — |I 1 
where 7p is the average charge-replacement time in the base and I, 
is the collector current. 


Transconductance, g,,, and — in turn — C,, are proportional to I, 
provided that the base current is much greater than the reverse 
saturation current. This condition is met for all log modules 
operated within the specified range. 


The capacitance of the transistor hybrid II model, C,,, directly 
controls the common-emitter current gain at high frequencies. It is 
equivalent to 

Cy = Ce + Cy (2) 
which, from (1), may be written as 


s gq 
Cy = Cie + Tp a IT,| (3) 


The dependence of w,, the frequency at which current-gain is 
unity, on C,, is 


1 eat (4) 
Or Em 


where C,, is the feedback capacitance of the hybrid model. 


Substituting (2) and g = lI, | into (4), 
Em kT Cc 
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1 q kT 
= + (C +C ) XT 6) 
el ale : 


Although base-charging capacitance, C, , is directly proportional to 
collector current, its effect on w, is nullified by the propor- 
tionality of g,, to collector current. 


The net effect of these expressions is to show that the admittances 
of C;, and C,, are controlled by collector current; an increase in 
collector current results in greater bandwidth and faster slewing 
rate. 


The above discussion relates only to the effect of the signal level 
on speed through its effect on the parameters of the log transistor. 
In a practical situation, there are many other factors that influence 
the speed of response of the circuit. The most important of these 
factors in log modules are the added feedback capacitance for 
stabilization, the stray capacitance at the amplifier input, and the 
bandwidth of the amplifier. 


With proper stabilization circuitry, the amplifier and its stabilizing 
feedback capacitor should restrict speed only at the high end of 
the allowable input range. Stray capacitances modify the values of 
Cj. C,, and 7p in the expression defining w,. The stray 
capacitance from summing junction to common is a constant that 
modifies 7;. Stray capacitance from collector to base is feedback 
capacitance and affects C,,. 


Table 3 lists response times for steps of differing magnitude and 
current level for the 755 log amplifier. By comparing them with 
the equation for the radian period 1/w,, it is clear that the 
predicted linear relationship does exist at the lower levels, with a 
limit determined by the feedback capacitance and strays at the 
higher levels. In this region (1uA to 1mA), other considerations, 
such as the bandwidth of the amplifier and the size of the 
stabilizing capacitor, dominate the response, and further improve- 
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TABLE 3. RESPONSE TIME (755) FROM 10 TO 90% 


lin INCREASING iin DECREASING 

tin TIME tw TIME 
ink —> 10nA ‘Ims 10nA —> 1nA 4.5ms 
10nA-> 100nA =: 100s 100nA> 10nA = 400s 
TO0nA> 1A Tus WA—> 100nA =: 30us 
uA —> 1mA 4us mA —> ThA Tus 


ments in response time become marginal. Even if an external 
amplifier having near-infinite gain and requiring no stabilization 
capacitor were used, the improvements in slew rate would be 
slight. C;, and C, are not quite constant, as assumed, but increase 
with signal level for currents of 0.1mA and more). 


If steps of current are applied to the log module in the direction of 
increasing magnitude, a faster slew rate will be achieved than for 
steps in the direction of decreasing magnitude. Since the time to 
charge or discharge a capacitor is dependent on the available 
current, it is to be expected that steps which increase quiescent 
current will have a faster slewing rate and a shorter final 
exponential “tail.” Because of the decreased time constant at high 
current levels, responses that end at higher levels will be completed 
faster than those ending at lower levels, even though the latter 
start faster than the former in traversing a given current range. 


For changes over combinations of the ranges listed in Table 3, the 
response time will be determined by the final value of current. For 
example, in traversing the entire range of lnA to 1mA, the total 
time will be dictated by the final value of 1mA, resulting in a total 
response time of about 6us. Conversely, when slewing from I1mA 
to 1nA, the final value is InA, and the total response time will 
correspond approximately to that for 1nA, or 4.5ms. 


The dependence of slew rate on signal level will cause varying 
degrees of distortion for input square waves at various signal levels. 
Shown in Figure 7 are several input signals and the corresponding 
outputs from the log amplifier. By the choice of V;y, R1, and R2, 
and the position of electronic switch S1, the various input signals 
are readily obtainable. Alternatively, the square-wave-plus-bias of 
Figure 20, Chapter 3-1, may be used. 
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CURRENT-INPUT 
SUMMING 
POINT 


R1 


K=1 
TO OSCILLOSCOPE 
Eg 


Em. Em S CLOSED ——-> 
ly = + = 
Ri Re 
S OPEN» 


Ew 
tin “3 


a) Test setup for measuring response time (10% — 90%) 


Output 
Magnitude Waveform 
Ew R, Re S$ Operation Change Fig. 7c ( } 
100mV 100MQ 11MQ CLOSED inA —>10nA 7c (1) 
700mV 100MQ 11MQ OPEN 10nA —> 1nA 7c (2) 
100mV 100M&2 10022 CLOSED inA —»>1mA 7c (3) 
100mV 100M2 10082 OPEN ImA — 1nA 7c (4) 
100mV IMQ 1kQ CLOSED O.1npA—>100uA 7c (5) 
100mV IMQ 1k2 OPEN 100pA—>0.1nA Te (6) 
b) Table of input values 
+4V +2V 
Ww #3V 
+38V -1V 
}e— ims Sus 
FIG. 7c (1) FIG. 7e (3) FIG. 7¢ (5) 
+4V 42V 
+3V 
+4ms o>] =| fe—30ns 
FIG. 7c (2) FIG. 7c (4) FIG. 7c (6) 


c) Responses (10% — 90%) 


Figure 7. Response time (10% — 90%) for steps of various 
magnitudes and polarities 
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ANOTHER LOOK AT SPECIFICATIONS OF LOG DEVICES 


The transfer equation for a log module is 


I V. 
E, =-K log IN or -K log IN (7) 
REF EREF 


IpgF is a dimensional constant necessitated by the fact that 
logarithms exist only for pure numbers (the expression log yy by 
itself would imply a reference current of 1A). When jy =Iggrp, 
the logarithm of the ratio is zero. Ip pp for practical devices can 
be chosen as one or the other extreme of the range of I}y,, or it 
may be approximately in the middle of the range (geometric 
mean). Ipgp for Model 755 and similar devices is 10uA, which 
corresponds to 0.1V for Ep rx, the geometric mean between ImV 
and 10V, hence mid-scale. Since the logarithm is real only for 
positive arguments, the input and reference must be of the same 
polarity, i.e., if Viq is negative, Vp py must also be negative. 


The gain, or scale factor, K is also a dimensional constant (volts). 
The typical log amplifier (755) can be connected for K = 1, K = 2, 
or K = 2/3.-K =-1 gives an output decrease of 1 volt for each 10X 
increase in the input ratio. K log, 9 (ratio) can also be interpreted 
in terms of other logarithmic bases (B), according to the 
telationship, Ep = -K ‘logg (ratio), where 


K ‘=K logyoB (8) 
For K = 1, BASE (B) K’ 
100 2.0 
10 1.0 
8 0.903 
5 0.699 
3.16 0.50 
é€ 0.434 
2 0.301 


Kis the output change corresponding to an input ratio change, B. 
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The 755 and 752 modules are really families having devices of 
both polarities. 755N and 752N utilize NPN transistors (751N); 
755P and 752P utilize PNP transistors (751P). When used for log 
operations, the “N” versions accept positive voltage or current, 
and K is positive (that is, the output becomes less positive or more 
negative as the input becomes more positive — the characteristic 
response of any circuit involving an inverting operational ampli- 
fier); the P versions accept negative voltage or current for 
logarithmic operation, and K is negative (that is, the output 
becomes less negative, or more positive, as the input becomes 
more negative — again, an inverting response). The output voltage 
of both devices is plotted against current input (log scale) in 
Figure 8. All three inherent values of the scale factor, K, are 
shown. 


PTYPE N TYPE 
-INPUT CURRENT ~10' +iINPUT CURRENT 
<—_—— —_> 


Figure 8. Plot of output voltage vs. input current for model 755 


INTERPRETING LOG-DEVICE TERMS 


Log Conformity Error: Log conformity error is the difference 
between the actual output voltage and the output voltage 
predicted by the log-transfer equation. A plot of output vs. input, 
when plotted on semilog paper (linear output scale, log input 
scale), should be a straight line. Any deviation from this straight 
line is log conformity error; in this sense, it is analogous to. 
linearity error for linear devices. For most log amplifiers, the best 
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linearity is obtained in the middle 4 decades (10nA to 100uA). In 
this range, for 755, log-conformity error is +0.5% referred to the 
input (RTI) or 2.17mV referred to the output (RTO) for |K| = 1. 
To obtain best results, the input data, if possible, should be 
centered within this range. 


Log conformity error is the one irreducible error of the log 
amplifier. It appears as an error in the log operation and cannot be 
compensated-for with internal circuitry. 


Offset Voltage (E,,): The offset voltage of the log module is the 
offset voltage of the internal amplifier. This voltage acts as though 
it were a small dc offset voltage in series with the input terminals. 
For voltage-logging operations, best performance is obtained with 
the offset voltage trimmed. 


Since E,, appears in series with Vyy , the effect of E,, depends on 
the level of Vjy. Referred to the input, the error contribution of 
E,; is 


% RTI = (E,,/Vin) 100% (9) 


Determining the output error corresponding to a given RTI error is 
straightforward. For example, for a RTI error of 4%, (1+ 0.005), 
the respective values of the logarithm are 0.002166 (1.005) and 
-0.002177 (0.995), or about +0.0022. Multiplying by K = 1V 
yields an output error of +2.2mV for an input error of #4%. 


An alternative metnod of determining RTO errors from RTI (or 
vice versa) is to use an abbreviated table, such as Table 4,* with 
linear interpolation, if necessary. 


*Note: Table 4 differs from the table in the Specifications secon of Chapter 3-1; in the 
latter table, the errors are based on low-side error (e.g., 1—0.1% > 0.999), hence give 
greater errors referred to the output. In table 4 on this page, the errors are based on 
high-side error (1 + 0.1% 1.001), hence give greater errors referred to the input. While 
not significantly different, worst-case error computations should take into account the 
more-important error from the standpoint of the application. 
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% Error Millivolt Error 


Referred to Referred to Output (5,) 

Input (6) K=1 K=2 K=2/3 
0.1% 043mV 0.87mV = 0.29mV 
05 2.17 4.33 1.44 
1.0 4.32 8.64 2.88 
3.0 12.84 25.67 8.56 
4.0 17.03 34.07 11.36 
5.0 21.19 42.38 14.13 

10.0 41.39 82.79 27.60 


This table gives representative examples of input errors 
and the corresponding error at the output for common 
values of K. For a given output error, the input error 

can be computed by linear interpolation. The curves 

may also be helpful in obtaining approximate error 
conversions instantly. Example shown: 2% error = 8.5mV. 


SS oa 
pt) | TAT 


tt a 


16, |, OUTPUT ERROR IN mV 


71+] ct 

7, on 
Pt ye TT TT 
Ee 


10 2 4 68199 
INPUT ERROR IN % 


0.1 


Table 4. Error conversion: \5g |= K log zg (7+ ) 7 700) 


For example, to determine the RTI error equivalent to 14mV out 
for K = 1, the nearest value to 14mV is 12.84mV, at 3.0%. To this 
should be added (4.0 — 3.0) (14 — 12.84)/(17.03 —12.84) = 0.28, 
for a total error of 3.3% RTI. 


Offset Current (I,J: The offset current, I,,, of the log amplifier 
is the bias current of the internal amplifier. This parameter can be 
a significant source of error when processing signals in the 
nanoampere region. For this reason, it is important to select a log 
amplifier having bias current much less than the smallest signal to 
be processed. Error contribution of I,, is: 


% RTI = (1p 5/Ipy,) 100% (10) 
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Reference Current (Iprr): Ippp is the internally-generated 
current source to which all input currents are compared. Tolerance 
errors in Ippp appear as a de offset at the output. Other offsets 
appearing at the output cannot be differentiated from the effects 
of Ipgp error. This is easily demonstrated by considering the 
transfer equation with an added offset 


I 
E, =-Klog—__N__+§ ll 
ee Teer 22/100)? a 


where P represents the percent tolerance in Ippp and E, is the 
output offset. 


This equation can be rewritten 


I 
E, =-K log —% +K log (1 +P/100) + E, (12) 
IREF 


Since both the second and the third terms on the right-hand side 
of (12) are constants, they can be combined to form a constant 
E, : 


E, = -K ee +E, (13) 
; IREF 

Table 4 can be used, as before, to determine the RTI equivalent of 

the combined offset, E,, and this new tolerance (P’ )can be part of 

the error in Ip py: 


I 
Bo log aaa 14 
OTe te eee (LP 00) a 
The specified tolerance for Ipyp of log amplifiers includes dc 
output offset errors, since they are inseparable from the effects of 


IREF- 
The effect of Ipgy tolerance errors can be compensated for by 


adding a constant at the output or in a stage following the output, 
or by trimming the input scale factor ahead of the log amplifier. 


Reference Voltage (Enz): Eppy is the effective internally- 
generated voltage to which all input voltages are compared. It is 
related to Ip pp through the equation, 


436 NONLINEAR CIRCUITS HANDBOOK 


Erer =lrer Rin (15) 


where R,y is the total input-circuit resistance, including the input 
resistor, the signal source resistance, and any other appreciable 
series resistance. Virtually all the tolerance in Ep yp is due to 
IpgF>» provided Rjy is made up of stable precision resistors. 
Consequently, variations in Ip pp cause a shift in Ep pp. 


The effects of EpEF tolerance errors are compensated for in the 
same manner as the similar effects of Ip pr. 


Scale Factor (K): Scale factor is the voltage change at the output 
for a decade (i.e., 10:1) change at the input. Scale-factor error is 
equivalent to a change in gain, or slope, and is specified in percent 
of the nominal value. An external adjustment may be performed 
to fine-trim the scale factor (usually preset) or it may be locally 
adjusted to a value that is several times the initial value by adding 
series resistance at the feedback terminal. It can also be manipu- 
lated by adjusting the gain of a stage following the log amplifier. 
(Its effect is the same as that of manipulation of the exponent of 
the log-amplifier input.) 


ADJUSTING THE PARAMETERS OF LOG DEVICES 


Adjusting E,,: The amplifier’s offset voltage may be adjusted to 
near-zero by a very simple but unconventional procedure. Most 
users of op amps are accustomed to “zeroing” an op amp’s offset 
voltage by adjusting for a zero-volt output. For log modules, this is 
not applicable, since a zero output corresponds to the log of 1 
Cin =Ip EF), and log (0) is not defined. 


There is, however, a quite convenient method of adjusting E,, 
without disturbing the log circuit arrangement (except for 
grounding the input). The method is shown in Figure 9, and, while 
specifically applied to the 755, it is applicable to all log amplifiers. 
Under the conditions shown in Figure 9, the output is 


E. 


V. = 
E, =-K log 1X__—"*8 (16) 
EREF 
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Figure 9. Trimming Eos 


Since the input terminal is grounded through the 10kQ resistor, 
Vin = 0. The equation for output voltage then becomes 


E, =-K log Eos (17) 

EREF 
Remembering that the log is undefined for zero, assume a practical 
limitation on E,,, and then calculate E,: Since the change in E,, 
with temperature for a good FET amplifier is in the range of 
20pnV/°C, it is reasonable to assume that adjustment of E,, to 
10uV would be reasonable. 


Using this value of E,, and the value of K and Ep pp specified for 
the log amplifier, the output can be calculated. For Model 755N, 
as shown in Figure 9, the output is 


E, =-1V1 [oer | 4V,forE,,=-10uV (18) 
=. fe) — ee = , for =. 

0 = | 100mV ent ten 

The amplifier’s offset voltage can therefore be adjusted to within 
10zV by adjusting for a +4V output (for 755P, the output would 
be -4V). By adjusting for a higher output voltage, one can adjust 
the offset to a still smaller value. Care should be taken to ensure 
that the amplifier’s output voltage specification is not exceeded, 
since this may lead to a false offset indication. 


A volt-ohmmeter is all that is required to monitor the output, 
since the signal level of 4V is high, and impedances are low. If an 
oscilloscope is used to monitor the output, high noise levels will be 
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observed when performing this adjustment. This is to be expected, 
since the sensitivity is extremely high: for the next decade, (SV — 
4V) out/(10uV — 1pzV) in =111,000, gain for input noise. The 
open-loop gain of the amplifier may, in some cases, limit the 
closeness with which zero input may be approached, beyond 4V 
out. For 755P, the output is adjusted to <-4V. 


Reference-Current Adjustment: A shift of reference current re- 
sults in a dc offset at the output. By adding a dc voltage to the 
output, one may change the reference current to the desired value. 
This can be accomplished in the amplifier stages following the log 
amplifier or by injecting a current into an unused scale-factor- 
feedback terminal. In the latter case, the impedance of the 
scale-factor terminal being used must be known. The current 
inserted into the unused terminal, multiplied by the resistance in 
series with the used terminal determines the amount of offset 
change. This point is illustrated in Figure 10. 


Eo™—Klog —" — 19" 15K 


free 
ANTILOG 
CIRCUIT 
i - 
a 


Figure 10. Adjusting |REF by inserting current into unused 
scale-factor terminal. Since V7 is.determined by input only, 
19’ must flow out through 15k. resistor, biasing Eg by 
(15kQ) (Io). If lo’ =67pA at terminal 2,1 REF is, in effect, 
divided by 10. 


Ig’ INJECTED HERE 


SINCE K=1 


SEQ = 1V tin x 10) 
Incr 


FOR Io’ = 67nA 


Eo 


It should be noted that shifting Ip py has no effect on the output 
other than changing the value of input at which zero output is 
obtained (Figure 11). 
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Iaper = 107A 


Iger 108A 


tree 2 107A 


fiw (LOG SCALE) 


Figure 17. Output vs. input (log scale) as a function of | REF 


Reference-Voltage Adjustment: The reference voltage is defined 
in (15). Provided that R;y is constant over the range of operation, 
the effects of changes of Ep yp are the same as for those of Ip pr, 
and the adjustment technique is exactly the same. 


Scale-Factor Adjustment: Scale-factor may be adjusted by chang- 
ing the total resistance between the output and the dummy 
summing junction shown in Figure 10. By adding resistance in 
series with one of the scale-factor terminals, the scale-factor may 
be increased from its nominal value. In general, the total resistance 
required to obtain any value of scale factor is 


Ry =KR, (19) 


where R, is the resistance of the resistor at the 1V/decade 
scale-factor terminal and K is the desired scale factor. 


Example: To achieve a 5V/decade scale factor for a log amp 
having a 15kQ input resistor at the 1V/decade terminal, calculate 
the external resistance required (Ry — R,) or (Ry — R9). 


Ry = (5)(15kQ) = 75kQ (20) 


The total resistance required is thus 75kQ2. If one uses the 
1V/decade terminal, the external resistance required is (75 — 
15)kQ = 60kQ. Alternatively, one might use the 2V/decade 
terminal, and connect an external resistance of (75 — 30)kQ = 
45kQ. 
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APPLICATIONS 
LOG OF VOLTAGE — DATA-COMPRESSION EXAMPLE 


One of the more-interesting applications of a log module is in data 
compression. Suppose it is desirable to introduce a signal to a 
computer or data link, maintaining an accuracy within 1% of the 
signal throughout the range. 


The conventional approach might be to select an A/D converter 
having sufficient resolution to meet the accuracy requirement. If 
the input range were 1V to 10V, the dynamic range would be 
from 1% of 1V to 10V, or 1000:1. To obtain this resolution, a 
10-bit converter might be used,* and 1 LSB (least-significant bit) 
would represent 1% of the smallest signal. If the range were 
increased to 10mV to 10V, the converter would require a 
resolution of 1% of 10mV to 10V, or 1:100,000. To even 
approach this resolution, a 16-bit converter would be barely 
sufficient.* An economical alternative, maintaining the required 
1%-of-signal accuracy error is to use a log module over a 3-decade 
range for data compression, and a 12-bit A/D converter. The 
proposed scheme is shown in Figure 12. 


LOG 
AMPLIFIER 
755P 


INTERFACE! 
-10V to -10mV 


Figure 12. Data compression, using a log amplifier 


In order to convert the log output to a unipolar signal, an external 
current source will be used to shift the reference current. To 
‘achieve the proper scale-factor, or gain, an external resistor, R1, 


*21° = 1024, 21§ = 65,536 
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has been added in series with the K = 1 output. The input 
resistance value, Ry, will be chosen for the range of best log 
conformity, and connected at the current input, pin 5. 


The first step in applying the log amplifier is to select the proper 
polarity. Since the input voltage is negative (-10mV to -10V), the 
P-type log amplifier is required. A Model 755P complete log 
amplifier is chosen, in order to minimize the design effort. 


Choosing Rry: After selecting the log amplifier, the region of best 
log conformity is noted, and an attempt is made to shift operation 
‘to those decades. For Model 755. the best log conformity is 0.5%, 
specified for the range from 10nA to 100uA. Ryy is selected, for 
use at the current input, to provide the highest input current 
desired (100A) at the highest input voltage magnitude (10V). 


Rin = 10V/100#A = 100kQ (21) 


The lowest value of input current expected is 10mV/100kQ = 
100nA. The input-current range is therefore well within the range 
of 0.5% log conformity. 


Adjusting K: To determine the best value of K for the applica- 
tion, the input requirements of the following stage must be 
considered. If we assume the 12-bit converter to have an input 
range of 0 to +5V, K can be calculated. The total output voltage 
required is 5V, and the input range spans 3 decades. Therefore, K 
must be 5/3V. 


From the data sheet for the log amplifier selected (755P), a value 
of 15kQ is given as the input resistance of the 1V/decade terminal. 
The total resistance required for K = 5/3V is 


Ry = (5/3)(15kQ) = 25kQ (22) 
A nominal 10kQ is required in series with the K = -1 terminal. To 


allow for tolerance of the internal resistor, a 10kQ 10-turn pot in 
series with a 5kQ resistor is adopted as R1. 
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Shifting Ip zr, Since Ip_p determines the point at which a zero 
output will be obtained, and since a zero output is desired for the 
smallest input current to be processed, it is this value of current, 
100nA, that Ip gp will be shifted to. 


The transfer curves for the 755P (Figure 8) show that a -2V 
output would be obtained for 100nA input at K =-1V. Since this 
is the current level for which a zero-volt output is desired, the 
current I, ’ injected into the unused scale-factor terminal must 
shift the output in the positive direction. Referring to Figure 10, 
’ one can see that a polarity inversion occurs between the unused 
scale-factor terminal and the output. To cause a shift in the 
positive direction, the current to be injected must be negative, i.e., 
derived from a negative voltage. 


The amount of current to be injected can be calculated by Ohm’s 
Law, using the total resistance of the scale-factor terminal 
connected to 1, the output, and the amount of voltage to be 
shifted. 


2K 2X 5/3 
=——= —_ = 133yA 23 
Sd (23) 


A resistor to the negative supply (of value 15V/133uA = 30kQ) 
can be used to obtain this current, but shifts in the offset voltage 


-15V 


INS34A LV 
500k2 


1N914 
PARALLEL 
EMITTER 
LOAD: 
5kQ ev 
100ppm Rp = aaa = Sk 


TO TERMINAL 2 


Figure 13. Constant-current source to shift reference current 
(lo’ = 133yA) in circuit of Figure 12. 
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at the dummy summing junction (Figure 10) of 60mV/decade can 
cause significant errors. For example, if Ippp were adjusted at 
100nA I,y, a shift of 180mV would occur as the input increased 
to 100zA (3 decades @ 60mV/decade), resulting in a shift of 
offset current of (180mV/15V) X 100 = 1.2%. 


Therefore, a rudimentary current source, shown in Figure 13, is 
used. 


Trim Procedure 


1, E,,: The first step in the trim procedure is to adjust E,, of 
the log amp to nearly zero volts. As mentioned earlier, this can be 
accomplished by leaving pin 5 open (or Vy disconnected), and 
grounding pin 4. The trim pots for Ippp and the scale factor 
should be set to midrange, in order to reduce interaction. R2 
would then be adjusted for 


E, = —K log(10uV/EREF) 


u 


(5/3) log (10zV)/(100nA X 10kQ) 


~10/3 V | (24) 


Adjusting for any voltage between -10/3V and -5V will insure 
that E,, has been adjusted to within 10yV. 


2. Inger: After E,, has been adjusted, Ip pp can be adjusted 
by applying a value of input that will cause Ip gp to flow into the 
log amplifier. To accomplish this, set V;y to 10mV and adjust the 
reference-current source for zero volts out of the log amplifier. 


3. K: To adjust K, the input signal should be increased to its 
maximum value of -10V. R1 is then adjusted for 5V output. 


4. Because some interaction among the adjustments cannot be 
avoided, all adjustments should be repeated at least once, and in 
the same order as initially performed, E,,, Ip pp, K. 


444, NONLINEAR CIRCUITS HANDBOOK 


Error Analysis 
Parameter Error Comment 

EREF =0 Initial error is trimmed to zero 

Eper Drift 0.5% RTI £0.1%/°C x 5°C = 0.5% 

Log Conformity 0.5% RTI Input was scaled to within range of £0.5% log 
conformity 

Eos =0 Initial error trimmed to zero 

E,, Drift 0.75% RTI (£15nV/ °C X 5) /10mV worst-case condition; 
occurs only for smallest input signal 
(7.54 V/10mV) (100%) = 0.75% 

loge log Drift =0 Negligible contribution 
(10 pA/100 nA) (100%) = 0.01% 

K =0 Initial error trimmed to zero 

K Drift H10mV RTO = 35°C x 0.04%/°C x K log (Vin/ERer) 
= 4+(3 — 0.33) mv log (V},y/0.01V) = 10mvV @ 


Total error, referred to input, at constant temperature: +0.5%. 
Total error, RTI, over the temperature range, assuming a worst- 
case condition that all errors are additive: 


(40.5 40.5 +0.75)% RTI + 10mV RTO 


Converting 10mV RTO to an RTI term by Table 4 yields 1.4%. 


Total error RTI over the 10°C temperature range is 3.15% (1.74% 
root-sum-squares). 


A/D converter error: If the total converter error is kept to 1LSB = 
1/4096F.S., the equivalent log-amplifier output error is 5/4096 = 
1.22mV. From Table 4, this is equivalent to 0.28%, referred to the 
input, at any level. 


LOG OF CURRENT — PHOTOMULTIPLIER EXAMPLE 


In this example, the output current of a photomultiplier tube is to 
be applied to a log amplifier, as shown in Figure 14. 


Rt R2 


PHOTOMULTIPLIER 
AAAA 
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-soov -——| ra 


755P 
LOG 
AMPLIFIER 
TC VVVV! dona 


= TO 100nA 


Figure 14. Log of current — photomultiplier input 


Since the input is a current source, there is no need to perform 
the offset-voltage adjustment. This can be verified by determining 
the source resistance that will produce 0.5% error RTI at the lowest 
level: Rg = 500uV/(0.005 X 10nA) = 10MQ, easily achievable with 
a photomultiplier. 


The output of the 755P will be as predicted by the transfer curve 
(Figure 8). Level shifting, in this case, is accomplished by adding 
an offset to Al via R1, and gain is trimmed by a small resistor R3 
in series with R4. 


For 0 to -10V output, the gain of Al is 10/4, or 2.5, since 4V is 
the entire output range of the log module when spanning 4 
decades at 1V/decade. The ratio of R, to (R3 + Ry) is then 2.5:1. 


At the low end of the range (10nA), the corresponding output 
voltage is -3V. At the output of Al, it is amplified to (-3)(-2.5) = 
7.5. In order to offset it to zero at the output of Al, Rl must 
have the value, determined by the gain equation 

+15V(-R2/R,) =-7.5V 


R, =2R, (25) 


If R2 is selected to be 25kQ2, 


R, = 50kQ 
R; = 10kQ pot 
R, = 5kQ 
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- Error Analysis @ +10° C Temperature Range 


Parameter Error Comment 

lREF =0 Trimmed to zero by R1 

IpeR Drift 41% 40.1%/°C x 10°C = 41% 

Log Conformity +0.5% Not trimmable 

Eos: Fos Drift = Can neglect when equivalent {Thevenin) voltage is 
much greater than Eg, 

los <0.1% Worst case at lowest input current 
(10 nA/10 pA) (100%) 

los Drift <0.1% Additional 10pA due to log doubling per 10°C 
increase 

K =0 Initial error of 10mV trimmed to zero by R3 

K Drift 12mVv 410°C x 0.04%/°C x K log (Iyy/102A) 


= AmV log (1;))/10#A), worst-case at Iypy = 100A 


Total error, referred to input, at constant temperature: +0.6%. 


Total error, RTI over the temperature range: 


1.7% + 12mV RTO = 4.5% RTI. Referred to the output by Table 
4, 4.5% RTI is equivalent to 19.3mV, or less than 1/2% of F.S. 


Log Ratio 
Applications 


Chapter 2 


The logarithm is a mathematical function. When it is employed to 
describe the behavior of a physical entity, its argument must be 
dimensionless. Accordingly, practical logarithmic devices always 
compute the log of a ratio of two voltages or currents; the 
numerator is termed the “signal,” the denominator the “ref- 
erence.” 


The distinction between “log” devices and “‘log-ratio” devices is 
practical, not semantic. It is determined by the requirements of 
the application on the “reference,” and the consequent effects on 
the circuit design and external connections. If the reference is 
more-or-less fixed and considered a constant, the subject is a “log” 
device. If the reference is controlled by an external signal, or is 
simply considered to be freely variable, a different circuit design is 
usually employed, and it is called a “log-ratio”’ circuit. It is to the 
latter group of applications that this chapter is devoted. 


A typical commercially-available log-ratio circuit (Model 756) has 
its performance defined over a range of 4 decades of signal current 
and 3 decades of reference current, or a total range of ratio of 
107:1. While it is convenient to use and by no means expensive, 
the user can often find it a more practical matter to design a log 
ratio circuit to meet a set of specific needs with the aid of the basic 
log element (751). Log-ratio circuitry is somewhat simpler to deal 
with than log circuitry, because a separately-generated reference 
current is unnecessary. 


Figure 1 shows the simplest temperature-compensated log-ratio 
circuit, driven by two current sources, I,,; and I,,. Since the 


448 NONLINEAR CIRCUITS HANDBOOK 


operational amplifier maintains its inputs at essentially the same 
potential, V,, the two log-diode-connected transistors are essen- 
tially in series-opposing, and the sum of their voltage drops, 
proportional to the log of their current ratio, appears at the tap of 
the voltage divider, Vz. If 1,, can be kept low enough so that it 
does not significantly load the voltage divider, 


R I 
E, =|1+—2 KT | St (1) 
Rrc a I,o 


The divider incorporates a temperature-sensitive resistor, Ryc, 
which is designed to compensate for the temperature variation of 
kT/q. The resistance values of Rg and Rrc are chosen and 
trimmed to make 


Ral eE 
1+ —©| — in(10) = 1.00V (2) 
Therefore, 
E, = Los] | (1V/decade) 3) 
$2 


independently of temperature. 


VV in 2 


q les2 


R 
Eo =Vzp (1+ —* } 
Rre 


1 
Eo = 1.0 log 
Iz 


VALIDFOR 10° A<1I,<10%A 
10° A<1,<107A 


Figure 1. Simple temperature-compensated log-ratio circuit 
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VOLTAGE vs. CURRENT: INPUT-LOADING EFFECTS 


Since the basic log elements convert linear current to log voltage, 
inputs in the form of current from ideal current sources having 
“infinite” source resistance can be used with any of the circuits to 
be discussed here. If the input signal is a voltage, it must first be 
converted to a current. This is, of course, an inherent feature of 
circuits that employ inverting operational amplifiers operating at 
zero common-mode potential.* A precise value of series resistance 
will determine the current scaling. However, in the simple circuit 
of Figure 1, employing a differential-input operational amplifier, a 
voltage source and its series resistor “look into” V,. At the ~ 
negative input terminal, V ,- is a variable common-mode voltage; at’ 
the positive input terminal, it is a nonlinear load resistance. If the 
input voltages are V,, and V,,, in series with resistances R,, and 
R,», then (Figure 2a) 


jeg = log Msi = Vas, Baa (4) 
I, Vs2—- Va Rei 

If the inputs are imperfect current sources, having non-infinite 
internal resistances, the effect is similar. The log ratio of the actual 
input currents is 


L I, —Va/lRg2 


Va is an implicit function of I,,, R,,;, Va, and the reverse- 
saturation current of Dl, Ips, 


(3) 


vy =e th LATS br — Va Rai (6) 
q les: q Teey 

While V, cannot be determined explicitly, it can be plotted as a 
function of I,, for various values of R,, (Figure 2b). The plot is 
based on the assumption that I,,, at 25°C is about 2X 1015 A,a 
realistic value for the best log transistors. For higher values of 
Ips, or temperature, the plotted value of V, is high, ie., 
conservative, by about 60mV/decade of Ip, and 2mV/°C. Quite 
often, V, is simply assumed to be about 0.6V; however, for 


*See Fig. 8, this Chapter, and Fig. 9 in Chapter 3-1. 
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low-current operations, this figure could be conservative by a 
factor of 2 or more. 


The output error attributable to V, and finite source resistance is 
a term that adds to (3), approximately 


; 1-V,/Rsilsi 
tee yates . 


The difference between the term inside the brackets and 1.00 is 
the ratio-error (%/100) contribution, referred to the input. The 
relationship between input and output errors can be seen in Table 
4, Chapter 4-1 (K = 1). : 


Vs1 — Va 
= Vy, 
i Rs1 ty =ls1 — = 
Vs2 — Va V, ‘ 
Rei OR Le = Jee — A 
Rs2 . Rsz In =Isz = 
+ Is Rs1 + 


Figure 2a. Input current as a function of source voltage or current, 
source resistance, and V ,. Amplifier bias current and circuit 
leakage current are considered negligible here. 


Navies api 


oa ANN 
eirvarun 


Va VOLTS (LINEAR SCALE} 


10% 107 104 10% 10 107 UPPER CURVES 
10°12 1071 10°10 10° 10% 107 LOWER CURVES 


Is; AMPERES (LOG SCALE) 


Figure 2b. V , as a function of input current for various values of 
source resistance, assuming that lpg 2x 107 15 4 @+25°C 
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It has been assumed that I, does not load the feedback voltage 
divider. To investigate the validity of this assumption, note that 


VB R 
aan. *Ro(ge “f= va(t+ gS) si 


The error, 1,Rg, if I, = 1uA, is (for Rg = 15kQ) 15 mV, or 
about 4% referred to the input. For 1% error, RTI, the output 
error is 4.3mV, corresponding to a maximum I, of 290nA, for this 
circuit. 

Because the properties of current sources may be affected by 
voltage, it is important, in such circuits as Figure 1, to ensure that 
the “compliance voltage” of the current inputs is greater than V, , 
and that V, does not seriously affect the parameters of the 
current source. 


RESPONSE AND STABILITY 

Since the transistors are connected as diodes, D2 is a passive 
feedback element, with a resistance = rz, & (401,)1. The 10pF 
feedback capacitance should be quite adequate to compensate for 
input strays (Figure 3). 


T 


Figure 3. Dynamic model of log-ratio circuit 


The effective net resistance of the feedback divider (output to 
summing point) is 


R 16 
Rett = Ro +e(1+# 22) & Re * Zo, (9) 
For this circuit, because of the accuracy requirement implied by 
(8), I, is likely to be less than 1A, hence R, ¢¢ = (2.51,)1, and 
the small-signal time-constant, R, ¢¢C = C/(2.51,). For example, if 
C = 10pF and we are considering small-signal variations of I, in 
the neighborhood of 100nA, 7 = 40ys, w = 25kr/s—> 4kHz. 
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For small changes in I, , which may be considered to be changes in 
Va/tg CU, fixed and having negligible admittance), the output 
will immediately change by V, (1 + C,/C), then continue on to 
the final value with the same exponential time-constant as 
discussed above. 


For transdiode applications, if feedback to the amplifier’s positive 
input can be considered negligible, the stability considerations are 
quite similar to those discussed in Chapter 3-1 (Equations 10 to 16 
and Figures 5, 6, and 7 are quite relevant). For stability 
explorations, the open-loop gain of the amplifier may be con- 
sidered to be reduced by (1 + Rg/Ryc), thus lowering its Bode 
plot by 20 log 16 = 24.1dB, and Rg is, in effect, the parallel 
combination of Rg and Ry = 94022. 


APPLICATION CONSIDERATIONS 


Thus far, there have been a number of tacit assumptions: that the 
diode-connected log elements are matched and are isothermal with 
each other and with the compensation resistors, that the diodes 
operate in the range for which hy, is sufficiently large and the 
bulk resistance sufficiently small to cause negligible errors, and 
that the amplifier’s offset voltage, bias current, and common-mode 
errors are negligible. We shall now look more closely at the 
amplifier requirements, at various elements of log-ratio-circuit 
performance specifications, and at a number of alternatives to the 
circuit of Figure 1. 


CHOOSING THE OP AMP 


In low-current operation, the time constants involved are signifi- 
cantly longer than amplifier time constants and preclude the 
possibility of operation at high frequency. The bandwidth 
restrictions on the choice of op amp are therefore minimal, unless 
log operation is confined to high current levels. 


Bias current is the primary specification for all log applications 
involving current-input signals. The op amp’s bias current is added 
to the input signal (+) and flows through the log element. Errors 
can be stated directly as percentage of input. 
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% error RTI due to Ipyq 5 = 100% (1,,/I,) (10) 


For log voltage ratio applications, the input signal is converted to a 
current by the input resistor. The resulting current should be the 
value of I, that is compared with I, in (10). 


Offset voltage is of little importance in log current-ratio applica- 
tions if the current signals are “true current sources.” The effect 
of offset voltage (E,,) for either current or voltage applications is 


% error RTI due to E,, = 100% (E,,/V,) (11) 


For voltage applications, V, is the voltage signal to be logged. For 
current applications, V, is the equivalent open-circuit voltage 
source corresponding to I,R,. If E,, is not very much smaller than 
the smallest value of V, for which a stated accuracy level is 
desired, it can be a significant source of error and should be 
trimmed to zero. (Also, in such applications, the amplifier should 
be chosen for low thermal drift, as noted below.) 


Offset-voltage drift is important for those applications in which 
the current input is not provided by an ideal current source. To 
determine the required amplifier-offset specification, the tempera- 
ture range, the allowable % error over the temperature range, and 
the lowest voltage for which that % error must be maintained are 
decided upon. The maximum allowable amplifier offset tempera- 
ture-coefficient is 


MV enin Oca ) 
C= 12 
Foshe AT 100 CT 


where V,,;, is the lowest input voltage 


5 max iS the largest allowable % error at Views 


AT is the change of temperature from the temperature at 
which E, ,was trimmed to zero. 


For example, an input range of 10mV to 10V is to be applied to 
one terminal of a log-ratio device (assuming that the common- 
mode voltage is zero), and it is necessary the E,, contribute no 
more than 1% error over the range 20°C to 40°C. E,, might be 
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trimmed to zero at mid-range (30°C). Then the required offset 
temperature coefficient would be 
0.01 X 1 
E,,1.C. = —————— = 10x V/°C (13 
os z10° x 100 HV! ae 
The same procedure would be followed to determine I, and E,, 
requirements for the second input terminal. 


Output-current rating, as with all op amp circuits, would be 
selected for the capability of supplying the maximum require- 
ments of the load, in addition to the requirements of the feedback 
circuitry (usually negligible). 


OTHER CONSIDERATIONS 


Dynamic Range: The dynamic range of the circuitry used in a 
given application is determined by the logarithmic resolution of 
the device used as a log element, the dynamic range of the input 
signal, restrictions caused by characteristics of the specific circuit 
configuration and the devices used in it, and the desired accuracy 
level. A typical basic log element, such as Model 751N, can be 
used over a range of 100pA to ImA with less than 2% error; over 
limited ranges, better accuracy can be obtained. For the circuit of 
Figure 1, dynamic range was limited primarily by the common- 
mode range for voltage sources and source resistance for current 
sources, at the low end, and by I,Rg at the high end. More- 
sophisticated circuits are available, as will be shown in a later 
section, in which the characteristics of the log element are the 
primary limit to the dynamic range, assuming proper op-amp 
selection and care in circuiting. 


Polarity of the Input Signal and of the Log Device: All log . 
elements are restricted to inputs of a single polarity (but the 
outputs can be bipolar, with zero occurring at unity current ratio). 
By definition of the logarithm, the log of zero and the log of a 
negative number do not have real values. This means that for a 
given design, the input currents must both be of the same polarity, 
and of such polarity that the diodes are conducting in the forward 
direction, i.e., the most favorable direction for log behavior. Of 
course, input signals may be conditioned in preceding stages, 
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except in the case of extremely low currents, for which immediate 
conversion may be desirable. 


If a transistor is diode-connected, either an N (NPN) or P (PNP) 
log element.may be used, since the transistor is connected as a 
reversible two-terminal device. (In such cases, direct input currents 
of either polarity may be applied, and properly dealt-with in 
post-conversion conditioning.) In general, log-transistor connec- 
tions (transdiode and follower) are not reversible, and polarity 
must be specified as “P” type for applications requiring PNP 
transistors (751P) and “‘N” type (751N) for applications requiring 
NPN transistors. 


Temperature Range: Nearly all of today’s commercially-available 
logarithmic modules, whether basic log elements, log trans- 
conductors, log amplifiers, or log-ratio modules, are temperature- 
compensated. Specially selected resistors (Ryc¢ in the circuits 
discussed above), having resistance that increases predictably with 
temperature, are used to reduce the temperature-dependence of 
the log equation, (kT/q) 1n (ratio), from 0.3%/°C to 0.04%/°C. 
Although this is an order-of-magnitude reduction of error, there 
can still be considerable contribution of scale-factor error if large 
temperature excursions are to be encountered. The offset voltage 
and bias current of op amps can also contribute significant error 
over wide temperature ranges. Of concern for measurements at 
very low currents, high temperatures may increase I, , by several 
orders of magnitude; though the log transistors may still track, 
their log-conformity errors will be considerably increased. 


For these reasons, the user of log devices who seeks high-accuracy 
wide-range operation is urged to limit ambient temperature 
variations to the vicinity of +10°C. An analysis illustrating the 
effects of temperature in a typical application, involving the 
voltage/current log module Model 756, is given at the end of this 
chapter. 


Output Polarity: The output voltage of the log-ratio circuit can be 
either positive, negative, or bipolar, depending on the ratio I, /I,, 
and whether or not offsets are added at the output. Figure 4 
shows the output as a function of the ratio of input currents for 
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two different scale factors. For any given application, only a 
portion of the entire 14-decade (potential) range would be used. 
By determining the range of expected input signals and computing 
their ratios, one can use Figure 4 to predict the expected 
output-voltage range. I, and I, may be assigned arbitrarily, to 
match device performance to current range, but polarity should be 
observed. 


10% 10% 102 \1 RATIO 


GAA (LOG SCALE) 
INPUT CURRENT RATIO : 


OUTPUT VOLTAGE 


ES 1 
K:1—> 1.0 log SY =~ 1.0 log > 


Figure 4.. Output of ideal log-ratio circuit vs. input ratio, showing 
effect of exchanging numerator and denominator 


If for any reason* it is necessary to change the effective input 
scaling, so that the zero-output point occurs at a ratio other than 
unity, but the input signals themselves are unavailable for scaling, 
the output can be offset by applying a current to the junction of 
Rg and Ryo, as shown in Figure 5. As noted earlier (Chapter 4-1), 
the voltage at this point (V,) is determined by the inputs. 
Therefore, any current added must flow through Rg, offsetting 
the output by -I, Rg. 


Since V, is a function of the input ratio (60mV per decade- 
change), the offsetting current source in Figure 5 should have 
high-enough source impedance to be unaffected by variations of 
Vz- 


*Examples include: locating 0 at the middle or extremities of the range, and measuring 
deviations of equipment from a fixed gain or attenuation, e.g., determining by how 
many “dB’’, an actual gain differs from a nominal gain of 100X. 
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EXTERNAL 
OFFSET 
CURRENT 


AE ® 1.0 loy 4p = — Ig Rg 

= Eo~1.0[log-—— lp Re| = 1.0 log oo[ =] 
ap = 10-1BRG/10 

Figure 5. Offsetting the output to shift the zero output (unity 

ratio) coordinate. The output shift, 4Eo, corresponds to the 

input ratio multiple Sp (K = 1.0). 


If the signal is to be processed beyond the log-ratio amplifier, it 
may be better and easier to simply add a constant voltage or 
current at an op-amp summing junction in a succeeding stage. 


Log Conformity is the specification of logarithmic devices that is 
akin to linearity in linear devices. Log-conformity error is the 
difference between the theoretical value of the logarithm of a ratio 
and the actual value that appears at the output of a log-ratio 
circuit after initial zeroing at unity-ratio, and scale-factor adjust- 
ment (either by end-point or best-straight-line* method). 


Log conformity is basically limited by degradation of transistor 
gain at low current levels and by base-spreading resistance at high 
current levels. The form of connection affects the gain at low 
current levels; for example, diode-connected log transistors have a 
useful log range that is limited to about 1nA at the low end. If the 
log devices are used as transistors (“transdiode’’) rather than as 
diodes (base and collector tied together), additional decades of 
performance are available at the low end. 


Base-spreading resistance, for log transistors, is a small resistance 
of a few ohms that appears in series with the emitter. For an 
emitter current of lmA and 1 of series resistance, an error of 
ImV will be obtained. The feedback attenuator will cause it to be 
magnified by (1 + Rg/Ryc) at the output. For 1V/decade 
operation, a 16mV error will be obtained for every ohm of 


*But “best straight line” implies the ability to measure log conformity @ priori. Although 
“best straight line,” usually specified, gives a 2X tighter specification, “end point” is - 
easier to measure, since it is more easily located 
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base-spreading resistance. Referred to the input ratio, this is an 
error approaching 4%/Q. This source of error can be reduced to a 
satisfactory level with most of the transistor types used for log 
operations by restricting input signals to about 100uA maximum. 


Log Voltage-Ratio: Much that has been said about log current- 
ratio is also pertinent to log voltage-ratio as well. The only 
additional consideration for voltage applications is the means of 
converting voltage to the current needed by the log element. If the 
summing junctions of input amplifiers are available, the problem is 
trivial, for all that is required is to attach a resistor from the 
voltage source to the summing junction. 


The input current I, is then 


Vin -E 
I — _IN Os 14 
las Tas (14) 
The initial amplifier E,, should be trimmed to zero, and the 
amplifier chosen should have low E,, drift over the temperature 
range of concern. 


As noted earlier, there are a number of circuit configurations that 
do not permit voltage to be easily and accurately converted to a 
current. These configurations are referred to as log current-ratio 
designs. Fortunately, many of the natural phenomena, for which 
log-ratio measurements are desired, are measured by transducers 
that provide current outputs. It is important that the designer 
assure himself that such transducers have sufficient “compliance 
voltage”’ to behave as ideal current sources in the presence of 
voltages of the order of 0.6-0.7V (V, in Figure 1). 


EXAMPLES OF LOG-RATIO CONFIGURATIONS 


The circuit of Figure 6 is similar to that of Figure 1, but Q2 is 
connected as a “transdiode” rather than as a diode, extending its 
range at the low end. Currents from a few picoamperes to about 
0.3uA may be converted with good accuracy. 


Since I,, must furnish the base current for Q2, while maintaining 
the base voltage at V, , the range of I,, is restricted at the low 
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end. For example, if hpp . = 150 at I,, = 0.3uA, then I,, must 
furnish 2nA of base current to Q2. Even if this is the maximum 
base current that must be supplied, over the expected range of I,>5 
it is evident that I,, must always be greater than 400nA to ensure 
that the contribution of this source of error will be less than 0.5%. 


tid Ate 
Wy 


Va 


o Fo 


Eo = 1.0 log lie 
tg 
W7A<1, <104A 


WMA<Ig <107A 


Figure 6. Modification of the circuit of Figure 1 to extend the 

range of Iso at the low end 
The amplifier is of the Model 42 family, with bias current 
considerably less than the smallest signal to be processed. 


Even though the dynamic range of I,, has been increased at the 
low end, the restriction on I, for currents higher than 0.3yA still 
persists, because of the error caused by the flow of I, through Rg. 


If a follower-connected op amp is used to unload V, and drive the 
base of Q2, the current swing of I,, at the low end can be greatly 
extended. 


In the circuit of Figure 7, which happens to have negative input 
currents but uses an N-type basic log element, the feedback 
element is a follower-connected log transistor. Since the current 
that flows through Rg is just the base current of Ql, the dynamic 
tange is greatly improved at the high end. However, the low end 
for I, is still degraded, due to the diode connection of Q2. In 
addition, the log conformity error for the ratio will be increased 
because the base and collector of Q2 are at slightly-differing 
potentials. 
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| j= 


0 Eo 


t 
Eo = 1.0 log 
lz 


10° A <1), 12 < 104A 


Figure 7. Follower-connected log transistor unloads the Rg — Rrc¢ 
divider, allows wider range of current swing 


. Figure 8 provides accurate wide-range log-ratio conversion for 
voltage and/or current inputs. Ideal for wide-range voltage signals, 
this circuit employs chopper-stabilized 234 amplifiers for low 
voltage offset and drift, enabling the accurate processing of signals 
ranging from 1mV to 10V. If higher input voltages are desired, the 
100kQ2 series input resistors would be scaled proportionally (e.g., 
1MQ for 100V). The dynamic range would be increased, because 
the low-end resolution would still be ImV. 


100k2 3.3MQ 


Figure 8 Wide-range log of voltage — or current — ratio 
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The individual log signals at the outputs of Al and A2 are 
subtracted and amplified in A3’s circuit, using precision resistors 
and the 751’s temperature-compensating resistance network. As in 
the other circuits, temperature compensation and gain are pro- 
vided by Rg and Ryc. The high-performance Model 43K was 
chosen to provide good common-mode rejection for low-level 
signals, low noise, and low offset drift. 


LOG-RATIO MODULE 


Figure 9 is a block diagram of a self-contained temperature- 
compensated log-ratio module, Model 756. Log current-ratio is 
computed by applying the input currents directly at the input 
terminals (amplifier summing junctions). Input voltages can be 
converted to current by applying them in series with external 
resistances, of appropriate magnitude and stability. The internal 
log amplifiers convert the input currents to log voltages, which are 
subtracted to obtain the log-ratio, and the difference is furnished 
at low impedance by the output amplifier. 


Figure 9. Functional block diagram of Model 756 log-ratio module 


The 756 capitalizes on the asymmetry of typical applications that 
require log ratios, to obtain a near-optimum price/performance 
tatio: the “signal” input, channel 1, uses a high-performance 
FET-input amplifier with 10pA maximum bias current, which 
allows input signals from inA to 100yuA to be processed 
accurately. The second input, the “reference,” channel 2, can 
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process signals spanning 3 decades of current with good results 
For best results, if channel 2 is scaled to a geometric mean of IuA, 
with variations of +1 decade (from 100nA to 10pA), there will be 
no appreciable error as the input current at channel 1 is varied 
from InA to 100A (7 decades of log ratio). 


Figure 10 is a typical plot of log-conformity error as a function of 
I, for various intermediate values of I,. (It must be emphasized 
that I,, like I,, is continuously variable.) The curve is typical for 
separate or simultaneous variation of I, and I). 


ERROR —-% 
REFERRED TO INPUT 


In = HA 10pA O.1mA 
TED, mere ee O.7KnA 


‘ees =100KA --—— 


Figure 10. Typical pee plot for Model 756 log-ratio module. 
(% Error (RTI) vs. Is3g) 


The performance of the 756 is representative of performance that 
can be obtained using appropriate log-ratio schemes, involving the 
basic log element and op amps, provided that good design practice 
is adhered to. 


Best overall operation (except for bandwidth) is almost always 
obtained when operating in the center of the range (geometric 
mean of the extremes), avoiding errors due to bias current and 
reduced transistor current-gain at the low end, and errors due to 
base-spreading resistance at the high end. 


CHOOSING AN APPROACH 


The alternatives facing a designer are essentially three: 
1. To buy a self-contained log-ratio module 


2. To assemble two log amplifiers and a difference amplifier in 
a configuration similar to that of Figure 9. 
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3. To design and build a circuit that is an optimum compromise 
between cost and performance, using basic log elements and 
operational amplifiers. 


For the general run of applications for which its performance is 
suitable, in laboratory and instrumentation applications, systems, 
and equipment, option 1 is the best choice. It allows the designer 
complete freedom to deal with other system problems, once the 
choice is made. If the potential usage involves large numbers (e.g., 
more than 100 units), the designer may wish to investigate 
possible economies via option 3. 


If the design problem involves current ranges at one (or both) 
inputs exceeding the available performance of the log-ratio 
module, the second option should be considered. It can make 
available from 12 to 14 decades of log-ratio (240 to 180 “‘dB’’). 
Naturally, it is somewhat more expensive than the first option. If 
the potential usage involves large numbers, the designer may again 
wish to investigate possible economies via option 3. 


The designer will consider option 3 where the quantity of devices 
required (especially if performance requirements are looser than 
those specified for packaged units) suggest the possibility of 
economy through a special-purpose design or a more-compact 
overall package. He should also consider the third option if, in 
addition, unusual combinations of dynamic range, input signal 
(voltage or current), polarity, scaling, or combined operations (log 
products and ratios) are involved. 


If possible cost-savings over a standard module are the sole motive 
for considering option 3, the designer should take into account 
other costs in addition to parts and labor; these include, of course, 
design and development; they also include costs of parts procure- 
ment and inventory, availability of potting facilities (a must for 
reasonable performance of the basic log elements—see Chapter 
4-1), test and temperature-performance trimming facilities, the 
unavoidable scrap, plus appropriate overhead rates. Often these 
hidden costs increase the attractiveness of complete-module prices 
in large quantity. 


The form in which the input signal presents itself may play a large 
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part in narrowing the selection of designs. If the inputs are true 
current sources, any of the alternatives presented are suitable. But 
if V, is an appreciable fraction of the input voltage, or if the 
signal is the short-circuit current of a very low voltage device, then 
amplifier summing junctions must be made available. Such 
applications suggest options 1 and 2. 


A key step in the design is the consideration of polarity. For 
designs where positive current flow (opposite to electron flow) is 
from the source toward the input terminal, an N type module 
(NPN transistor) would be selected. If the current flow is negative 
(for instance, photomultipliers), positive current must flow toward 
the source, calling for a P-type module (PNP transistor)*. If the log 
transistors are both connected as two-terminal diodes, either 
polarity (N or P) may be used. 


DESIGN EXAMPLE 


Figure 11 shows a log-ratio module used in a photometer 
application. Two inputs represent the intensities of light trans- 
mitted through space and through a medium that absorbs light. 
The absorbance of the medium is given by the formula 


-A = log _Tsignat (15) 


Leference 


where Isienai 22d Leterence ate the currents representing the 
received light intensities. 


“SIGNAL” ATTENUATOR TO 
PHOTODIODE DPM INPUT LEVEL 
Isie Le (e.g., 200mV F-.S.) 
(<) << OUT 
756P 
LOG-RATIO 
5 MODULE 10k2 = 10k2 
= 2 


TRIM K 
“REFERENCE” O 0 © 
PHOTODIODE -15V COM +15V = 


Figure 11. Log ratio applied to absorbance measurement 
The transducers used in this application are photodiodes, devices 
that provide a short-circuit current that is proportional to the 
intensity of applied light. 


*Figure 7 is an exception 
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The lowest value of absorbance is determined by the value of 
Ler, since when Ij, = Ie, A = 0. In this case, I. is assumed to 
be 10uA. The actual value for the specific application depends on 
the intensity of light and the characteristics of the photodiode 
employed. 


The output of the log-ratio module is externally trimmed to be 
precisely 1V/decade and is applied to the input of a 4-digit DPM 
through the scaling network R1 and R2. 


The 756 log-ratio module was chosen for the design, principally 
because it makes available both amplifier summing junctions. 
When the photodiodes are connected to the summing junctions, 
they are operated with zero volts, i.e., in the short-circuit mode. 


Short-circuit loading is necessary, because accuracy of the photo- 
diodes can be degraded several percent when operated with as 
little as 100mV of output voltage. 


Error Analysis: Log Current-Ratio analysis for the absorbance 
measurements of Figure 11 


Conditions: I,;, = 10nA to 10uA, I..¢ = 10uA +50%, temperature 
range = 25°C + 10°C 


Parameter Error Comment 


Log Conformity 40.5% RTI = Specified as 0.5%max for Model 756 
Scale Factor, K 


I 


Initial error of 1% is trimmed to zero for this 


application 
lL: 
K Drift 12mV RTO +10°C x 0.04%/°C x K x log 2 
lef 
los =0 Igg at Log input has negligible error due to the 
relatively high value of log. Ip, at Isig input is 
0.1% of smallest expected Isigr 
Ios Drift —0.1% Additional 10pA due to {,, doubling per 1 0°C 
Eos: Eos Drift =0 This contribution is held to a negligible value due to 


the low initial offset and offset vs. temperature, 
The data sheet for the photodiode should be con- 
sulted to determine the error in I, due to E,. 
across the diode. 
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Total RTI error at 25°C = 40.6%, or 2.6mV at the output, less 
than 0.1% of the 3V full-scale output range. 


Total RTI error over the temperature range is 


+0.7% RTI +12mV RTO = 3.5% RTI, assuming all errors to be 
directly additive, a worst-case condition 


Referring the 3.5% RTI error to the output results in 15mV of 
error, or 0.5% of the 3V maximum output. 


SPECIFICATIONS OF MODEL 756N/P 


Current Log Ratio 


! 
Transfer Equation E, =-K log z= ly = signal 
2 


Ig = reference 
14 —Ib4 
Ey =-K} log ; ; + Egg 
2 ~ "b2° 


V. R. 
E, =-K log a,y2 
V2 Ry 


Transfer Equation including 
Error Terms 


Voltage Log Ratio 
Transfer Equation 


V1 — Fost 
ios 'bt 
Transfer Equation including E,=-K | log + Easg 
V2 — Fos2 -1 
Ro b2, 
Parameter Vaiue 


Signal Current, ly ‘ 1 
Reference Current, la 
Log Conformity 


10nA to 100A (4 decades) 
100NnA to 100nA (3 decades) 
40.5% (2 decades, 4 constant) 
£1.0% (4 decades, lo constant) 


iv 41% 40.04% /°C 
10pA, doubles/10°C 
40nA, max, £1%/°C 
Hmv, max, 25uV/°C 
0.5mV, max, 30nV/°C max 
£10mvV, max, 85uV/°C 


Scale Factor, K 1.3 
Bias Current, 1,4 
Bias Current, Ing 


Offset Voltage, Fost 3 


Offset Voltage, Ego 
Output Offset, Eoo3 3 


Smail Signal Response Rated Output 
tin f, Log Mode 10V at 5mA 
— Fra Antilog Mode +10V at4mA 
1nA 1kHz 
1pA BkHz 
100nA 25kHz 
Response Time 
Iyqy (increasing) time Ij (decreasing) time 
1nA to 10nA 7Ous 10nAto inA 200ps 
10nA to 100nA 25yus 100nA to 10nA 50us 
100nA to ThA 25us 1A to 100nA 25ps 
1pA to 100pA 20us 100uA to 1LA 20us 


Noise in 10kHz 8.W. Power 
V_e INPUT 1 3uV ems Quiescent Current 3mA at H5V 
Vy INPUT 2 = 3uV rms PSRR 54dB 
4, INPUT 1 O.1pA rms 
i,. INPUT 2 20pA rms 


positive for positive inputs (N type), negative for negative inputs (P type). 


2rhe log conformity specification is referred to input (R.T.1.). Note: 1% 
error R.T.1. is equivatent to 4.3mV of error at output for K = 1V_ 


Sexternally trimmable, 


Antilog 
Applications 


Chapter 3 


The antilog(arithm) is the inverse of the logarithm. It is by 
definition the exponential, in which the logarithmic base is raised 
to a power. That is, 


x = logy"! (y) = BY (1) 
If y = log, 9x, then x = 10”. If y = In x, then x = eY. The same 
argument can be expressed in terms of exponentials of any base. 
For example, 


x= 10” = qn 10)¥ = ey ‘In(10) = ¢¥/(log 39) (2) 


Logarithmic devices with the transfer function 


i 
E, =-K log, 9 =e (3) 


are usually available with a connection scheme that allows the 
input and feedback circuits to be interchanged to compute 


< Vv -K 
INEST a R10‘ In/-K) 


Thus, if K = 1, (3) provides an output of 1 volt per-decade of the 
input ratio, while (4) provides an output that changes by 1 decade 
for each volt of input. Eprp in (3) is interpreted as the starting 
point (e.g., 0) for the log ratio, the input value at which the ratio 
is unity and the output is zero. In (4), Eppp is interpreted as the 
normalized value of the exponential, and each volt of input either 
multiplies or divides Epp by an additional factor of 10. 


E, = Eger *10 (4) 
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Figure 1 is a plot of the exponential response of N-type and P-type 
modules with correct polarity on a linear scale. Because of the 
wide range of variation of the output, it would be difficult to 
show the output values accurately without changing scales for 
each decade. Alternatively, it is possible to compromise and plot 
output (on a log scale) against the input (Figure 2). 


EXPANDED 
SCALE 


0,05V 


a) Eg vs. Vy for N-type antilog operator. Vertical scale: 
70V max, Viyy SO; 0.1V max, Vipy 2 O 


EXPANDED 
SCALE 


Ener 
=-0.1V 


b) Eg vs. Vi,y for P-type antilog operator. Vertical Scale: 
-10V min, Vin 20; -0.1V min, Viny SO 


Figure 1. Antilog-operator response curves (linear scale) 
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Eo (LOG, 


Vin 
(LINEAR) 


Figure 2. Antilog operator response curves, semilog scale. 


Eo = Eper 10¥IN-K 


WHERE THEY ARE USED 


Exponential devices are used in at least three classes of application 


1. When compound multiplications, involving roots and 
powers, are performed (e.g., x, %x,B°x3Y *x,°>...), each input is 
“logged”, multiplied by a constant (or variable) exponent of 
appropriate magnitude and polarity, the terms are summed and/or 
differenced, then the antilog is taken to convert the resuJt back to 
the “world of phenomena.” 


2. If measurements are performed by devices having logarith- 
mic responses they may be linearized, if necessary, by the use of 
the antilog. An example is given in this chapter. 


3. The exponential may be used in function fitting and 
function generation to obtain relationships or generate curves 
having voltage-programmable rates of growth or decay. For 
example, if V;, is aramp, E, will be a widely-ranging exponential 
function of time, with time-constant determined by K, and 
scale-factor determined by Eppp. K can be manipulated by 
changing the input gain (variably with an IC multiplier, if desired). 
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AVAILABLE OPTIONS 


The options available for antilog operation are essentially the same 
as those for log-voltage operation. Log-voltage circuits (Chapters 
3-1, 4-1) become antilog circuits by interchanging the input and 
feedback circuit elements. In the case of logarithmic circuitry 
(Figure 3), the log is achieved by feeding back a current which is 
the antilog 7 =I, €1V/ET) of the output; the operational amplifier 
forces this feedback current to be equal to the input current, 
therefore the output must be proportional to the log of the input. 
For antilog operation, the antilog element is placed in the forward 
path, and the feedback circuit is closed by a resistor that 
transduces the output voltage into a current to equal the 
exponential input current; the output voltage is thus forced to be 
proportional to the antilog of the input. 


Ing —> EXP (Eo) 


© Eo—> -log (lin) 


a) Antilog function in feedback path. Amplifier forces IF g = /1N 
and Vs = 0 by making Eg proportional to log (I FR) 


© Eo = lin Re —» EXP (-Vin) 


b) Antilog function in forward path converts input voltage to 
exponential current. Amplifier converts current to exponential 
voltage via Rf 


Figure 3. Using feedback to enforce direct and inverse relationships 


4-3 
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There are some log modules that are committed to log operation 
alone, but they are in the minority. Most commercially-available 
log amplifiers can also serve in antilog applications. Figure 4 shows 
how the Model 755 is connected in the log and antilog modes. 


Tin © 
(SUMMING 
POINT) 


+15V COM -15V TRIM Eos 


a) Log/antilog amplifier connected in the log mode (K = 1) 


o SUMMING POINT 
(EXTERNAL R;) 


ame Leese LOG 
EL Pee 


+15V COM -15V TRIM Eos 


b) Log/antilog amplifier connected in the exponential mode 


Figure 4. Log/antilog amplifer connections 


The reader may observe that log modules are usually specified to 
have considerably greater dynamic range (of accurate operation) 
for current inputs than for voltage inputs (6 or 7 decades to 4). 
For normal, practical antilog circuitry, however, the output is 
from an operational amplifier, the input-offset of which imposes 
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the low-end output accuracy restriction (10uV offset, for exam- 
ple, is 1% of the lowest of 4 decades (1% of 10V/104 = 10zV).* 


OTHER BASES 


For some applications, it may be desirable to interpret the 
exponential function (4) in terms of a base other than 10. This can 
be done easily by the use of the identity in (2). If V,,/-K in (4) is 
the same as y in (2), then to convert to a different base B, a new 
constant K’ may be defined such that 


Vin/-K _ ,Vin/-K’ apy In’ CEs 0%) 


10 B 


(3) 
from which, 
K' = K log, oB (6) 


For example, if B = 1.10, which defines an exponential having a 
growth rate of 10% as Vj, becomes more negative, then K = 1 
defines a negative-going input interval of 


K’ = 1 log, 9 1.10 = 0.0414V (7) 


for each 10% increase of the output. Put another way, it is 
analogous to a continuously compounded interest rate of 10% 
per-41.4mV “year.” If B = 2, K’ = 0.3010; if B = e, K’ = 0.4343. 


That the input intervals are negative-going is a consequence of the 
negative slopes that can be observed in Figure 1. This is accounted 
for by the fact that, like the log circuit, the antilog function is 
produced by essentially a single inverting operational amplifier, 


*It should be noted, nevertheless, that the summing-point current from the input 
element is independent of small amplifier offsets and is imposed at high impedance (the 
antilog amplifier acts as a unity-gain follower for its offset voltage). In concept, then, if 
the feedback current could be tapped for a “downstream” element requiring a wide 
range of exponential current, antilog accuracy could be maintained over a wider dynamic 
range. In practice, this is difficult to achieve in a simple manner, unless the “load” is, in 
effect, a two-terminal device that can be connected in series in the feedback path of the 
amplifier. 
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which must have a transfer function with a negative slope. If the 
signal input were held constant and the reference input (if 
available) varied, the slope would be inverted. An easier way, with 
standard modules, is simply to use an inverting op amp to precede 
the antilog circuit; it can also be used to scale K’ to a convenient 
round-number value. 


ERRORS 


Although all the specifications for a log module apply to both log 
and antilog modes of operation, with “RTI and “RTO” 
interchanged, the observed effect of each parameter is manifested 
at the output quite differently. By examining the transfer 
equation, one can predict these effects. 

E, =Igpr Re 10¥ IN +B, (8) 
Offset Voltage (Ep,): As noted earlier, it appears at the output as 
a constant dc voltage. Its percentage error contribution is 100% X 
(E,,/E,). For small output signals, E,, is a major source of error. 
If output signals in the millivolt range are expected, E,, should be 
adjusted to zero. Since the device is operated in the voltage mode, 
the contribution of bias current to output offset is negligible (e.g., 
at 25°C, I, for the 755 is 101A; with a 10kQ feedback 
resistance, the contribution is 10-11 x 104 = 10-7 V). 


Adjusting E,, to Zero: To adjust E,, to zero, a value of input 
voltage is applied that will essentially cut off the flow of current 
to the summing point. Then the offset-adjust potentiometer is 
adjusted for zero output. For example, if the input terminal of an 
N-type module (K = 2) is connected to +15V (-15V for P types), 
the theoretical contribution of input to the output signal is 7.5 
decades below 0.1V, well into the noise level. For reasonable 
sensitivity of output reading, a small resistance can be connected 
from the summing point to ground (100Q to ground establishes a 
gain of 101, resulting in 1 mV out per 10yV of input offset), as 
shown in Figure 5. 


After adjusting to zero, the jumper to 15V and the 1002 resistor 
Gf used) should be removed. 
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OPTIONAL 
FOR INCREASED 
SENSITIVITY 


= 
ANTILOG i 
| ELEMENT 1 


Figure 5. Circuit for trimming Egg to zero in antilog mode 


Reference Current (Ippp ): Errors associated with Eppr 
Ipgr Re appear directly at the output, since Ipgp acts as a gain 
factor. For example, if Ippy is 1% too high, it will cause the 
output voltage to be 1% too high. Eppp can be calibrated by 
applying O input (grounding the input), then trimming the 
feedback resistor (by series or parallel resistance) until the output 
is equal to Epp (0.1V for the 755). It is more convenient to 
adjust R; than Ippp , if an external means of adjusting Ippp has 
not been provided in the device. Ippp, can also be adjusted by 
biasing the input. 


Scale Factor (K): Errors associated with K are manifested as 
errors of the input scale factor; their effect on the output is a 
modification of the exponent. If the actual value of K is K/(1 + 6), 
then the error, defined as the difference between the actual and 
theoretical value of output, divided by the theoretical value, is 


o.1x 10% * &Vin/® _ gy y yoVin/ * (9) 
0.1 x 10 IN/-* 
= 10 Win/-K_j (10) 


For 5 = 0.01 (1%), the fractional output error is 109-9! Vin/-* 
For V,y /-K = 2, the error is 1.047 — 1 = 0.047, i.e., 4.7%. 
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The table provides a brief listing of output errors as a function of 
Vin/K, for several values of 6. (The range of Vyx /-K for the 755 is 
-2 to +2.) Linear interpolation may be used for intermediate 
values. 


TABLE 1. OUTPUT ERRORS, AS A FUNCTION OF K ERRORS, IN % OF 
ACTUAL OUTPUT VALUE 


Vpy/-K | ——————————- K Error (100% X 9) 


+1% +0.3%  +0.1% 0 -0.1% 0.3% —1% 


4 9.6 28 0.93 0 092 -27 -88 
3 7.2 21 0.69 0 --069 -21 4-67 
2 47 1.4 0.46 0 --046 -14 -45 
1 2.3 0.7 0.23 0 0.23 07-23 | ourout 
0 i) 0 0 0 ) 0 0 Errors 
-1 |-23 -07 0.23 0 o2 o7 23 | 
2 |45 -14 -0.46 0 046 1.4 47 
3 |-67 -21 0.69 0 0.69 2.1 7.2 
4 |-88 -27 -0.92 0 0.93 28 9.6 


Log Conformity is specified in %, referred to the input, in the log 
mode, all other errors adjusted to zero. The relationship between 
log-conformity errors referred to the input and to the output is 
discussed in Chapter 4-1, and Table 4 in that chapter, to be 
found on page 434, provides ready conversion between input 
and output error. Since input and output are exchanged in antilog 
applications, the same table may be used here, with the headings 
exchanged. For example, if a log conformity error is 1%, referred 
to the input, corresponding to 4.32mV at the output, then in the 
antilog mode, a 4.32mV error referred to the input is a constant 
1% error at any output level. For a given input log-conformity 
error, , 


E, =Egpp lO INI) *% = Epp lO NOY any 


Since y is specified independently of Viy, 107 is a constant 
multiplier; ify =4.3mV, 107 = 1.01. 
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APPLICATION EXAMPLE-—LINEARIZING LOGARITHMIC 
OUTPUTS 


In pollution monitoring, oxygen detectors that have output 
voltages that measure p0,, the log concentration of oxygen, are 
frequently used. If it is desired to determine the actual concen- 
tration of oxygen, some form of exponential processing is 
necessary. This example will consider the design of an analog 
linearizing circuit employing logarithmic devices. 


The objective is to design a circuit that will obtain a linear 
concentration reading from the logarithmic output of an oxygen 
detector, the response of which is characterized as follows: 


O2 Concentration Output Voltage 
10% OmV 
1% —60mV 
0.1% —120mV 
0.01% —180mV 


The first step is to reduce the measured data to the form of an 
equation, if possible. In this example, the output of the transducer 
varies at -60mV per decade change of concentration. It can be 
expressed. by the equation 


: 100C 5 
Eo p = 60 X 10-9 log, »———* = 0.06 log, 910Cy, (12) 


10 


10-4< Cy, < 107! 


The second step is to characterize a circuit that will have a 
response determined by the inverse of (12). The inverse of (12) is 


10Cy, = 10 oD/0.06 (13) 


It is evident that a function of the desired form can be performed 
by circuits employing either a basic log circuit (751), log 
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transconductor (752), or log amplifier (755). For example, the 
755N’s transfer relationship is 


V -K 
E, = Egger 10 in/ 


(E per positive) qg4) 
The next step is to determine scale factors, and any external 
circuitry necessary to accommodate the range of the 755 to the 
tange of the oxygen detector. 


To scale the exponential device, it is necessary first to determine 
the range of E, that will correspond to the range of O, 
concentration and the range of V,y that will correspond to the 
range of Egp. 


Since Co, ranges from 10% down to 0.01%, a useful maximum 
value for E, is 10V, which allows the output to be read directly in 
percentage concentration (1V/1%). Since at Vin = 0, 10° = 1, and 
E, = 10V, corresponding to Eg pn = 0, at 10Cy , — 100 

E 


c=] (15) 
ER EF 


Er EF =F. =10V (16) 


> 


which happens to be 100 X the nominal Eppy for the 755N 
equivalent to a -2V input bias (K = 1). 


For a factor-of-10 change in concentration, Eo p/0.06 = 1, and 
similarly, for a factor of 10 change in E,, 


Vin GEgp G —1 (17) 
es = YY hi — = 
SK a ee Oo o6y 


where G is an external coefficient between the output of the 
oxygen detector and the input of the exponential circuit. 


In determining the value of G, it is useful to note that the internal 
gain developed by the 755 is independent of the choice of K; the 
K connection simply determines the input attenuation, without 
affecting any other aspect of performance. Thus, one might make 
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the arbitrary choice of K=1,to simplify the mathematics. If 
K=1,G=-16.7, which could be developed by an inverting 
preamplifier. 


Figure 6 shows a linearizing scheme based on the above discussion; 
Figure 7 shows a similar scheme employing the 752N log 
transconductor with an external operational amplifier. If the 
scheme of Figure 6 is used, the G trim allows the overall 
coefficient (G/K) of the exponent to be trimmed, taking into 
account errors in the value of K. Eprr is perhaps most easily 
achieved by biasing the input by -2V, and trimming for 10 volts 
out with 0 volts in. E,, is trimmed by the method mentioned 
earlier, with Vj, at +15V, or by applying a value of Vy that 
maintains the output of Al at > +10V. 


% 02 
2002 = 10kQ* 200kN* = 20k2 Va = 0.06 log,, (2) 


=n) 
‘. % 02 
Ep = (10V) 0%. 


% 
Vp =logto (a = 
-180mV to OV 


O02 DETECTOR a 
OmvV © 10% if 

-180mV @ 0.01% is. 10mV to 10¥ 
Z= 1002 : 755N OE, 


*0.2%, LOW T.C. 


-15V +15V 
ELL 

REGULATED) 
Figure 6. Linearizer for oxygen detector, using log amplifier. 
Trim procedure: 

A. Trim Af output to zero with zero input 

B. Trim Eg to zero with Vp > 10V 

C. Trim Eg to +10V (trim E REF) with zero foe 

D. Trim Eg to +10mV (trim G) with -180mV input 


The transconductor approach (Figure 7) lends somewhat more 
flexibility to the computation, since Ipgp is adjustable. For 
example, in this case, where Va rp = 10V, Ipgp can be set at 
100uA, and the feedback resistor at 100kQ, without a need for 
biasing the input or using a greater value of feedback resistance. 
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Incr ADJUST 
(TO 100A) 


~180mvV 10 OV 
aon 20k 


-1,98V to OV 


O02 DETECTOR 
OmvV @ 10% 
-180mV @ 0.01% 


-T0mvV to -10V 


= (tov) 222 
Eo (-10v) 


Figure 7. Linearizer for oxygen detector using high-impedance 
follower-connected op amp and log transconductor. Trim 
procedure: 

A. Trim Al output to zero with zero input 

B. Trim Eg to zero (A2 output) with Vp 2 10V 

C. Trim Eg to -10V (I REF adjust) with zero input 

D. Trim Eg to -10mV (trim G/K) with -180mV input 


As shown here (Figure 6), the input amplifier is connected in the 
inverting configuration, and consequently loads the input signal 
source. If high input impedance is necessary, the “P’’ version of 
the log transconductor or log amplifier could be used with a 
non-inverting input-amplifier, but the output polarity (Figure 7) 
would be negative instead of positive (usually a minor considera- 
tion because it can be easily dealt with). 


The exponential circuit could also be built “from scratch”, using 
the 751 basic log element, and the principles discussed in Chapters. 
3-1 and 4-1. 


Selecting the Operational Amplifiers 


Amplifier Al is a general-purpose op amp selected for low offset 
temperature-coefficients. If it is a non-inverting amplifier (with 
“P” versions), it should also have good common-mode rejection at 
low levels. 


The worst-case error occurs at (V;y/K) = 3, which gives the 
greatest error (% of output); for example, if V,y/K is associated 
with a 0.1% error, the output error would be 0.7% (from Table 1). 
If, on the other hand, the maximum output error allowable due to 
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errors in the input circuitry were 0.1%, the input errors would 
have to be kept at about 1/7 of 0.1%, or 0.014%. 


As an aid to considering the effect of millivolt errors at the input 
on the output, Table 2 may be found useful (K = 1). 


TABLE 2. MILLIVOLT RTI VS. % RTO ERROR. Equal Numbers 
of Millivolts of Error in the Exponent Correspond to Constant 
Percentage Error at the Output at any Level. (Figures are for K = 1) 


RT! Error RTO Error 
millivolts percent 
0.1 0.02 
0.5 0.1 
1.0 0.2 
2.0 0.5 
3.0 0.7 
4.0 0.9 
5.0 1.2 
10.0 2.3 
30.0 4,2 
100.0 25.9 


From the table, it can be seen that noise or drift, resulting in a 
167pV error at the output of Al (10uV error at the input) would 
create a 0.04% output error. 


In choosing A2 for this application, a low-noise, low-drift 
operational amplifier is required. The output impedance of the 
current presented to the summing point by the log transconductor 
varies with current level and may be approximated as 
Zo = 1kQ+ Bie * 
Cc 
where I¢ is the current in mA. 
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At worst, its minimum value of 1k should be considered as the 
summing-point load. With Ry = 100kQ, the “noise gain” is about 
100, and consequently the noise and drift of A2 will be magnified 
by 100. For this reason, the Model 43K was chosen, based on its 
guaranteed maximum noise of 2uV rms in a [kHz bandwidth and 
its maximum specified drift of 5uV/°C. 


Bias current is also an important concern in selecting A2, since for 
the smallest output (feedback) current level (0.15uA), a 1% error 
would result if the bias current were to exceed 1% of 0.15yA, i.e., 
1.5nA. The FET-input Model 43K, with bias current of 20pA 
maximum at 25°C, easily meets this requirement over a wide 
range of temperature. 


Multiplying 
And Squaring 


Chapter 4 


MULTIPLYING AND SQUARING 


In Part 1, the properties and applications of multipliers were 
described briefly; in Part 2, applications of nonlinear devices were 
suggested, including a great many that involved multiplication. 
Chapter 3-2 discussed at length the design, nature, specifications, 
and foibles of multipliers, and means of measuring their proper- 
ties. In this chapter, we consider some of the factors involved in 
choosing and applying a multiplier to perform multiplication and 
squaring applications. 


SELECTION GUIDELINES 


It has been determined that multiplication or squaring is required 
for a given application. Now it is necessary to choose a multiplier 
that will do the required job at the lowest cost, and to interface it 
to the rest of the circuit in an optimal manner. Since the choice of 
the multiplier and the manner of using it are interdependent, they 
should be considered together. There are a number of questions, 
the answers to which affect both choice and use. They are grouped 
here for discussion. 


1. What is the required transfer function? Does it involve 
simple multiplication, division, or multiplication combined with 
division? Is the scale factor fixed, adjustable, or variable? What are 
the polarities of the inputs? What is the polarity of the output? 
What is the polarity relationship? How many quadrants of 
operation are involved? 
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The usual multiplier transfer function is E, = K(V, ‘V,), where K 
represents the constant of proportionality, commonly called the 
scale factor. For most electronic analog multipliers, K = 1/(10V), 
in order to obtain 10-volt full-scale output response for 10V 
full-scale input signals. There are several designs, however (e.g., 
AD531 and Models 433 and 434), that allow the user considerable 
freedom in the selection of the scale factor: it may be fixed at 
some arbitrary value, switched among several arbitrary values, or 
even varied continuously by an external voltage or current (in 
effect, combining multiplication and division).* 


A multiplication ideally results in a product that has the proper 
algebraic polarity (1 X 1=1,-1 X 1=-1,-1 X -1=1,1X -1=-1). 
However, not all multipliers accept both input signal polarities or 
provide both positive and negative output voltage. The number of 
quadrants of operation (on a plot of one input against the other) is 
defined in Chapter 3-2.T 


In order to make the multiplication operation, as envisioned on a 
block diagram, correspond to the performance ranges of the 
hardware to be used, it is often necessary to provide gain scaling, 
either ahead of one or both inputs, or following the output. All 
such gains should be taken into account in the overall mathe- 
matical transfer equation to ensure that the measured output of 
the circuit is indeed related to the inputs in the expected manner 
(Figure 1). 


+10V max 


Figure 1. Effects of external scaling (amplification or 
attenuation) on the overall multiplier scale factor 


*For division alone, best accuracy and dynamic range are achieved with specialized 
dividers, such as 434 or 436. 


Fit is strongly urged that the reader prepare himself for this chapter by ensuring that he 


is familiar with the general characteristics of multipliers and the definitions of the 
specifications in Chapter 3-2. 
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General-purpose 4-quadrant multipliers may be readily used for 
one- or two-quadrant operations (where one or both input variables 
is of restricted polarity), often with the advantage that tighter 
adjustment is possible in a restricted range. However, one-quadrant 
multipliers are not quite as easily used for multiple-quadrant 
operations. Chapter 3-2 (Figure 21) shows one way of accom- 
plishing this, by offsetting the input signals. For squaring of 
2-quadrant signals, a 1-quadrant multiplier may be preceded by an 
absolute-value circuit. 


Finally, if either input signal, the output, and/or the gain 
relationship is of an undesired polarity, it can be easily corrected 
by the use of external unity-gain inverting op amps at the 
appropriate locations, or by appropriate connections to differen- 
tial inputs, if available (as in the AD532). 


2. What is the range of input magnitudes? What is the range of 
output magnitudes? What is the input resolution? What is the 
output resolution? . 


It is usually desirable to scale inputs and output to full-scale rated 
input. However, for some applications (e.g., gain control), linearity 
can be improved by restricting the range of one or both variables. 
Naturally, offset errors increase in importance, since a given offset 
represents a larger fraction of a reduced signal. 


If one variable has a relatively small range of variation, the output 
resolution (dynamic range) is the same as that of the other input. 
However, if both variables have wide swings (e.g., in squaring), the 
required output resolution is the product of the input dynamic 
ranges. For example, if both inputs have 100:1 ranges (10V to 
0.1V), the output resolution must be 1 in 10,000 (1mV out of 
10V). Whether all of it is needed depends on what is to be done 
with the output signal. 


In a frequency-doubler application, all that is needed is a 
reasonably undistorted sine wave; hence ImV uncertainty at the 
low end is irrelevant; in many cases 50mV would be adequate. 
However if the output of a squarer is to be averaged, then 
square-rooted (as in a straightforward open-loop rms application), 
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the high sensitivity of the square-rooter at small signals requires 
that the squarer output actually have the full implied resolution. 
Fortunately, most commercially-available multipliers have excel- 
lent “resolution” near zero — but noise and drifts may mask small 
ac signal components. 


3. Is the application “ac’’ or “‘dc?”’ What properties of the 
product are important (i.e., instant-by-instant value, or some 
measure, such as average, peak, peak-to-peak, phase, etc.)? Is the 
application dc-dc, ac-ac, or ac-dc? 


(<4 bed 


For some “ac” applications, such as modulators, frequency- 
doublers, and gain-control circuits, output offset may be unimpor- 
tant. For others, good linearity may be necessary only for one of 
the inputs (in a modulator, the modulation input; in a gain 
control, the signal input). In a modulator, dc feedthrough may be 
important on the modulation signal channel, ac feedthrough ona 
high-frequency signal channel. 


Bandwidth requirements are a function of the job the multiplier 
performs: for mean-square measurements, average-p ower measure- 
ments, correlation, and phase measurements, where the average 
value of the output is of interest, output bandwidth can be quite 
narrow, but the inputs must have negligible phase difference.* For 
such functions as amplitude modulation, peak-demodulation, 
frequency-doubling, and AGC, the output amplitude-envelope 
must be maintained to the desired accuracy (1%, -3dB, etc.). The 
most-exacting applications are those in which phase must be 
preserved, that is, the output must follow the input “instan- 
taneously,” as predicted by the settling-time specifications or (for 
sine waves) the “‘vector”’ error. 


4, What measures of accuracy are important? (overall error? 
nonlinearity? feedthrough? offsets? noise? gain error?) Over what 
dynamic range of inputs (output) must accuracy be maintained? 


If no adjustments are permissible, overall error may be the key 
accuracy criterion. On the other hand, offsets, feedthrough, gain 


*Also, it is desirable to avoid signal amplitudes (rise times) that cause (asymmetrical) 
limiting or slewing; this will also affect the average value at the output. 
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error, and — in some cases — nonlinearity may be reduced by 
external adjustments, allowing a nominally lower-performance 
device to be used at lower cost, if its drift specifications indicate 
that the error components will not change excessively over a 
reasonable range of temperature. 


For some applications, the error must be a given fraction of the 
actual output voltage (say 0.5%) over a range of output values; in 
other cases, it is sufficient to specify the error as a fraction of 
full-scale output (say 0.5% of 10V, or 50mV). Nonlinearity and 
linear feedthrough errors are referred to the inputs; other errors 
are usually referred to the output (see Chapter 3-2). As noted 
earlier, external adjustments can be used to further reduce errors 
over limited ranges of voltage magnitude, and in a restricted 
number of quadrants. 


5. What scope can be allowed for adjustability? Must the device 
be installed without initial tweaking? Without calibration? Must 
the installation be factory-adjustable? Field adjustable? To what 
degree can adjustability be traded for basic device cost?. 


Without question, performance of the lowest-cost general-purpose 
devices can be greatly improved. by adjustment. However, adjust- 
ment has costs of its own, in terms of additional parts, “real 
estate,” procedures, fixtures, and instructions. Higher-cost pre- 
trimmed devices include these extra costs in their performance 
guarantees. 


Pre-trimmed modular devices are generally close to optimum. 
Pre-trimmed IC.s, such as the AD532, can often benefit by further 
trimming, since the automatic laser-trimming process must take 
into account variations due to warmup, handling, packaging, and 
aging; this results in a wider specified range of individual variation, 
but still considerably lower error than untrimmed IC’s, and lower 
cost than most pre-trimmed modular devices. Besides the usual 
offset, linear-feedthrough, and gain trims, IC multipliers generally 
can obtain greatly improved performance with cross-feed linearity 
trimming to reduce the quadratic nonlinearity component (Chap- 
ter 3-2, Figures 14, 15, 16, 17, 18). 
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Multiplier adjustments can often be replaced by overall calibration 
adjustments to the equipment incorporating the multiplier, since 
the adjusted variables are input and output bias voltages and 
overall gain. Gains and additive voltages elsewhere in the system 
can be manipulated (in the right order, by an appropriate 
procedure) to compensate for multiplier offset, linear- 
feedthrough, and gain errors. 


Some applications, by their nature, call for fewer adjustments. For 
example, in squaring, one of the feedthrough adjustments can be 
eliminated, and quadratic nonlinearity can be eliminated by 
appropriate gain adjustment. Another example: an amplitude 
modulator with ac coupling can eliminate all local adjustments (dc 
feedthrough at the modulating input is incorporated in the 
modulating-signal bias; gain can be controlled in the modulating 
signal, the carrier, or beyond the output; and dc feedthrough at 
the carrier input and dc output offset are irrelevant with ac 
coupling). 


For applications .where ac feedthrough must be reduced (at all 
costs) at high frequencies, the input signals can in some cases be 
fed capacitively, with appropriate polarity, into a summing 
amplifier and summed with the multiplier output out-of-phase, to 
cancel internal capacitive feedthrough. 


6. What are the needs of dynamic response: input frequency 
range, output frequency range, allowable attenuation and phase 
shift, slewing rate, settling time, distortion? (See 3.) 


7. What are the environmental constraints ( temperature vari- 
. ation, humidity, shock, vibration, warmup, power supply, physical 
size, external circuitry)? 


&. What other requirements on the inputs and outputs are not 
expressed in the transfer function? Differential vs. single-ended? 
Loading of the. signal sources by the multiplier inputs? Output 
current requirements: boosting, isolation, capacitive load? 


9, Finally (and perhaps the most perplexing question) what 
weight should be assigned to the various costs (what is their 
relative tolerability ?): 
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A, The cost of the device itself? 


B, The cost of adjustments and their procedures, to the 
degree they are needed? 


C. The cost of any other external circuitry peculiar to a 
given device? Size? 


D. Reduced performance or system reliability as a conse- 
quence of compromises to A or B? 


The investigation of alternatives should start with a translation of 
the requirements outlined above into a preferred circuit configu- 
tation and a set of tentative specifications. The specifications, 
including size and cost, should be listed in order of priority, taking 
into account the tradeoffs between cost of an untrimmed device 
with external trim circuitry and that of a pre-trimmed device. 


If, for example, size is of the essence, it will be near the top of the 
list and will probably result in a restriction of the field to 
integrated circuits, with no external adjustments. If linearity is the 
most important criterion, the field will be narrowed to those 
devices having the desired linearity, or something approaching it. 


By listing the specifications in order of priority, one can generally 
narrow the field of choice very quickly, so that the relative merits 
of just a few devices may be compared in depth. If the process 
eliminates ail available devices, it quickly establishes the need for 
compromise (or for consultation with a manufacturer). 


Most manufacturers (including Analog Devices) group their multi- 
pliers into several classes, that make the narrowing easy to 
accomplish in a general way. For example, integrated-circuit 
devices are listed in a separate table. Because IC’s have minimum 
size and (often) minimum cost, the rule of the thumb is often 
used: “choose the cheapest IC that will do the job satisfactorily;” 
the separate listing allows one to study the whole panoply of IC’s 
at a glance. 


If, on the other hand, the priority is given to other considerations, 
one can find devices under such headings as: High Accuracy, 
Accurate Low-Drift, Accurate Wideband, Wideband, General- 
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Purpose, Economy, etc. Table 1 is a thumbnail sketch of the key 
features and typical applications of each of the Analog Devices 
multiplier families. Each family has two or more members, graded 
in terms of one or more key specifications, e.g., nonlinearity, 
feedthrough, drift (429 vs. 429B; 427] vs. 427K; AD532J, 
AD532K, AD532L, AD532S, etc.) 


TABLE 1. APPLICATION GUIDE BY KEY FEATURE 


Key Feature Multiplier Application Multiplier Family 
Highest precision, lowest Analog computation, dividers, servo 424, 427, 436 
noise & drift multipliers, correlators 
Low drift, good accuracy, Wide temperature range, general purpose 428 
lower cost multiply/divide 
Bandwidth, accuracy Graphic displays, dividers 429, 422 
Wide dynamic range, Root and power generation, 427,433, 434 
accuracy Y Z/X, Y(Z/xX)™ 
External trim for R & D, medical, laboratory, 424,425 
high accuracy analog computation 
Economy, size OEM designs, general purpose 530, 532, 533, 426, 

multiply/divide 432,531 
MIL spec. available Military grade design 530, 531, 532, 
533, 432, 428 


Obviously, if one starts without any prior knowledge of the 
available devices, the job of choosing a suitable device may involve 
considerable searching. To make the job somewhat easier, a table 
(Table 2) has been prepared that selects several salient criteria and 
divides the specification ranges into convenient increments 
(“levels”). Then, each and every standard device is listed, in terms 
of descending desirability for each of the parameters. 


For example, considering feedthrough, the best possible choice 
would be the 424K, with ImV at the X input, 2mV at the Y 
input. The worst possible choice would be the AD532J (without 
external trim) with a possible maximum of 200mV at both inputs. 
Considering bandwidth, the 429 family would be the best choice, 
with 10MHz typical -3dB bandwidth, while the 424 or 427 might 
be the worst choice, with 100kHz bandwidth. . 


Thus, it is possible to apply the list of priority specifications to 
Table 2, and, from it to determine whether any of the devices 
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listed there fits the required profile; if none do, the necessary 
compromises are instantly evident. 


Naturally, the utility of the table is limited to ‘‘First Resort,” for 
several reasons 


1. It represents a tabulation of general-purpose 4-quadrant 
devices (not including the excellent 433 and 434 YZ/X 
1-quadrant-device families). 


2. It represents the state of the Analog Devices product line in 
late 1973. At the time you read this, newer products, lower prices, 
better specs may be available on the market, from Analog Devices 
and/or other manufacturers. 


3. All specifications are not listed. Not even all salient 
specifications (for your application). However, the number of data 
sheets (or catalog tabulations) that must be consulted can be 
greatly decreased, since the number of devices to be considered is 
narrowed. 


4. “All prices and specifications are subject to change.” 


5. Some of the figures given are “‘typical,” rather than 
min/max. The decision to make a specification “typical” is usually 
an economic decision: certainty of achieving a given performance 
level is traded for a lower price. In effect, any “typical” 
specification should be moved down one or more levels, or its 
price rating should be moved down one level (representing the 
higher price that might have to be paid to have the spec 
guaranteed, if feasible). 


6. Prices shown are for 1 unit. Since discounts in quantity may 
be substantial, devices should not be ignored if they are one level 
too low in their price rating. 


NOTES FOR THE USER 


1. Improved linearity at low levels. By taking advantage of the 
nonlinearity specifications, the user can often use a less-costly 


multiplier to obtain adequate small-signal accuracy. This is done 
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TABLE 2, 4-QUADRANT MULTIPLIER SELECTION GUIDE 


FEEDTHROUGH 


ERROR ERROR NONLINEARITY {Ext. Trim) DRIFT 
(int. Trim) (Ext. Trim) (x, y) (x, y) max (Total Error) 
max. % max. % max. % mV p-p max. %/°C 


LEVEL 0.3% <0.01% 
ONE 

427K .2 AD533L* 

4273.25 ADS30L* 

AD533S* 

AD531L* 


0.3% <0.02% 


Two 
4273* +15 AD532S* 
424) 2 AD530S 
4285* 25 AD531S 
428K* 25 428/K 
429B* 3 424/K 
4273/K 


<1% <0.5% <0.5% <0.03% 


THREE 


AD532K/S* | 426L* AD530K/S*) AD533K* 


426A/K AD533L AD532K/S*f aie AD530K* 
432K ADS530L* AD533K/L/S* AD532K* 
429A AD531L* AD531K/S*} AD531K* 


422A/K 429A «58 


<2% 0.7% <100mV 


FOUR 
ADS532J* 432K A26A/K 20-60 «| ADS33N* 
432J 426A/K poe g0-s0 | 432K* 
422A/K  (.6-.3)} AD531K/S 426K/L 
432Kt 50-100 | 4298 


AD533K/S 
ADS32K/St 


<150mV 


<1% S1% 


FIVE 
ADS533K/S AD533J* 432J5t 80-120 426A* 
432J* AD530J* 8-3 ADS530J 459-100 | 429A* 
AD530K/S* AD532J*{ “~~ | ADS3IJ 422A* 
AD532K/S* AD531J* 


ADS531K/S* 
<2% 


4325" 8-4 


<200mV <0.06% 


SIX 
AD533J ADS33J 150-200 | AD530J* 
AD530J* AD532Jt 200-200 | ADS532J* 
AD532J* 4 432J5* 


AD531J5* ADS31J* 


“Typical 
tint. Trim 
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TEMP. BANDWIDTH 


OFFSET RANGE small-signal SIZE 
DRIFT Rated Drift ~3dB min. Pkg. or vol. 
max. mV/°C Performance (by family} (by family) 


<0.2 -55°C to +125°C = 10MHz Ic (TO-100 

or TO-116) 
{or chips) 

AD530J/K/L/S* AD533S 429* AD533 

AD531J/K/L/S* AD532S AD530 

428K AD530S AD532 

4243*/K AD531S 

4275*/K 


-25°C to +85°C <$30 IC (TO-116)} 
{or chips) 
428J* 426A AD530J AD531 
429A/B AD532J 


AD531J 
4325 


422A 


<0.7 0 to +70°C <$50 8cm? 
AD533J/K/L/S* AD533J/K/L AD530K/L 432 
AD532J/K AD530J/K/L AD532K/L 
AD532J/K/L AD533L/S 
AD531J/K/L AD531K 
432J5/K 426A 
426K/L 432K 
4285/K 
422K 
424J5/K 


4275/K 


2300kHz _ <$100 22cm? 
432K* 426* (400) AD530S 426 
426K/L 428* (300) AD531L/S_ | 428 
429B 426K/L 429 


4285 


<2 100kHz >$100 47cm? 
432J5* 424 428K 424 
426A* 427 429A/B 427 
AD532S 422A/K 
429A* 424J5/K 


42745/K 


See Descriptive Notes on next page. 
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BRIEF DESCRIPTIONS OF 4~-QUADRANT DEVICE FAMILIES — NOTES TO TABLE 2 


Prefix AD: Integrated Circuits 


AD533; lowest cost, general-purpose variable-transconductance, 4quadrant. Thin-film-on-silicon monolithic construction. 


ADS30: low-cost, general-purpose variable-transconductance, 4-quadrant. Better specs than AD533. Thin-film-on-silicon mono- 
lithic construction. 


AD532: internally-trimmed low-cost, general-purpose, variable transconductance, 4-quadrant. Thin-film (laser-trimmed) on- 
silicon monolithic construction. Both inputs differential. 


ADS531: similar to AD530, but scale factor is adjustable by an input current (XY/I). Can be used as a three-variable multiplier- 


divider, to perform vector, square-root, rms, absolute-value operations. Available in TO-116 dual in-line package only. X-input 
differential. 


No Prefix: Modular Packages 
427: highest accuracy, lowest noise and drift, pulse-height, pulse-width modulated, internally trimmed. 


424: highest accuracy, lowest noise and drift, pulse-height, pulse-width modulated, externally trimmable. Requires external 
amplifier for division. 


428: low-drift, good accuracy, reasonable cost, variable-transconductance type. 
429: combines 10MHz bandwidth and good low-frequency performance, variable-transconductance. 


422: wideband variable-transconductance type. 
426: low-cost general-purpose variable-transconductance type. 


432: lowest-cost internally-trimmed general-purpose variable-transconductance in small modular package. 


Not Listed in Table 2 


434: high-accuracy multiplier-divider (YZ/X), especially useful for dividing and square-rooting. Wide dynamic range, log-antilog 
type, 1 quadrant. 


433: multifunction module Y(Z/X)™, performs 434 operations and also obtains powers and roots from 1 to 5. Wide dynamic 
range, log-antilog type, 1 quadrant. 


425: The 424, mounted on a card, with adjustments. 


436: high-accuracy variable-transconductance divider-only — 2-quadrant numerator, positive denominator. 


by using the nearly-always-conservative approximation that the 
nonlinearity error f(X,Y) 


fK,Y) = 1 Vy le, +1 Vy Ley 
where ¢, and e, are the fractional nonlinearities, ie., % 


nonlinearity/100, specified for the X and Y inputs respectively. 


Example: For Model AD530K, e, = 0.5% and e, = 0.2%. What is 
the maximum error for V, = 5V and Vy = 1V? What happens if 
the inputs are reversed? 


A. Nominal output is V, Vy/10 = 5 X 1/10 = 500mvV. 


B. Expected linearity error is 5(0.005) + 1(0.002) = 27mV, 
or 5.4% of the output (0.27% of full-scale). 
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C. Interchanging the inputs, 1(0.005) + 5(0. 002) = = 15mV, or 
3% of the output (0.15% of full-scale). 


It is evident that for this application, the inputs should indeed be 
interchanged, if the voltages in the problem statement are the 
respective maxima. In any event, the errors computed here should 
be contrasted with the overall 1%-of-full-scale predicted specifica- 
tion: 100mV, or 20% of the 500mV output, surely belt-and- 
suspenders conservatism! 


This discussion relates only to the nonlinearity specification. All 
de errors should have been zeroed, and the range of temperature 
variation should be small to avoid introducing excessive errors 
when computing at such low levels. 


2. Common-Mode Rejection: Some multipliers have one or 
more differential inputs, which can prove useful in instrumenta- 
tion (e.g., power measurement, Figure 2) or applications involving 
passive sums and differences, such as vector subtraction, without 
additional op amps. Examples of such devices include the AD531 
and AD532. 


Common-mode error generally manifests itself as an apparent 
differential input signal 6¢4, which is a function of common- 
mode signal level Voy =(V, + V)/2. It is measured by setting up 
the multiplier for unity gain (e.g., for an (X, — X,)Y/10 
multiplier, set Y = 10V) and connecting a low-frequency sine-wave 
generator (20Vp-p @50Hz) in common to both differential inputs 
(Figure 3). The resulting peak-to-peak output error measurement 
is the common-mode error. The fractional common-mode error is 
the ratio of this measured voltage to the common-mode input 
swing. Common-mode rejection ratio (CMRR) is the reciprocal of 
the fractional common-mode error, and log common-mode rejec- 
tion (CMR) = 20 log(CMRR), in “dB.” 


As a practical matter, it should be noted that the absolute 
magnitude of the signal level at each of the differential inputs is a 
composite of the differential signal and the common-mode signal 
(if they are applied separately). The user should be careful that the 
combined voltage swing does not result in saturated inputs. 
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| Eo = K(X —X2)Y 
Eo 


a) High shunt (differential-input multiplier) 
Eg=K (X, — X2)¥ 


Eo 


b) High load (differential-input multiplier) 


ATTENUATOR 


Vin _ Tas Vin he 
10 


= aRs (Vin §.) 


CHOOSE 
a TO GIVE 
10V PEAK 


Vin = Vi 
OE> 
Rs 
10k Rs 
{SELECT Rs 
FOR 1V PK) (10V PK) 


c) High voltage (e.g., ac line} 


Figure 2. Multiplier applied to power measurement 


0 \ Fem 
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3. Balanced Modulator Application (Figure 4) 


Ag sinwet x 
A 
X, Eg= “efi sinwet sinwmt 
Am sinwomt Y To Ac 


A, 
a3 [eos {we — wWm)t — cos (we + comlt | 


Figure 4. Balanced modulator circuit 


The balanced modulator is discussed in Chapter 2-4 (Figure 4a). If 
the multiplier errors are included, the equation 


10E, = A,sinw, tA, sinw,, t 
becomes 
10E, = (A, sinw, t+ X,,) (Ay sinw,, t+ Y,,) +Z,, + f(x,y) 


=A,sinw, tA, sinw,, t + Y, A, sinw,t 
ee 


desired performance carrier 
feedthrough 


+X, sin@,, t XK 7¥5,+Z5.4+ fy) 
a 


os“ os 
low freq. and dc terms harmonics 
and cross- 
products 


The low-frequency and dc terms are usually inconsequential, 
because they can be filtered out by a high-pass filter. The carrier 
feedthrough (linear) term can be adjusted to zero by tweaking 
Y, 53 but it will creep back in with changes in temperature. Thus. 
the error will consist of a nonlinear term plus a temperature- 
sensitive carrier feeathrough. 


If an ADS30K is considered for this application, its nonlinearity 
error is 0.5% (SOmV) for x and 0.2% (20mV) for y, and its Y,, 
temperature sensitivity is 2mVp-p/°C. For a 20Vp-p signal swing, 
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the nonlinearity error is 0.5% (-46db at room temperature), and 
the additional carrier feedthrough for a 45°C temperature change 
is 90mVp-p. If they add linearly (more likely, they will add 
root-sum-of-squares fashion), the error will be 190mV/20V = 
0.95%, or in terms of “dB” (20 log 0.0095), about 40dB of 
carrier, harmonic, and cross-product suppression. 


To make the modulator insensitive to variations in carrier 
amplitude, some means must be provided either to hard-limit the 
carrier input or provide some means for controlling its amplitude 
with an AGC circuit. The AGC approach can be achieved 
concurrently with the modulation process, if an XY/Z multiplier is 
used (such as the AD531), as shown in Figure 5. This circuit 
multiplies the modulating signal (Y input) by the carrier (X input); 
the gain (1/V,) is determined by a measure of the carrier 
amplitude, hence the output amplitude is a function of the 
modulating-signal amplitude only. 


+10V 


0 Vmo 


Ve sinwet o 


CARRIER 
| \ iNPUT 


CARRIER — 20V p-p 


Figure 5. Balanced modulator with carrier level-compensation 


The emitter circuit of the transistor acts as a rectifier, to measure 
the carrier amplitude. Filtering occurs in the collector circuit, and 
the resulting current, approximately proportional to the carrier 
input, provides a denominator input current that adjusts the 
multiplier gain to maintain the output amplitude independent of 
variations in the carrier amplitude, over a range of 1—10V, and at 
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frequencies down to 20 Hz. The diode D2 maintains a current in 
the collector circuit to keep the denominator from going to zero 
for very low values of carrier amplitude (including zero). 


4. Squarer Application Notes 
When a sine-wave is applied to a multiplier, connected as a squarer, 
one would expect the time plot of the output to be a 


double-frequency sine-wave of amplitude %A2/10, with a bias of 
%A?/10, from the trigonometric identity. 


sin? @= %(1 — cos26) 


On an oscilloscope, the time plot and X-Y plot should appear as in 
Figures 6b and c, at low frequencies. 


0 TIME 
a} Input 
OUTPUT 
INPUT 
0 
b) Ideal output vs. time c) Ideal output vs. input 
OUTPUT 
i" 
INPUT 
0 
d) Output vs. time — linear e) Output vs. input — linear 
feedthrough feedthrough 


Figure 6. Waveforms of ideal squarer and squarer with 
feedthrough error 
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An asymmetry, such as that observed in Figures 6d and e, is due to 
an input offset, caused either by multiplier feedthrough or a dc 
component on the sine wave (or both). It adds a linear term to the 
squared output (plus a negligible offset): 


(Xsinwt + X,,) (Xsinwt + Y,.) 


= X*sin? wt + (X,, + Y,,)Xsinwt + X,, Yq, 


The offsets of the input Gf small) and of the multiplier can be 
compensated for at room temperature by adjusting either X,, or 
Y,, to equalize the alternating peaks. 


At high frequencies, the phase shift will be worse for the squarer 
than for the sine-wave-times-a-constant, because of frequency 
doubling. Also, as frequency increases, an asymmetry will appear, 
due to the increase of feedthrough at higher frequencies (Figure 
7). 


Such response need not be alarming for many applications. It is 
interesting to note that the average response, as measured by a dc 
meter, is essentially independent of frequency up to quite high 
frequencies. What this means to the user is: 


A. If you’re interested in the average value of the output, as 
in rms measurements, power measurements, or phase-angle 
measurements (between the inputs), then the phase shift (and even 
attenuation) of the double-frequency is of no concern, and ac 
feedthrough of the fundamental is similarly of little moment. The 
output is going to be filtered, or integrated; the high-frequency 
attenuation of the output stage can be viewed as a modicum of 
pre-filtering. (In fact, if the output-stage summing point is 
available, a feedback capacitor can be used to provide internal 
first-order-lag filtering.) What is important is the constancy of the 
average value, which is quite good over the entire range of 
frequency for which the unit is rated. 


B. If one is interested in the amplitude of the ac component 
of the output, as in frequency doubling or amplitude modulation, 
then the phase shift is again unimportant, until it is accompanied 
by attenuation, starting at about 1/10 the rated frequency range. 
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a] Typical plot of output vs. input for squarer at high frequency, 
showing phase shift and high-frequency feedthrough 


b) Time plot of the above, showing equal areas about 0.5, 
despite phase distortion 


Figure 7. High-frequency response of squarer to sinusoidal input 
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C. The phase-shift is important if one is interested in the 
instantaneous value of the output, a small but important class of | 
multiplier applications. An example is use of the squarer in 


linearity correction of high-frequency oscilloscope displays. 


In frequency-doubling applications, the output amplitude is 
proportional to the square of the input amplitude. For most cases, 
the amplitude of a frequency-doubler output is not of importance. 
For applications where the amplitude must respond linearly (for 
example, to an input with slowly-varying amplitude modulation), 
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the circuit of Figure 8 may be found useful. The “dc”? component 
of the output of a squarer-connected multiplier (AD531) is 
filtered and fed back as a denominator signal to control the gain. 
Thus, 


2 
_ (1 =sin2wt) E, /2 


E 
°o 
E, 
2 2 
_ £ 1 
= — — sin2wt 
2E, 5 
Since 
and 
E, sinwt 6 -—~>}-- 
+E, +KE, 
\ 5 
-—E, £,? — £2 cos2wt . 
Ae ge 


Eo = KE, — KE, cos2ut 


Figure 8. Frequency doubler with linear amplitude response 


Therefore, the amplitude of the double-frequency signal is 
proportional to the input amplitude. The dc component of the 
output may, of course, be removed by capacitive coupling. 
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118-119, 171-173, 174-178, 185- 
186, 192, 281, 422-426, 433-434, 
452-454, 479-481 
Amplifiers, see specific circuit 
application 
Analog computing, see Computing 
Antilogarithm, see also Exponential, 
and logarithms, 12, 38, 98-104, 
149-150, 151-153, 184-188, 
191-193, 195, 200, 233-238, 
294-299, 333, 350, 371-373, 
400-403, 467-481 
base change, 472-473 
errors, 473475, 479-481 


in compression-expansion, 98-104 
in exponent circuits, 16, 149- 
150, 369-387, 469 
in transducer linearizing, 151, 
476-481 
in sinh, 19-20, 101-104 
options, 470-473, 478-479 
principles, 12-13, 184-185, 
191-192, 467-469 
Approximations, see Functions, 
also specific function 
Average, 87, 104-111, 114-117, 
132-135, 240-244, 389-416 
“ac” (mean absolute), 17, 19, 
104-110, 389-393 
per-cycle, 107-108, 114-115, 
414-416 
running, 17, 105-108, 110, 
389-393, 406, 414 


B 

Bandwidth specifications, see in- 
dividual devices 

Base, -emitter voltage, see Log 
circuits, principles 

Base, of logs and exponentials, 10, 
12, 165, 180, 183, 184, 467, 
472473 

Bode plots, principles, 174-178 

Bounds, 4, 13, 24-26, 76-77, 
94-97, 155-158, 348-349, 
351-361 

Breakpoints, see Piecewise-linear 

Bridge 
linearizing, 41, 42, 89-92 
reference compensation, 7, 90- 

91,121 


Cc 
Calculators, role of, 44, 49, 58 


Classification circuits, 27, 156-157 
Coefficients, setting, see Scale factors 
Comparators, 2, 3, 4, 14, 15, 25, 
26-27, 70-77, 112-114, 130, 
155-157, 327, 363, 365-367 
hysteresis in, 15, 27, 70-77, 112 
in classification, 156-157 
in jump and window functions, 
26, 27, 70-77, 130, 155-157 
Compensation, temperature, 3 
discontinuous approximations, 
356-357, 365 
logarithms, 11, 12, 19, 153, 174, 
179-186, 417-421, 447-448, 
455 
multifunction devices, 372 
multiplier circuits, 216, 217-221, 
234-238, 330, 333 
root mean-square, 401-403 
Compression (and expansion), signal 
amplitude, 10, 19, 20, 88, 97- 
104, 121, 123, 126-127, 440-444 
Computing, analog, i, 1-64, 78-81, 
87-88, 90-92, 94-95, 104-122, 
123-135, 138-142, 145-151, 153- 
154, 158-163 
Conformity, log, see Logarithmic 
circuits 
Conformity specifications, see in- 
dividual devices 
Constants, see Scale factors 
Continuous functions, see Functions 
Conversion 
A/D and D/A, 14, 22, 82, 83, 
88, 98-102, 114, 120, 140, 
162, 365-367, 387, 415-416, 
440-444 
polar-to-rectangular, 22-23, 49- 
52, 60-64, 158-161, 371 
rectangular-to-polar, 20-21, 117- 
120, 158-161, 371 


rms to dc, see Root mean-square 
sign-magnitude to bipolar, 204, 
299, 365 
voltage to frequency, 14, 73, 
76, 78-81, 83-85, 136-141 
Convolution, 153-154 
Correlation, 153-154 
Crest factor (c.f.), 109-110, 391, 
396, 402-413 
Cross-coupling, see Multipliers, 
linearizing 
Crossplots, in testing of multipliers 
and dividers, 228, 229, 231, 
232, 253, 254, 263, 264-269, 
278, 291-292, 316-322 
Current 
inverter, 54, 57 
measurement, 151-153 
-voltage relationship in transis- 
tors, 165-174 


D 
Data acquisition, 17, 87-122, 145- 
153, 155-158, 440-446, 464- 
466, 476481 
Data reduction, 87, see also Data 
acquisition 
Dead zone, 4, 13, 25, 26, 77 
in hysteresis, 27, 28 
Decibel (dB), 
defined (pragmatically), 122 
measurements, 10, 19, 105, 
120-122, 456, 463 
Denominator, constraints in 
dividers, 7, 271-279, 281-286, 
288, 293, 296-297, 299-309, 
316-326 
log-ratio circuits, 447, 454-458, 
462, 466 
multifunction modules, 371, 381, 
383, 384 


xxii 


Difference, 
measurements, 55-57, 113, 114- 
115, 263 
of vectors, 41-42, 160-161 
Digital approaches to analog non- 
linearity, 
analog-digital circuits, see 
Conversion 
read-only memories (ROM’s), 31, 
65, 67, 82, 83, 144, 365-367 
Diode function generators, see 
Piecewise-linear 
Diode, “‘ideal”’, 
as logarithm, 3, 10-11, 165-171, 
448-452, 457, 458-460 
as switch, 4, 13, 14, 52-55, 94- 
96, 108, 116, 133, 351, 357- 
365, 400 
Discontinuities, see Functions 
Dither, in squaring, 8 
Dividers, 2, 3, 6, 7, 9, 10, 271- 
326, 483 
adjustment and testing, 315-326 
combined with multiplication, 7, 
16-17, 20-21, 110-111, 117- 
120, 149-150, 160-161, 233- 
240, 294-299, 369-373, 484, 
490, 491, 494, 498-499, 
501-502 
dynamic range, see Denominator 
errors, see also performance, 
274-279 
integrated-circuit, 283, 284, 288, 
302, 304-314, 350, 498-499, 
501-502 
in square-rooting, 9, 18, 20-21, 
40-41, 110-111, 117-118, 
149-150, 160-161, 370, 381 
offsetting for 2-quadrant opera- 
tion, 298-299 


performance and specifications, 
281-286, 291-294, 296-297, 
299-314, 484 
polarity (quadrants), 271-273 
principles and circuit design, 
271-299 
inverted multiplier, 5, 6, 7, 
38, 140, 279, 280-286 
log-antilog, 6, 10, 294-299, 
369-373 
transconductance (direct divi- 
sion), 6, 287-294 
relationship to multiplier, 6-7, 
281-284 
Doubling, frequency, 8, 24, 114-116, 
130-132, 255, 485, 486, 499-502 
with linear amplitude response, 
501-502 
Drift specifications, see individual 
devices 
Duty cycle, 72, 109, 129-130, 240- 
244, 391-392, 407, 409, 412-413 


E 


Ebers and Moll equations, 167 

Energy measurement, 5, 105, 114- 
117, 390, 392-393 

Error measurement, see individual 
topics 

Error specifications, see individual 
devices 

Expansion, signal, see Compression 

Exponential (see also Antilogari- 
thm), 3, 12-13, 38-39, 43, 45-46 
77, 81-82, 100-104, 147-148, 
151, 165-171, 184-188, 191-193 
236, 401, 467-481 
time-constant measurement 

147-148 


F 
Feedback, 3, 5, 7,9, 11,12,13 14. 


Feedback (continued) 
15, 18, 19, 20, 21, 22-23, 24, 
25, 27, 38-43, 48, 60-63, 70-81, 
84-85 
see also 
all Log topics 
Dividers, inverted-multiplier 
Functions, implicit 
Functions, inverse 
Gain control, automatic 
Oscillators, Generators 
Phase-locked loops 
Powers and Roots 
Root mean-square 
Square roots 
Filters, voltage-controlled 
Feedthrough errors in multipliers, 
205, 209-212, 222, 227, 230-233, 
239, 246-248, 252-255, 261, 263, 
264-265, 267, 268, 336, 340- 
341, 343-344, 345, 486-488, 
490, 492-493, 497-501 
Feedthrough specifications, see in- 
dividual devices 
Filters, 105-111, 113, 114-117, 
124-125, 131, 132-144, 390, 
398-402, 404, 414, 500-502 
voltage-controlled (VCF), 123, 
138-142 
“Form factor’, ratio of root mean- 
square to mean-absolute deviation 
of a waveform, 109, 391 
Frequency 
determining, 65-85, 123, 130- 
132, 136-144, 497-502 
doubling, 8, 24, 114-116, 130- 
132, 255, 485, 486, 499-502 
tripling, 131 
Function fitting 
analog, 29-64, 92-97 
digital, 31, 82-83, 123, 144, 
365-367 


in time-function generation, 65- 

70, 76-77, 81-82, 82-83 
Functions 

arbitrary, 29-31, 43-59, 65, 76- 
78, 92-97, 108-111, 114-117, 
142-144, 154, 351-387, 390 

discontinuous, 3-4, 13-15, 24-28, 
31, 43-44, 52-55, 56-57, 70- 
78, 81-85, 93-97, 107-117, 
129-134, 142-144, 155-158, 
351-367 

implicit, 39-43, 48-52, 60-64, 
90-91, 110-111, 117-120, 134- 
135, 149-150, 157-158, 160- 
162, 370-371, 381-382, 398- 
402 | 

inverse, 6-7, 12, 31, 37-40, 90- 
104, 126-127, 132-138, 139- 
140, 184-185, 191-192, 279- 
286, 365 

jump, 3, 4, 13-15, 26-27, 70-78, 
80, 83, 84-85, 109, 130, 133, 
155-158, 351, 391 

linear transfer, 29, 105-106, 138- 
142, 174-178 

multivalued, 27-28, 29, 70-78, 
112 

of time, 65-85, 126-144, 147- 
148, 153-154, 366-367, 376- 
377, 389-416 

piecewise-linear, see Piecewise- 
linear 

smooth, 3, 55-56, 60-64, 67-68, 
78-81, 89-96, 98-105, 114- 
122, 124-130, 134-135, 138- 
141, 145-153, 158-163, 369- 
387 

trigonometric, 4, 20-23, 34-37, 
49-52, 60-64, 78-81, 82, 109, 
117-120, 127-129, 133-138, 
158-161, 497-502 

window, 4, 26-27, 155-158 


G 
Gain control, automatic (AGC), 68, 
79-81, 123, 124-126, 127-129, 
136, 486, 498 
Gain setting 
dividers in, 91, 124-127, 138- 
141, 151-153, 497-502 
multipliers in, 5, 32-33, 36-37, 
42, 73, 78-81, 90-92, 124- 
125, 126-127, 128, 130, 138- 
141, 151-153, 162, 163 
see also Scale factors 
Generators, diode function, see 
Piecewise-linear 
Generators, waveform, 15, 22, 65- 
85, 127-129, 142-144 
analog-digital, 82-85 
characteristics of, 66-70 
one-shot, 66, 77, 78 
sine-wave, 22, 65-70, 78-81, 127- 
129 
square-wave, 71-78 
sweep, 81-82 
trian: -wave, 71-7& 
Grading applications, 27, 156-158 


H 

Hoerl equation, 46 

Hyperbolic sine, see Sine 

Hysteresis, 2,4, 27, 29, 70-78, 112 
hysteretic comparator, 70-77 
linear hysteresis, 26, 27, 28 


I 

Ideal diode, see Diode 

impedance measurement, 117 

Implicit, see Functions, implicit 

Input specifications, see individual 
devices 

Integrated circuits (IC’s) 
application suggestions, 344-349 
characteristics, 327-330, 336-337 


dynamic trimming, 342-344 

monolithic, 2, 327-350 

practical use of, 344-348 

prospects, 349-350 

see also Multipliers 

selection, 339-342, 483-494 

specifications, 336-338 

testing, 339-344 

vs. modules, 327-330, 336-337 
Inverse, see Functions, inverse 


J 
Jump, 26, 27, see also Functions 


L 
Laser-trimming of integrated cir- 
cuits, 329, 331, 342-344 
Light measurements, 19, 120-122 
147, 444-446, 464-466 
Limits, see Bounds 
Linearity defined, 1 
Linearity specifications, see indivi- 
dual devices 
Linearizing, 10, 16, 29-31, 88, 89- 
97 
bridge output, 31, 41, 42, 89-92 
cathode-ray tube, 31, 162-163 
multipliers, see Multipliers, 
linearizing 
phase demodulator, 134-135 
thermocouple, 31, 92-97 
transducers (combined with A/D 
conversion), 365-367 
Logarithmic circuits (Chapter 3-1) 
and exponentials, 184-185 
and hyperbolic functions, 4, 19, 
20, 102-104 
diodes, 165-171 
dynamic errors, 193-194 
dynamic stability, 174-178 
error sources, 169-174, 179-184 
in compression, 97-104, 440-444 


XxVv 


Logarithmic circuits (continued) 


log conformity, 190-191, 197 
nomenclature and characteristics 
(N vs. P), 186-188 
performance and specifications, 
188-194, 200-201 
polarity, 166, 169, 179, 181, 
185-188 
principles and circuit design, 10, 
11, 165-186 
temperature compensation, 
179-185 
testing, 194-198 
Logarithmic devices 
adjustment, 195-196, 436-439, 
473475 
applications, 417-502 
antilogarithm, 467-481 
log of single variable, 417-446 
log ratio, 447-466 
Log/antilog dividers, see Dividers 
Log/antilog multipliers, see Multipliers 
Log conformity error, 190-191, 197, 
432433, 457, 475 
Log diodes, see Log circuits, principles 
Log of single variable 
adjustment, 436-439 
alternatives, 417-426 
basic log element, 417-420 
log amplifier, 423-425 
log transconductor, 420-423 
application examples 
data compression, 440-444 
photomultiplier, 444-446 
applications, 417-446 
dynamics, 174-178, 426-430 
performance and specifications, 
188-194, 200-201, 431-436 
Log-ratio applications, 447-466 
alternatives 
circuits using basic log element, 


447448, 458-461 
log-ratio module, 461-462 
choosing an approach, 462-464 
design example: light-transmission 
measurements, 464-466 
device considerations, 452-458, 
466 
principles, 447-452 


M 
MAD, mean-absolute deviation, see 
“AC average” 
vs. mean, 108 
vs. root mean-square (rms), 108- 
110, 391-393 
Mark-space ratio, 68, 71-78, 109, 391 
Mass gas flow measurement, 149-150 
Matching, monolithic, 3, 11, 418-420 
see also “principles and circuit de- 
sign” for individual devices 
MAV, mean-absolute value, see AC 
average, MAD 
Maximum ratings, 348, see also in- 
dividual devices 
Mean 
geometric, Eg = ZY/Eg, 9, 369-371 
mean-absolute (mav, mad), see 
Average 
mean-square, 87, 392, 402, 415-416 
see also Average 
Measurement 
of errors, see individual devices 
of time constant, 147-148 
power, 1, 58, 105, 114-117, 145- 
146, 390, 392-393 
Measure, extraction of, 87-88, 104- 
122, 145-154 
Median voltage measurement, 157-158 
Meters (applications), 88, 121, 464 
Modelling, see Functions, fitting 
Modulator, modulation, 1, 65-70, 73- 
75, 78-81, 83-85, 123, 129-130, 


137 

balanced-, 6, 129, 497-499 

duty-cycle-, 70-76, 130 

frequency-, 72-73, 78-81, 83-85, 
129-144 

multipliers and, 5, 129-130, 240- 
244, 497-502 

pulse-width, 27, 72-73, 129, 
240-244 

Multifunction devices (YZ/X), ¥(Z/X)™ 
. division, 369-371, 383-385 

function fitting with, 22-23, 32, 
40-42, 52, 61-63, 92-96, 117- 
120, 149-150, 159-160, 369-382 

multiplication, 369-70, 385 

performance and specifications, 
371, 374-376, 378-384 

powers, 16-17, 32, 46, 52, 62-63, 
92-96, 118-120, 159-160, 369- 
380, 382-383, 386-387, 469 


principles and circuit design, 369-382 


reciprocals, 16, 369-370 

rms, 370, see also Root mean-square 

roots, 16-17, 369-370, 373-380, 
382-383, 386-387 

square-rooting, 9, 18, 20-21, 111, 
117-118, 149-150, 160-161, 370- 
371, 373, 375-376, 380-381, 387 

squaring, 52, 60-61, 370-371, 373, 
375-376, 387 

testing, 384-387 

trigonometric functions with, see 
Functions 

vector sums with, see Vectors 

Multiplexing, 14, 88 
Multiplier-Dividers, see 

Dividers, combined with multi- 
plication 

Dividers, log/antilog and inverted- 
multiplier 

Multifunction devices 

Multipliers, log/antilog 


Multipliers, 4-6, 203-269, 483-502 
adjustment and testing, 230-233, 
262-269 
errors, 209-213, see also performance 
integrated circuits (IC’s), 327- 
350, 339-344 
incomplete IC’s, 329, 337-338 
linearizing, 230-233, 346 
offsetting for increased range, 
238-240 
performance and specifications, 
216-217, 220-221, 222-223, 
226-229, 237-238, 241-244, 
244-261, 337-338 
polarity (quadrants), 203-204, 216, 
221, 223, 233, 238-240, 241, 242 
principles and circuit design, 203-244 
integrated-circuit designs, 330- 
336 
log/antilog, 204, 233-240 
pulse height-width, 204, 240-244 
variable-transconductance, 204, 
214-233 
Multiplying 
practical applications, 483-502 
selection guidelines, 483-494 
techniques 
combinations with division, see 
Dividers 
D/A converters, 6, 140, 162, 
327, 349, 415 
frequency, see Frequency 
Hall effect, 5. 204. 333 
in squaring, see Squaring 
log/antilog, 233-240, 333 
magnetic, 5, 204, 333 
pulse modulation, 240-244, 333 
quarter-square, 5, 8, 204, 332 
servo, 5 
triangular-wave, 5 
variable-transconductance, 214- 
233, 332-333 


Multiplying (continued) 


user notes 

balanced-modulator applications, 
129, 497-499 

balanced modulator with auto- 
matic gain control (AGC), 
498499 

buffering, 345 

capacitive loading, 346-347 

common-mode rejection, 495- 
496 

frequency doubler with linear 
amplitude response, 501-502 

linearity at low levels, 226, 
491, 494-495 

offset-pot location, 346 

power-supply decoupling, 346 

protection of IC’s, 348 


scaling, 344 
trimming, 345 
warmup, 347 
N 
Noise 


crest factor, rms/mad, 109 
reduction through compression, 97- 
104, 126-127, 440-444 
uses of, 30, 58, 68 
Noise specifications, see individual 
devices 
Nonlinearity 
applications, 1, 4-164, 440-446, 
464-466, 476-481, 496-502 
correction of, 2, 31, 89-97 
examples, 1, 3-28 
Nonlinearity specifications, see in- 
dividual devices 
Nonlinear operations, 3-4, 4-26 
Normalizing, see Scale factors 
Null, graded, 20, 104 


O 
Offset specifications, see individual 
devices 
One-shot 
measurement, 87, 104, 111-114, 
389, 414-416 
oscillator, see Generators 
Op amp, see specific circuit applications 
Oscillators, 26, 65-85, 127-129 
digitally-controlled, 82-85 
voltage-controlled (VCO), 73, 78- 
81, 123 
see also Generators 
Oxygen concentration measurement, 


151, 576-581 


P 
Peak (and valley) measurements, 87, 
104, 105, 111-115, 126-127 
Phase angle measurement, 105, 119, 
120, 123, 132-138, 142 
Phase-locked loop, 123, 134-138 
Picoammeter without large resistors, 
151-153 
Piecewise-linear 
breakpoints, 52-55, 93-97, 351-361 
digital techniques, 365-367 
“diode function-generators”, 2 3, 
8, 13, 22, 23-24, 26, 43-44, 52- 
57, 76-77, 80, 93-97, 131-132, 
351-367 
discontinuous approximations, 
351-367 
Polarity . 
antilogarithm, 12-13, 186-188, 189- 
191, 468-4697476-481 
in dividers, 6, 7, 271-274, 280- . 
281, 287, 289, 294, 298-299, 
301-303 
log circuits, 10-11, 171, 186-188 
189-191, 198, 429-430, 440-440 


in log-ratio circuits, 19, 454-457, 
464-466 
in multipliers, 5, 203-204, 215, 
217, 221, 223, 233, 238-240, 
241-242, 269, 483-485, 491-494 
of absolute value, 23, 27, 361-362 
of breakpoints, 53-55, 93-97, 351- 
355 
-sensing (detection), 15, 23, 27, 
155, 363 
Polynomials, see Power series 
Power-factor measurement, 116-117 
Power measurement, see Measurement 
Powers, computation of, 10, 16, 17, 
46-47, 150, 369-387, 469 
Power series, 16, 22-23, 46-52, 60-64 
Power-supply ratings, see individual 
devices 


Q 


Quadrants, see Polarity 
Quantizing, 15, 25, 155-157 


R 
Range, dynamic, see device or circuit 
Ratiometric, 7, 120-122, 147, 464-466 
Ratios 
logarithmic, “dB”, 1, 4, 19, 105, 
120-122, 147, 179-183, 193, 
447467 
measurement of, 6, 7, 105, 120- 
122, 271-326 
see also 
Dividers 
Multifunction circuits 
Log ratio 
Read-only memory (ROM), 31, 65- 
67, 83, 144, 365-367 
Reciprocals 
negative powers, 16 
using dividers or multifunction cir- 
cuits, 7, 370 
Rectifier, full-wave, see Absolute value 


Reference 
antilogarithm, 12, 467-469, 472-475 
divider, 6, 271, 282-283, 287, 291, 
296, 301-303 
in exponent circuits, 17, 369-373, 
382-383 
in oscillator circuits, 71, 73, 75, 76, 
79-81, 83-85, 127-129, 136-138 
log circuit, 10, 166, 179-180, 183- 
190, 196-197, 431439 
multiplier, 4, 36, 64, 203, 226, 
237, 245-247 
see also Scale factor 
Response specifications, see individual 
devices 
RMS, see Root mean-square 
Root mean-square (rms) circuits, 4, 
9, 17-18, 87, 104, 108-111, 389-416 
devices, 389-416 
circuit designs, 393-403 
direct computation, 398 
implicit computation, 398-403 
thermal, 393-397 
filtering and ripple, 398, 399-401, 
404-406, 414 
performance and specifications, 
395-396, 397, 398, 399-400, 
402, 403-408 
principles, 389-393 
testing, 408-413 
implicit solution, 18, 40, 41, 110- 
111, 398-403 
open-loop solution, 18, 110, 398 
over very long periods, 414-416 
thermal solutions, 394-397 
vs. mean-absolute, 17, 108-110, 
391-393 
Roots, rooting, 
computation of roots, 10, 16, 17, 
369-387 
see also Multifunction devices 
see also square rooting 


Root sum-of-squares, 20, 21, 41, 47, 
88, 117-118, 390 

RTI, RTO, errors referred to input or 
output; see errors and specifications 
for individual devices 


S 
Sample-hold, 88, 99, 107-108, 114- 
115, 120, 415416 
Scale-factor specifications, see indivi- 
dual devices 
Scale factors, see also Reference, 29- 
30, 33-37, 45, 57, 63-64, 70-76, 79, 
90-97, 110, 114-116, 118-119, 120- 
122, 129-130, 132-133, 134-135, 
138-141, 145-153, 160 
SCR, root mean-square vs. average mea- 
surements in silicon controlled- 
rectifier circuits, 392 
Segments, see Piecewise-linear 
SERDEX™, sERial Data EXchange 
systems, 88, 99 
Shaping, wave-, see Generators 
Signal- 
compression, see Compression 
conditioning, 29-164 
generation, see Generator, Oscillator 
shaping, see Generators 
Sign-magnitude to bipolar, 27, 363, 365 
Simulation, 2 
Sine 
approximating, 22-23, 43, 49-52, 
60-64, 67-68, 158-159 
hyperbolic (sinh), 20, 103 
inverse hyperbolic (sinh), 4, 19- 
20, 102-104 
use of implicit feedback in fitting, 
43, 49-52, 60-64 
sine-wave generators, 65-68, 78- 
81, 127-129, 142-144 
sine-wave measurements and man- 
ipulations, 87-88, 108-117, 124- 


144, 145-146 
testing, uses of sine wave, see 
individual device tests 
Sinh (hyperbolic sine), see Sine 
Smooth functions, see Functions 
Spectrum analyzers, 141-142 
Square-law, see Squaring 
Square-rooter, 3, 8, 9, 10, 16-18, 20- 
21, 40-42, 108-111, 117-119, 149- 
150, 160-161, 162-163, 369-387 
389-416 
inverse vs. implicit, 40 
multiplier as, 5, 38 
odd-function, 10 
Square-wave generator, see Generators 
Squaring, 1, 3, 8, 20-21, 32, 40-42, 
46-52, 60-61, 63-64, 110-111, 117- 
119, 126-127, 130-131, 154, 160- 
161, 162-163, 332, 369-371, 373- 
380, 485-486, 488 
absolute-value in, 8, 21, 24, 118, 
485 
odd-function, 8 


Stationary process, 17, 87, 105, 109, 
389-393 : 
Straight-line function, see Piecewise- 
linear 
Strain-gage 
linearization, 41-42, 89-92 
reference variations, 7, 90-91, 120- 
121 
Summing 
linear, 55-57, 263 
see also 
Root sum-of-squares 
Vector 


Sweep circuits, 81-82 
in device measurement, see 
Crossplots 
Switches, switching 
electronic, 2, 3, 4, 13, 14 


means, 14 
quadrants, 23, 204, 361-365, 485 
see also 

Generators 

Piecewise-linear 


_ Synthesizers 


music, 142-144 
waveform, see Generators 


Tables 


Bias-current errors in log circuits, 
172 

Bridge linearization function, 91 

Checklist of multiplier parameters, 
261 

Chromel-constantan thermocouple 
function, 93 

Comparative summary of log 
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nential decay), 147-148 
Time-function generation, see Generators 
Thermocouple, see Linearizing 
Transconductance 
dividers, see Dividers 
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Window functions, see Functions 
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Zeroing, see individual devices — 
adjustments 
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